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{Abstract)

We defie a locally nearly-compact space and give scveral characterizations of such spaces, somc

of which make use of filters, nets and a type of convergence we define as n-convergence.
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I. Introduction

The object of this paper is to introduce a
locally nearly-compact space. We give several
characterization of such spaces, some of which
make use of filters, nets and a type of conver-
genee we define as #-convergence.
the method of proof based on the idea of (1)
and 12). A set A 18 called regular closed, if it
is the closure of its own wmterwr or equivalent,

In this paper

if it 18 a closure of sume open set. Throughout
thus paper, N denotc the closure of a sct N

and N° denote the interwor of a set N.

I. Preliminary definitions and theorems

Definition 2.1. A space X 1s locally nearly-
compact if for each point x=X and each open
cover {U,|a=A} of a neighborhood N(x) of .,
there cxists a finite subcollection {Ua,[§=1, 2, -+

#} such that N(x)CCJI(U'm)"

Defimtion 2.2. A space X is nearly-compact 1f

for cach open cover {U,la=A} of X, thcre
exists a finite subcollection {U.lz=1, 2, +-, n}
"
such that X Ul(Uu.)°
et
Let a set U be regular open (f (U)°*= In

view of the fact that {for any open set U, (U)*
is regular open, it follows immediately that the
open sets in Definition 2.1 and Defimtion 2.2
may be replaced with regular open sets and an
equivalent definition obtaincd. We now show
the samc may be done with Defintion 2.1.
Theorem 2.1. The space X 18 locally necarly-
compact if and only if for each pomnt x in X
U, 1 = A
there 18 a
»n} such that N(x)

and regular open cover of a

neighborhood N(x) of «x, finite

subcollection {Us[i=1, 2, -,

SRy
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Proof. Tf X 19 locally nearly-compact, the
Now
suppuse ithe condition holds and et {UylassAl

condition  follows from Defimtion 2. 1.
be an epen cover of a neighborhood N(x) of x
m X, Then {(U.)"le=A} is a regular open
cover of N(x) s» there exists a finite subcollec-

tion [(Ux)®]1=1,2,+-,u} such that N(.T)LO
t=1

(Ua)® which shows X 15 locally nearly-compact,
Let X be a space and let N(x)
be a neighborhoed of & m X, Let o+ —
{N.CON(x) | aTAY be a filter base m N(x).
Then S m-converge to y=N(x) if {or each

Delinition 2.35.

open sl Vo X containg y there exists a N,
€. such that N,C(V)®, The filter base .5
r-accumulates to y=N(x) if for cach open set
Vin X contoming y and for each N, =,
NNV ) 4.

We hist several results concerning #-conver-
genee and #-accumulation whose straightforward
proofs are omitted,

Theorem 2.2, Let X be a topological space
and N(x) he a neighborhood of x 1n X. Then

(a) If .# 1s a filterbase mm N(x) such that
SFop-converge to y=N(x), then # sz-accumul-
ates o oy

(b) Let %, S be two filterbases m
N(x) and suppose = g 18 Stronger 5 5. If JF 5
#-accumulates to y=N(x), then 571 w-accumul-

and

ates tuv yEN(x).

(¢) Let ¥R be a maximal filterbase mn N(x).
Then 9 w-accumulates to y=N(x) f and only
if W n-converge to yEN(x).

Definition 2 4 Let N(x) be a neighborhood
of x m X, I{f Disa directed set and ¢ : D—
N(x) w a net m N(x), then

(a) @ p-vonverge to y=N(x) 1f for each open
there exists a
(z/=D

set VCX contammng y&=N(x),
z=D such ihul $(TH(V)® where T,
lz’_z}.

() @ p-accumulates to yCN(x) if each open
set VO X contaming vy and for every z2&D,
DTHV) Zg.

If :D *N(x) 18 a net m a neighborhooed
N(x) «1 #, the family SF(@)={®(T,)| =D} is

45

a filterbase 11 N(x) and it 13 routine to verify
that

(1) F (@) n-converges Lo YN(x) if and only
if @ n-converges to y=N(x), and

(2) F (@) n-accumulates to y=N(x) if and
only if @ n-accumulates to y=N(2).

Conversely, every filter base F 1n N(x)
determines a net @ : D-N(x) such that

(1) & wm-converges to y=N(x) if and only if
@ m-converges to w=N(x), and

(2) ¥ p-accumulates to y&N(x) if and only

it @ w-accumulates to y=N(x)

II. Filterbase and net characterizations
of locally nearly-compact spaces,
Theorem 3.1. In a spacc X the following

are eqmvalent:

(2) X 15 lueally nearly-compact.

(b) For cach puint x=X and cach regular
open cover {U,[nC A} of a neighborhood N(x)
of x, there cxists a finite subcollection {Uz|i=

1,2, .1} such that N(.’\:)C"UUG,.
7 1

(e) For cach pont ¢ m X and each collection
of nopemty closed scts {(F,la=A} such that
(QF«)HN( r) -¢ for a neighborhood N(x) of x«,
thlere 15 a finite subcollection {Fe|i=1,2, -, n}

such that (ﬁlF“, INN(D= 6.

(d) For cach point x in X and each collection
of nonemty regular closed sets {F,|as=A}, of
cach fimite subcollection {F.,|¢=1,2,3, -, #} has
the property thdt(blFm) NN(x)#¢ for cach
ncighborbhood N(x) of x, then (QF(.) NN(x):£4.

