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Robust Regression Estimates

Chung, In-Ha
Dept. of General Education

{Abstract)

Robust regression estimates are studied and some new aspects of robustness are proposed.
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1. Intreduction

Consider the classical least squares problem:

»
yi:‘Z;xij,Bj"’-ei, i=1, -, n (1. 1)
=

where %;; are known constants and e, are in-
dependently and identically distributed random
errors. We are going to estimate p unknown
parameters 81, -+, 5, on the basis of n# observ-
Ve

Least squares Estimate (LSE) § can be ob-
tained by minimizing

ations yi,

" »
E(y;—j}gxﬁﬁj)z (1.2)
or solving the system of p equations
" 14
E(yi_gxikﬂkDXij, j=1, -, p (1.3

It is a well-known fact that LSE is optimum
when errors are independently and identically
distributed normal.

When the variances of e; are not homogen-
eous and they have long-tailed distribution,
efficiency of LSE reduces. Even a single wild

observation may make the LSE undesirable.
This is the justification for studying the robust

estimates as thc alternatives to LSE.

[. Robust Regression Estimates

There are three categories of robust estima-
tes:

(a) R-estimates

Estimates derived from rank tests

(b) L-estimates

Linear combinations of order statistics

(c) M-estimates

Maximum-Likelihood-type estimates

Jaeckel establishes a relationship between the
members of the above three categories.

He found that each member of one category
corresponds to a unique member of each of the
other two categories.

This enables him to conclude that properties
proved for some members of these categories
also hold for the corresponding members of the

other class.
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Replace (1.1) by minimizing
@0

” »
o(r— S8

and (1.2) by the system of p equations

n »
E@'(y,——k%’x,ﬂkﬁk)x,,':() (2. 2)
j=1, -+, p, where pis a convex functicn and
O=p".
Huber(1973) proposed
ﬂ(x):*;sz iflxl <k
1 .
kx—*2—k2 iflxi=k (2.3)
Denote residuals by 4;, then
di=yo= 23,8, (2.4)
Replace (2.1) by minimizing
S, )
;a,,(R,)J, (2.5)

where R;=Rank(4,), ¢=1, -+, » and a,(-) is
a monotone score function satisfying
Za.()=0

(2.6)

An estimate obtained from (2.1) or (2.2) is
an M-estimate.

The estimate obtained from (2.5) is an R-
estimate.

Il. Restrictions on Independent

Variables
Let A=(Bi, -, f,) be the solution of the
normal equation
XTXp=X"y 3.1

Then for some 7, $:=%;x,;8; may be so close
to y,, cven a gross error in y; does not appear
in the residual y,— ;.

Let I'=X(X"X)~'X"=(,;) be the projection
matrix. Then I is symmetric and I'""=1".

For the LSE B, %=2X74y; and the ith resid-
ual is

Y= di=A=ridyi~ S ay

It is easy to prove that

St =ri, and 057u 51, ave(rd) =L
=p/n.

To make sure that we can spot outlying ob-
servations, max 7 should be considerably lar-
ger than 1.

A large value of 7,; corresponds to an outly-
ing values (&, ‘-, xip) of the independent va-
riables.

Thus always calculate the diagonal clement
of the projection matrix /'=X(X"X)-'X", If a
particular 7, is close to 1, then decrease it by

replication of the observations.
IF. Conclusions

We have thought the robust estimation in the
three categories, M, L, R-estimate. But we can
obtain the robust estimate by putting restrict-
ions on the independent variables. This may
not belong to the above three categories. An-
other aspect of robust regression estimate is the
so called model robustness (Huber). This pro-
bhlem arises when we are not quite sure whether
a straight line is a proper curve to fit. This

problem needs further study.
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