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Semisimple Artinian Rings of Fixed Rings.
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{Abstract)

Let G be a finite group of automorphisms of the ring R, and R¢ be the ring of fixed points
of G in R. Then if R¢ is semisimple Artinian, R is semisimple Artinian where R has no nlipo-

tent ideals and no |G| torsion.
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[. Introduction

One of the basic questions of noncommutative
Galois theory is the relation between a ring R
and the fixed ring R° which is fixed by a
group of automorphism G of R. These subject
began with some very basic, simple questions
.asked by George Bergman in 1970. First, he
asked whether the fixed subdomain of an Ore
«domain is again Ore. Second, while trying to
answer this question, Bergman and I, M. Issacs
asked an even more basic question. If a finite
group acts on a domain does there exist non-
zero Tixed points? From that time many resea-
chers studied the structure of R and RS,

Daniel R.Farkas and Robert L. Snider showed
that if RS is ncetherian then R is also noethe-
rian where R is semiprime and R has no G}

torsion (3). In this paper we will prove that
if RY is semisimple Artinian then R is semisi-
mple Artinian under some conditions.

Definition 1. (1) The fixed ring of R: R=
{reeR|re=r for all g=G).

(2) The ring R is said to have no |G| torsion
if |Gl#=0 for r in R implies »=0.

(3) An ideal I of R is said to be invariant
under G if I*=I for all g<=G.

Bergman and Issac proved the following pro-
positions in 1972,

Proposition 2. Let R be a ring and suppose
that G s a finite group acting by automorphi-
sms on R, such that R°=={0}. If R#{0} then
R is nilpotent.

Proof. See (1).

Under these proposition we prove some lem-
mas.

Lemma 3. Let R be a semiprime and have
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no |G| torsion. If I is G-invariant right ideal
of R then I R67#{0}.

Proof. Since I is G-invariant, G is a group
of automorphsims of 7. And R°NI={0} implies
I¢={0}. Thus I is nilpotent by proposition.
But R is semiprime implies that R has no nil-
potent nonzero ideals. Hence 76:2{0}.

Liemma 4. Let R be a semiprime and have
no (G| torsion. Then if R has a unit element
¢, ¢ is a unit for R.

Proof. Let I={r—er|r&R}. Then [ is a
right ideal of R and G-invariant since e=R°C.
In fact if I3{0} then INR%#{0}. Here if
INMRS#{0} there exists some y=R such that
y—ey#0=R% Then O=e(y—ey)=y—ey a cont-
radiction. Thus I7={0} and so y=ey for all
y<=R. By similar method we obtain y=ye for
all y&=R.

I. Main Results

We can prove our theorem by using above
lemmas.

Theorem 5. If R® is semisimple Artinian
then R is semisimple Artinian where R has no
|G| torsion.

Proof. At first we will prove that R is semi-
simple. Let J(R) be the Jacobson radical of
R. Since image of any automorphism of a quasi
regular elements in R is again a quasi regular,
J(R) is invariant under any automorphism of
R. Thus J(R) is G-invariant. And J(R)#{0}
implies J(R)NR®#{0}. But if r=J(R)NEKe,
xf=x for all g=G and its quasi inverse y=RS,
Thus J(R)NKS is a quasi regular ideal in R¢,
By hypothesis R¢ is semisimple, hence J{E)
Ré={0}. Thus J(R)={0}.

Sccondly we will prove that R is Artinian.

Since RS is Artinian, we may choose a finite
family of maximal right ideals of R, M,, M,,
-+M, such that I:RGHGLM;) is a minimal
ideal in RY 1If 7#/0} we may choose an idem-
potent ¢ in RY such that I=eR¢ since RS is
semisimple. Then (1—-e)R will be a proper
ringt idezl ¢f B, And we can find a maximal
right idcal M,.. R containig 1~e. Since 1—e
=M.+, €=M,., hence Raﬂ(ifjl M,) is properly
smaller than 1. This is contradiction ¢n the
assumption that 7 is minimal ideal in RS Thus
we conclude that I={0}. Let M:_ﬁ‘ M¢ for
all g=G. Then M is G-invariant ;md MCR¢
NI={0}. By lemma 3, M ={0}. In this case {0}
is the intersection of finitely many maximal
right ideais of R. Thus R has finite composi-
tion length as a right module over itself. Hence
R is Artinian as a right R-module. Thus R is

Artinian. The theorem is proved.
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