(e) For cach pomt x=X and cach hlterbase
S ={N,lae= A} 1n a ncighborhood N(x) of x,
there exists a y=N(x) such that % g-accumul-
ates Lo yEN(x),

() For each
filterbase M= (N,le=A4} in
N(x) of x therc exists a y=N(x) such that ¢

point ¥ m X and maximal

a mneighborhood

#n-converges to y=N(x).
Proof. (a) if and only if (b) has been shown
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in theorem 2.1,

(b) mmplies (¢) + For each pownt x and a
ncighborhood N(x) of x m X let {Fila=
Al he a collection of regular closed scts such
that (QF,,)QN(x)z«;S. Then N(:r)(—X—QF,,

zlljy(X—uF,,). Since X—F, 1» regular open
for cach a=A, the hypothesis of (b) 1mples

there 18 a finite subcollection { X —Fa[2=1.2, ==,

2 such that NGOCU(X~Fa)=X—NFe 1t
=1 b

follows that N(x)N( 'r'_qu,T.) =4,

(e) wmphes(b). Folr- cach point *&X and a
neighborhoed N(x) of x, let {U,|ea= A4} he a
regular open cover of N(x). Then N(x)yc U«
imphes N(ON(N(X-U))=¢ Fmce X——U: 18
regular-closed [0"1' each ac=A, the hypothesis of

(¢) mplies therc 1s a fimte subcollection {X—

Uwli=1,2, -, s} such that N(x)ﬂ(’"ﬂ(X—Um))

—4. Tt follows that N(x)CUUx.

(c) if and only if (d) is clear.

(b) implies (e). For each puint x n X and a
neighborhood N(x) of x if there cxsts a
filterbase # ={N,le==A} i N(x) such that
2% does nol p-accumulate to y for all y=N(x),
then for cach y&N(x) Llhere exists a regular
open set U(y) and some N, pT % such that
NayNUCp)=¢. The collecuion {U(p|y=N ()}
so by (b)
there exists a fiite subcollection [U(y)]r=1,

i» a regular cpen cover of N(x),

"
2 v, n} such that N(x)T UU(y,). Let Ne & 5
vl

such that N. C,ﬁlN”(")' Since N« #Z¢, there 18
some 1__j_a such that N«NU(y,)—¢. Thie
implics Ny NU(p)#Z¢ which 15 a contradiction,
Condition (e) {ellows,

(e) unples (d)
a neighborhood N(x) of 2. if a collection of

For each punt x m X and

regular-closed sols {F.laeA} such that each

frmte subeolleetion {Felz=1, 2,---, 7} has the
"

property that (ﬂlFm) AN(Z¢ but (NFIN

N(x)—¢. Then the sets F,NN(x), a4, toge
ther with all fimte ntersections of the form

(ﬁlmeN(x). form a filterbase % 1 N(x).

By (e), tlus filterbase n-accumulates to some
point y=N(x). Thus, for each opcn Uiy
contaimmng y and cach F,, (TN N(FLNNx))
#¢. The fact that F,NN(x)=¢ for all a=4
and the assumption that (QF,,)QN(A,) =¢ give
the cxistence of an a.=4 such that y&*Fe. It
then follows that y=X—F« which imphes
(X—F.)NFe ¢ But this means # does not
n-accumulates. This contradictiim gives (DF,,)

ANCx)#p.

(e) unplies (f). For each pout x=X and a
neighbothood N(x) of x 1f M={N lac=A} 15 a
maximal iilterbase i N(x), then W n-iccumul-
ates to y=N(x) by (e) so that It = converges
to 3 by theorem 2.2, (c).

(f) imphes (e).
neighborhood N(x) of « if F ={N,loe=A} be
a filter hase in N(x), then there cxists a

For each punl x&X and a

maximal {ilterbase M such that It s slropger
than % . By (f),
Applying parts (a) and (b) of theorcm 2.2.,
we sce that % m-accumulates to y mn N(x).
Our knowledge of the m-convergence and

M n-converges o yYN(x).

a-accumulation of pets mediately  guves the
thenrem.

Theorem 3.3. In a space X the fillowmg arc
cquivalent-

(a) X 18 locally necarly-compacl.

(b) For each pomt z 1 X and cach net m a
neighbuthoed N(x) of x,
yCN(x) such that @ n-accumulatas ty y.

there is a pont

(¢) For cach pont x n X and each umiversal
net @ 1 a neighborhood N(x) of x, there s a
point ¥EN(x) such that @ z-converyes ty v

If we replace the ncighborhood 1o thensrem
3.3. with the entire space X. the immcdiate
characterizations of nearly-compact spaces are
obtained.

Theorem 3.4. In a space X the following are
equivalent:

(a) X 18 nearly-compact.

(b) Each filterbase % = (N,la= A} m X
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n-converges to some xCGX.

(¢) Each maximal filterbase M in X w-con- Reference
verges.
Corollary. In a space X the following are 1. BOURBAKI, General topology, Part 1.
equivallent: pp. 57—85, Addison-Wesly, Ontario (1966)
(a) X 18 nearly compact. 2. LARRY L.Ierrington and PAUL E.Long
(b) Each pet in X has a #-accumulation point. A.M. S, Vol.52, pp. 417—425 (1975)

(¢) Each umversal net in X n-converges.



