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Quasi Semiopen sets
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{Abstract)

The object of this paper is to introduce a quasi semiopen set and some newtype of separation

axioms. We will investigate their characterizations.
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In®!, the concept of pairwise semi T, spaces
has been introduced. The problem arises as to
what is the nature of singleton sets in these
spaces. While studying this problem we are led
to define quasi semiopen sets. These sest are
utilized and some new type of separation axioms
are introduced and its basic properties are

obtained.

1. Preliminaries

Definition A. In a topological space X a set
A is semi-open if for some open set O, OCAC
(closure of O in X)®,

Every open set is semiopen but not conver-
sely®. Complement of a semi open set is semi
closed®,

Theorem A. In a topological space any union
of semi open sets is semi open

Theorem B. Let ¥ be a subspace of a topolo-

gical space X and ACY. If A is semi open in
X then A is semi open in Y ®.

Theorem C. In a topological space intersection
of an open set and a semiopen set is semi
open{®,

Theorem D. Let ¥ be a subspace of a topolo-
gical space X. If A is semiopen in ¥ and Y is
semi open in X, then A is semi open in X,

Definitions B. In a topological space X a
point p is said to be a semi limit point of A if
each semi open set containing p contains a
point of A distinct from p. The set of all the
semi limit points of A is denoted by sd(A).
The union of 4 and sd(A) is denoted by scld,

Definition C. A bitopological space(X, P,Q)
is a non empty set X equipped with two topolo-
gical P and Q®.

Definition D. A space(X,P,Q) is pairwise
semi To(resp. pairwise semi T,) if for x,y=X,

(x7#y) there is a p-semi open set containing x but
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not y or(resp. and) a Q-semi open set contai-
ning y but not x®,

Definition E. A space(X,P,Q) is pairwise
semi T, if for x,y=X, x#y, there exists a p-
semi opem set U and a Q-semi open set ¥V such
that x&U y&V and UNV =¢®.

Pairwise semi 7, implies pairwise semi T,
«nd pairwise semi T, implies pairwise semi T,
but the converses of these implications need
not be true®.

Throughout this note a space(X, P,Q) stands
for a bitopological space, P-semi open means
semiopen relative to P and X-A denotes the
complement of 4 in X.

I Quasi semi open sets

Definition 1. In a space(X,P,Q) a set 4 is
termed quasi semi open(written QSO) if for
x=A there exists either a P-semi open set U
such that xUCA or a Q-semi open set ¥V such
that x&VCA.

Remark 1. Every P-semi open(resp. Q-semi
open) set is QSO. The converse may be false.

Example 1. Let X={a,b,c}, P={0, {a}, {5,
¢}, X} and Q={0, {8}, {a,c}, X}. Then {a,b}
is QSO but it is neither P-semi open nor Q-
semi open.

Theorem 1. A is QSO in a space(X, P, Q)
if and only if it is a union of P-semi open set
and a Q-semi open set.

Proof. Necessity: Let x=A. Then there exists
either a P-semi open set U, such that x&U,C A4
or a Q-semi open set V, such that z=V.,CA.
Let A4, be the subset of A such that for every
x&A, there is a P-semiopen set U, such that
x&U,=A. Then A—A, is a subset of A such
that for every y=A—A4,, there is a Q-semi open
set V, such that y=V,=A4. Therefore A:g‘)
UDUQY, V). The result now follows by Theo
rem A.

The sufficiency is obvious.

Theorem 2. Any union of QSO sets is QSO.

This follows from Theorem 1 and Theorem A.

Remark 2. Intersection of two QSO sets may
not he QSO.

Example 2. Let X={a,b,¢}, P={0, {a}, {5,
¢}, X} and Q={0, {a}, X}. Then the sets {5,
¢}, {a,b} are QSO but their intersection {4} is
not QSO. It is clear that the intersection of

even a P-open set and QSO set may not be
QSO. However.

Theorem 3. Intersection of a biopen set and
a QSO set is QSO.

Proof. Let O be biopen and A4 be a QSO set
in a space(X,P,Q). There is a P-semi open
set W and Q-semi open set V such that A=W
UV. And so, ONA=(ONW)HUOV). Now O
being biopen(i.e. both P-open and Q-open).
We get by theorem C that ONW is P-smi open
and OV is Q-semi open. Hence by Theorem
1, ONA is QSO.

Theorem 4. Let ACYCX and (Y, Pr, Q)
be a subspace of (X,P,Q). If A is QSO in X
then it is QSO in Y.

This follows from Theorem 1 and Theorem 3.

Theorem 5. Let (¥, Py, Qy) be a subspace of
space (X,P,Q). If A is QSO in X and Y is
biopen in X, then ANY is QSO in Y.

This foliows from Theorems 3 and 4.

Theorem 6. Let (Y, Py, Qy) be a subspace
of a space (X, P, Q). If 4 isQSO in (Y, Py,
Qy) and Y is biopen in (X, P,Q) then 4 is QSO
in X.

This follows from Theorem 1 and Theorem D.

