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Functions with closed Graph and some other related Properties
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{Abstract)

P.E. Long introduced a function with closed graph.

We will investigate the function with

closed graph by means of nearly open mappings due to V.P. Singh and study its characterizations.
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1. In a recent paper [7] the authors have
studied in detail the concept of nearly open
mappings. During this study, it was found that
such mappings which in addition have closed
graph present some interesting features. For
instance, it was found that if fF:X-—Y isa
surjective nearly open mapping with closed
graph, then Y must be a Terspaces. Such
results had been investigated earlier in the
paper of Long [4]. In these papers they have
investigated several interesting conditions on
the mapping so as to imply that either X or
Y or both are T,/T;-spaces. On the other hand
R.V. Fuller in [6] has drawn attention to the
mapping having closed point inverses, a concept
weaker than the mapping having closed graph,
and has investigated their properties.

In this paper, we have investigated, on one
hand the implications of mappings which in

addition to having some other properties have
either closed point inverses or compact point
inverses or are such that inverses of closed sets
are compact. In this context, we have also
investigated the role of nearly open and nearly
continuous mappings. On the other hand we
have investigated some conditions under which
a given mapping has the property that its
graph is closed.

2. Let X,Y be topological spaces and let f:
X—-Y be a mapping. We give below some
definition which will be useful in the context
of this papers.

(i) The subset G,={(x, f(x)):x=X} of the
product X XY is called the graph of f. The
graph of f is closed if for each y&X, y#f(x)
there exist open sets (U and V containing x
and y respectively such that f(U)NV =0 [4]. If
U and V are such that f(U)\¥ =@, then the
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graph of f is said to be strongly closed{5].

(ii) f is said to be nearly open if for every
open set U in X, fFAUNSInt( f{U)). f is called
nearly continuous if for every open set VY,
WO SInt(FAV).

(iii) f is said to have closed point inverse if
f~'(y) is closed in X for each y<Y. Similarly,
f is said to have compact point inverses if
f*(y) is compact in X for each y&Y.

(iv) A topological space X 1is called a
KC-space if every compact subset of X is closed
(1.

The remaining terminology used is standard
and is drawn mainly from [3].

3. We begin with the study of some implica-
tions of the type referred to in [1] in case of
certain mappings with closed point inverses.

Proposition 3.1: Let f: X—Y be surjective
closed or open mapping having closed point
inverses. Then for any ACY, y&£A implies
that AN{3}=0.

Proof: Case (1). Let the surjective mapping
f: XY with closed point inverses be closed.
Clearly for yed, fH (3 Nf1(A)=0, [(AX
—f(y). f7Y(y) is closed and f is a closed
mapping, so from [3 page 8G] there exist an
open set U containing A such that

fHAT fAUCTX -
or f7UHXN fH(y)=0
or yEUDA, ie. AN{Y}=0

Case 2. Let f: X—Y be the surjective open
mapping having closed point inverses. Then
for yzZA, fHACX-f(y, X-f(y) is
open so there exists open set U such that
fFACUCX—f(y) or UNSFU(y)=0, y&
F(UY>A, fis open so f(U) is open neighbo-
urhood of A not containing y such that AN {7}
=0,

The following simple and evident characteri-
zation (most probably known) of T, spaces is
useful in this context.

Proposition 3.2: Any topological space Y is
T, if for any set ACY, and y2A there exist

an open set U containing 4 such that y£U.

The propositions 3.1 and 3.2 immediately give
the following corollary:

Corollary 3.3: f: X—Y is a surjective closed
or open mapping having closed point inverses,
then Y is a T ,-space.

Proposition 3.4: If f: XY is an injective
map with closed point inverses, then X is T..

Proof follows immediately from the fact that
for each x=X, x= f'(f(x)) and so {x} is
closed in X.

Combining corollary 3.3 and proposition 3.4
we are led to the following proposition which
improves to some extent the theorem 5 in [4]
of Long.

Proposition 3.5: If f:X-—-Y is a bijective
closed or open map with closed point inverses,
then both X and ¥ are T -spaces.

Long has shown that if f:X->Y is a
surjective map with closed graph, then Y is a
T,-space and if f is an open surjective map
with closed graph. then Y is Tp-space. We see
that if instead we take the mapping to be a
closed surjective mapping with closed graph,
then Y turns out to be KC-space of Willanski
defined above in [2].

Let f:X—Y be a closed

surjective map with closed graph. ThenY is a

Proposition 3.6:

KC-space.
Proof:

compact set FCY, y=F we have y=F. For
YZF we have [ (y)Nf(F)=9 or fr(»NcX
—f"(F). Graph of fis closed and so from
theorem 3.6 in [6], f7Y(F) is closed in X. As
the given mapping is closed we get an open
set U containing y such that f\(y)cf (U)X
=fYF) or fAUNNSFEFI=0 or UNF=0
which implies that yZ F. Hence Y is a
KC-space.

It is enough to prove that for any

4. In this section we investigate the role of
nearly open and nearly continuous mappings in
the context of problems of the type-investigated

in this paper. As already mentioned above, it
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is known that the range of a surjective open
mapping with closed graph is T.-space[4]. We
first see that this result holds if open mappings
are replaced by nearly open mappings.
Let f: XY be
open surjection with closed graph, ThenY is

Proposition 4.1: nearly
a Tp-space.

Proof: Let y, &Y such that y=y. f is
surjective so there exists x,&X such that y,=
f(x.). Since the graph of f is closed, for y#
Sf(xy) there exist open neighbourhood U of x,
and V of y such that f(U)NV=0. As f is
nearly open we have

e AUCInt((FONCFTICY -V.

Thus Int(FTU)) & V are the required disjo-
int neighbourhoods of y,, & y respectively.
Hence Y is T,-space.