Definition 2. In a space (X,P,Q) aset A4 is
quasi semiclosed (written, QSC) if its comple-
ment is QSO.

Remark 3. Every P-semi closed(resp. Q-semi
closed) set is QSC. The converse may be false.

Theorem 7. Any intersection of QSC sets is
QSC.

Remark 4. Union of two QSC sets may not
be QSC.

Definition 3. In a space (X,P,Q) a point
PEX is termed quasi semi limit point of A if
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for any QSO set O containing p, 01 (A—~{p})#g.
Denote the set of all the quasi semi limit points
of 4 by gsd(A).

Theorem 8. Let A be a subset of a space
(X,P,Q). Then, gsdA=P-sd(A)NQ-sd(4).

Proof. By Remark 1, gsd(A)CP-sd(A)NQ-~sd
(A). Conversely let p=p-sd(A) (1 Q-sd(A). Since
p=P-sd(A), every P-semi open se: which con-
tains p contains a point of A other than p. Let
O be any QSO set such that pe=0. By Theorem
1 there exists a p-semi open set W and a Q-
semiopen set V such that O=W (JV. Therefore
ONA=(ANW)HIU(ANV). Consequently, ONA
contains a point of A distinct from p. Hence
p=qsd(A).

Theorem 9. In a space (X,P,Q) aset A is
QSC iff gsd(A)(A).

Proof. Necessity: Let pe=gsd(A). Assume that
pzA. Then p=X—A. Since X—A4 is QSC and
disjoint from A4, petgsd(A4). This is a contradic-
tion. So, p=A. Therefore gsd(A)A.

Sufficiency: Suppose that ¢gsd(A)TA. Let
p=X—A4. Then pszA. So, pstqsd(A). Hence
there is a QSO set O which contains p but
contains no point of 4. Therefore, p=0C X~
A. And so X—A is a union of QSO sets which
by Theorem 2 is QSO. Hence 4 is QSC.

Theorem 10. If AcB then ¢sd(A)Tqsd(B).
This follows from Definition B.

Theorem 11. (gsd gsd(A4))— A qsd(A).

Proof. Let p==(gsd gsd(A))—Aand O be a
QSO set containing p. Then ON(gsd(A)—{p})
#g. Let a=0N(gsd(A)—{p}). Now since e
gsd(A) and e=0, so ON(A—-{a})#£s. Let re
ON(A—{a}). The r#p, for r&A but pEA.
Therefore, ON(A—~{p})#¢. Consequently p=
gsd (A.)

Theorem 12. gsd(AUgsd(A))AUqgsd(A).

Proof. Let p=gsd (AUgsd(A4)). If p=A, then
trivial. So let p=£A. Now, if O is a QSO set
contains p then ON[(AUgsd(A4))~{p}]*¢.
This implies that ON{A~{p})%¢. For, other-
wise O [gsd(A)—{p}]#¢. And so by the proof

in Theorem 11, ON(A~—{p})#¢. Hence pe=gqsd
(4).

Definition 4. In a space (X,P,Q),
AlUgsd(A) is termed the quasi semi closure of
A. Denote it by gscl(A).

Theorem 13. In a space (X,P,Q) we have

(a) gscl(A)=P-scl(A)NQ-scl(A). (by Th.5].

(b) If A<B then gscl(A)gscl(B) [by Th.

10]

(c) gscl(gsci(A))=gscl(A) [by Th. 12]

(d) A is QSC iff gscl(A)=A [by Th. 9]

(e) gscl(A) is QSC[by (c) and (d)].

(f) gscl{A)=N{F|F is QSC, ACF} [by(b),

(d), (o].

(g) gscl(4) is the smallest QSC set which

contains A. [by(f)].

(h) x=gscl(A) iff each QSO set containing

x meets A[by def. 4].

Theorem 14. If (¥, Py, Qr) isa biopen subs-
pace of a space (X, P,Q) then for any subset B
of ¥, gscly(B)=gscl(B)NY, where gscly(B)
denotes the quasi semi closure of B in the subs-
pace(Y, Py, Qvr).

Proof. Let xcqscly(B). Then &Y. Let V
be any QSO set in X containing z. Since Y is
biopen, VNY is QSO in ¥ by Theorem 5. So
by Theorem 13(4), (V (\Y) N B#0. Consequently,
V meets B. Hence applying Theorem 13(%),
zegscl(B). Thus, x=gscl (B)NY.

Conversely, let y=gsc/(B)NY and let O be a
QSO set in Y such that ye=0. Since Y is biopen
0 is QS0 in X by Theorem 6. And so O1B#¢.
Therefore y=qscly(B).

the set

. Some New Separation Axioms.

Definition 5. A space (X, P, Q) is termed
quasi semi T, if for each pair of distinct points
%, ¥ of X there is a QSO set containing ¥ or ¥
but not the other.

A space (X, P, Q) is
semi T, iff it is pairwise semi To.

Proof. Necessity. Suppose that (X, P, Q) is

Theorem 135. quasi
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quasi semi T, and let x,y be two distinct points
of X. Without any loss in the generality let O
be a QSO such That x=0. but y=0. By Theorem
1 there exist a P-semi open set W and a Q-
semi open set V such that O=W V. Therefore
=W or 2=V but y=W, »=V. Consequently
(X, P, Q) is pairwise semi T,

The sufficiency follows for every P-semiopen
(resp. Q-semi open) set is QSO.

Theorem 16. A space(X, P, Q) is quasi semi
T, iff for any two distinct points x,y of X,
gscl{r}=qscl{y}.

Proof. Necessity: Let x,y=X. x=£y. without
any loss in the generality assume that O is a
QSO set containing ¥ but not y. Then y=qgscl
{y}CX—0 And so x=qscl{y}. Since x=qscl{x}
it follows that gqscl{x}s¢qscl{y}.

Sufficiency: Let x,y=X. x#y and gscl{x)}=
gscl{y}. And so let pz=qscl{x} hut p=qscl{y}.
Then y==qscl{x}. For if y=qgscl{x}, then gscl
{¥}Cqscl(gscl{x})=gscHx}. And so p=qgscl{z},
a contradiction. Therefore

QSO set containing y but not x.

X—qgscl{x} is a
Hence (X,
P, Q) is quasi semi T.

Definition 6. A space (X, P, Q) is termed
quasi semi T, if for each pair of distinct points
%, ¥ of X there exist a QSO set containing x
but not y and a QSO set containing y but not x.

Theorem 17. Every quasi semi T, space is
quasi semi T,

The converse may be false. For,

Example 3. Let X={a,b,c}, P={0, {a}, X}
and Q={9, X}. Then the space(X, P, Q) is
quasi semi T, but it is not quasi semi T,.

Theorem 18. Every pairwise semi T, space is
quasi semi T\,.

The converse may be false. For,

Example 4. Let X={a, b, ¢}. P={Q, {a},
{0}, {a, b}, X}. and Q={0, {a}, {b, ¢}, X}
Then the space(X, P, Q) is quasi semi T, but
it is not pairwise semi T,.

Theorem 19. A space (X,P,Q) is quasi semi
T, iff the singletons are QSC.

Proof. Necessity. Let(X,P,Q) be quasi semi
T, and =X, For y=X, y+#x, there exists a
QSO0 set O containing y but not x. Then X—0
is QSO set containing x but not y. So the
intersection of all the QSC sets containing x
does not contain any point other than x. Conse-
quently {x} is QSC. The sufficiency is obvious.

Theorem 20. In a pairwise semi 7', space all
the singletons are QSC.

This follows form Theorems 18 and 19.

Remark 5. Example 4 shows that not even
a biclosed subspace of a quasi semi T, space is
quasi semi T,. However,

Theorem 21. Every biopen subspace of a quasi
semi T, space is quasi semi T,.

Definition 7. A space (X, P, Q) is termed
quasi semi T if for each pair of distinet points
z,y of X there exist QSO sets U and V such
that x=U, y=V and UNV=90.

Theorem 22. Every pairwise semi T space is
quasi semi T-.

Remark 6. The space (X, P, Q) of example 4
is quasi semi T, but it is not pairwise semi Ta.

Theorem 23. Every quasi semi T: space is
quasi semi T,.

The converse may be false. For,

Example 5. Let X={q,b,c}, P={0, {2}, X}
and Q={0, {b,c}, X}. Then the space(X,P,Q)
is quasi semi T, but it is not quasi semi 7.

Remark. 7. The space (X, P, Q) of Example
(4) is quasi semi T, but it is not pairwise semi
T.. On the other hand if X be an infinite set
and P=Q=cofinite topology on X then every
P-open set intersects every Q-open set. This
implies that every P-semiopen set meets every
Q-semi open set. Consequently any two quasi
semi open sets meets. For if U and V be any
two QSO sets then there are P-semiopen sets
A, A, and Q-semi open sets B, B, such that
U=AUB and V=A,JB,. It follows that UNV
=(AUBN(A:UB)=(ANA) U(BNA) UAN
B)U(BNB)#0. Hence, the space (X, P, Q)is

not quasi semi T Evidently, it is pairwise T,
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and consequently pairwise semi T,.

Theorem 24. In a space (X, P,Q) the following
statements are equivalent.

(a) (X,P,Q) is quasi semi T,

(h) Let x=X. For each point y distinct from
x there exists a QSO set O such that x=0
and y=qgscl O.

(c) For each x=X, {x}={gscl 0|20, O is
QSO}.

The road map for the proof is (a)—>>(b)==>
(c). Being straight forward it is left to the
reader.

Remark 8. Not even a biclosed subspace of
a quasi semi 7Tz space is quasi semi T For in
example 4, {b,c¢} is a biclosed subspace of the
quasi semi T’ space but it is not quasi semi T
However,

Theorem 25. Every biopen subspace of a quasi
semi T» space is quasi semi T.

The following diagram shows the implications
between separation axioms appeared in this note,

pairwise‘semi T,—>quasi ‘s‘emi T,

1 v
I i
| !

Lo
pairwise semi T;——quasi semi T,
Il

pairwise semi T,&=>quasi semi T,
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