Remark 4.1.1: Since Int(F({T))NV =0 in the
above result. It follows that F(U)YNV =0 and
so the hypothesis of above proposition implies
that f has a strongly closed graph in the sense
of Long and Herrington [5].

We can similarly prove the following prop-
osition which involves the condition under
which X becomes T

Proposition 4.2: If f: X—Y is an injective
and nearly continuous mapping with closed
graph, then X is T,

Proof: Let x,#x, then f(x)=f(x,)=y(say).

From closed graph condition there exist open
sets U containing x,, and V containing y such
that AUXNV =0

or UM fAu(V)=0

or U F7{(V)=0, f isnearly continuous, it
follows that UNInt((F~(V))=0 and these are
disjoint open neighbourhoods of x, and x;
respectively. Hence X is T..

Combining propositions 4.1 and 4.2 we are led
to the following proposition which is slight
improvement of the theorem 8 in [4].

Proposition 4.3: Let f: X—Y be a bijective
nearly continuous and nearly open mapping

having closed graph. Then both X and ¥ are

T, spaces.

5. In this context, it is natural to pose the
question as to whether by choosing a suitable
mapping f : X—>Y the range space ¥ becomes
regular or T3 We find that the mapping under
which inverses of closed set are compact,
For the

sake of convenience we shall call such mapp-

provide the answer to this question.

ings, mappings having inverses of closed sets
compact. Such mappings must be well known,
though we have not been able to trace any
reference to them in the Iiterature accessible
to us. It can be easily seen that these mappings
are distinct from continuous mappings whenever
the domain is not a KC space. We now prove
the following proposition:

Proposition 5.1: Let f: X—Y be nearly open
surjection with closed graph and having
inverses of closed sets compact. Then Y is T.

Proof: Let F be any closed set in ¥ and
yZF, then {f~(FI)X{y}}NG,=0. For if not
so, then we have z&= f~Y(F)=M(say) such that
y=f(z)e=F which is a contradiction. From the
closed graph condition for each (m;, y)&SMX
{»} there exist open sets U; and V, containing
m,;, y respectively such that

(U xVING,=0. M is compact so open cover
{U,} has finite sub-cover U, U,--U, Setting
U:,k_.:Jl{U,-}DM and V:éL{V,-}an, we have

FHNV=0 or fUINV=0. As f is nearly
open, we have Int( fF(U))NV =0.

Thus Int(F(U)) & V are the required disjoint
neighbourhoods of F and y respectively. Since
the hypothesis of the proposition imply that ¥
is Ty also, it follows that ¥ is T

Corollary 5.2. Let f: X—-Y be a nearly open
surjection with closed graph and having
inverses of closed sets compact.

Then each pair of disjoint subsets 4 and B
of Y, one of which is closed and other compact,
can always be separated by disjoint neighbour-
hoods.

6. Fuller [6] has shown that if X is regular
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and f: XY is a closed mapping with closed
point inverses then f has a closed graph, we find
that if instead we assume X to be T we have
to take the mapping with compact inverses
instead to get the same conclusion.

Proposition 6.1: If X is T, and the mapping
J: XY is a closed mapping with compact-point
inverses, then f has closed graph.

Proof: It is sufficient to show that for y#f
(x) there exist open sets U and V containing
x and y respectively such that f(U)NV#0 Now
for y#f(x), x= () and f~'(y) is compact.
Since X is T, there exist open sets U conta-
ining X and U’ containing f'(y) such that
UNU’=0, f is closed, therefore corresponding
to f(y)cU’ there exists an open set V
containing y such that f(y)cf(V)cU".
We have therefore U f~1(V)=0or F(UXNV=0
and this implies that the graph of f is closed.

Corollary 6.2: Any bijective closed mapping
J : X—Y has closed graph whenever X is T,.

7. In a recent discussion with Professor T.
Sounderajan of Madurai University, Madurai,
India with reference to our work published
elsewhere [8] two questions emerged. Answers
to these questions and some related results are
given below.

Question 7.1; Let f : X—Y have closed graph,
Let a=X, b=f(a). Is b=N{fU): U is a
neighbourhood of a}.

Question 7.2: Let f: XY be the mapping
such that V¥V e=X, f(@)=N{fU):U is a
neighbourhood of ¢}. Should G, be closed ?

Answers to Question 7.1: Let 2&N{f(0): U
is a neighbourhood of ¢} and z3b. This implies
that z= f(U) for every neighbourhood U of a
or for every neighbourhood V of z and U of a,
VN f(U)#@. This implies that (UXV)ING,#0
or (a,2)=G,=G, or f(a)=2, and hence b={)
{FU):U is a nbd of a},

Answer to Question 7.2: To prove that graph
of f, Gy, is closed, it suffices to show that

whenever (%,y)ZG, we have (x,y)&G,. Let

(%,¥)£G, and put y=f(x)=b(say). From the
given condition y3¢b=N{f(U): U is a neighb-
ourhood of x} we have yZf(U) for at least
one #bd U of x. This implies that there exists
a nbd V of y such that VNfU)=0 or (x,y)&
G;. Hence G,=G, or the graph of f is closed.

Remark 1: Answer to the question 7.1 gives
immediately a condition on f: X—Y in order
that Y becomes T,. If f: X—Y is a surjective
mapping with closed graph then the conclusion
of question 7.1 implies that each point of Y is
closed and hence Y is T,. The
proposition can consequently be stated:

Let #: X—Y be a surjective map with closed
graph. Then Y is T,.

Remark 2: The answers to question 7.1 and

following

7.2 give a necessary and sufficient condition
in order that graph of a mapping, f: X—=Y be
closed. This can be summarized as follows.

A mapping f: X-Y has closed graph iff for
each a=X, f(@)=N{FfU):U is a nbd of a}.
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