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ON BI-IDEAL AND QUASI-IDEAL OF I'-SEMIGROUP

DONGSOO LEE AND CHULHWAN PARK

ABSTRACT. In this paper we shall introduce the concept of a bi-ideal(quasi-ideal} in S
where (S,I") is a I'-semigroup and study some properties between S and M where M
is the left. operator semigroup of I'-semigroup (S,I'). We also give a characterization
of regular I'-semigroup

1. INTRODUCTION

In his pioneering paper [5], M.K.Sen and N.K.Saha introduced the concepts of a
[-semigroups and many authors have studied the theory of I'-semigroups( [1,2,5]).
D.K.Dutta and N.C. Adhikari [1] studied properties between I'-semigroup and opera-
tor semigroup of I'-semigroup. In this paper, bi-ideal and quasi-ideal of I'-semigroup
S are defined, and their relationships with corresponding structure in operator semi-
group M of I'-semigroup are established by similar methods.

Let S and ' be nonempty sets. S is called a I'-semigroup if there exists mappings
(1) SxT'x §— S, written as (a,a,b) — aaf, and
(2) T x S xI' = I, written as (a,a,3) — aag,

such that (aab)sc = a(abB)c = aa(bBc)for all a,b,c € S and o, 3 € I'. We call a

[-semigroup S both sides if it futher satisfies the identities aa(8by) = (aaB)by =

alafgb)yy for all o, 8,7 €T and a,b € S.

Key words and phrases. T-semigroup.
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Throughout this paper we consider only both sided I'-semigroup denoted by (S, ")

and call it simply I'-semigroup.

2. PRELIMINARIES

We recall some notations and definitions ([1,5]). Let (S,T) be a I-semigroup. For
I,JC 8, wedefine ITJ ={zaf |z€l,yc J,ael}

Let (S,T') be a I'-semigroup. A nonempty subset I of S is called a left(right) ideal
of a $if STI C I(IT'S C I). If I is both a left and a right ideal then we say that I
is two sided ideal or simply an ideal of S The ideals of I" are defined analogously.

Let (S, T) be a I'-semigroup. We define a relation p on SxI" as follows: (z, a)p(y, 8)
if and only if ras = yfs for all s € S and yza = yypf for all v € I'. Obviously p is
an equivalence relation.

Let M = {[r.a] : 2 € S and a € T'}. and denocte the equivalence class containing
(x,a) by [r.a] We define a multiplication in M by [z, a]ly, 5] = [zay, 8] = [T, ayd).
Then M forms a semigroup, and we call the left operator semigroup of the I'-
semigroup (S.I). Dually we can define the right operator semigroup N = {[a,qa) :
a €I and a € S} of the I'-semigroup (S, ') where the multiplication in N is defined
by [a.a][3.b) = [wafB,b] = [a, afb].

The set S is a left M-set and a right N-set under the definitions [a,a]s =
aas and s[3.b] = s@b. Futhermore ([a,a]s)(3,b] = [a,c](s[B3,b}). So S is (M, N)-
biset. Similary I is a (N, M)-biset.

For P C M(N) we define P* = {r € S:[z,a| € P foralla e}, *P={y e
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[:[x,9] € P forall z € S}, (resp. P* ={z € S: [a,x] € P forall a € T},
*P={yel:[y,z]€ P forall z € S}

Similary for @ C S(T) we define Q' = {[z,a] € M : zas € Q forall s € S}
and Q* = {[a,z] € N :saz € Q forall s € S} (resp. *'Q = {[z,0] € M : yza €

Q forally €T} and *Q = {ja,z] € N :azyc Q for all ¥ € T}.) [L,5]

Definition 1.1 [5]. Let (S,I') be aI'-semigroup,M be the left operator semigroup and
N be the right operator semigroup of (S,T'). b We say that S has the left unity (right
unity) if there exists an element [e,d) € M([d,e] € N) such that edr = = (zée = )

for all x € S. Similarly we can define the left unity and right unity of T.

Propositin 1.2 [5]. Let (S,T') be a I'-semigroup.

(1) If [e,8] is a left unity of S and a right unity of I' then [e, 6] is an identity
element of M.
(2) If [8,¢] is a left unity of [ and a right unity of S then [4,¢] is an identity

element of N.

Definition 1.3 [5]. Let (S,T) be a T'-semigroup. (S,I') is said to be I'-semigroup
with unities if S has left unity and right unity which are also right unity and left
unity of I respectively and vice-versa.

2.REsSULTS

Woe first establish some relationships between bi-ideal of S and M.

Definition 2.1 [5]. Let (S,T') be a [-semigroup. Let B be a nonempty subset of
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a I'-semigroup M. The subset B is called a bi-ideal of M if BUMI'B C B FEvery

one-sided ideal ts bi-ideal.

Proposition 2.2. Let (S,I') be a I'-semigroup. If A is a bi-ideal of M, then A* is

a bi-ideal of S. If S has a left unity and B is a bi-ideal of S ,B*t is a bi-ideal of M.

Proof. Since A C M, we have that At C S. Let a,b € A', y,u,v € I',s € §. Then
[a,7],[b,v] € A. Since A is a bi-ideal of M, [a,~|[s, u][b,v] € A and so [aysub,v] € A.
Hence aysub € AY, whence A*T'ST At C A*. Therefore A* is a bi-ideal of S.
Assume that S has a left unity [e, 6] and B is bi-ideal of S. Let [a,a], b, 3] € B*,
[z.¢] € M and y € S. By Definition of BY', we have aae € B and bBy € B. Since
Sre € I and B is a bi-ideal, (aae)(dze)(bBy) € BI'B C B, and so [a, a|[edz, €][b, Bly €

B Hence Bt M BV C B+ . Therefore B is a bi-ideal of M.

Lemma 2.3.
(1) Let A\ BC M. Then A*TBt C (AB)*

(2) Let AC S. Then MAY C (STA)* and AY' M C (ATS)*

Proof. (a) Let a € AY b € BY, v.u € I'. Then [apb,v] = [a,u][b,~] € AB. Hence
apb € (AB)t and so ATI'Bt C (AB)*

(b) Let [a,a] € At [b,8] € M, s € S Then aas € A. Whence [b, f}aa]s =
(b, Bjaas = bB(acs) € ST A. Hence [b, 8]{a, o] € (STA)* andso b, B]la,a] € (STA)*

Similary , A* M C (AT'S)*

Definition 2.4 [5]. Let (S,T') be a I'-semigroup. Let Q be a nonempty subset of a

[-semigroup M. The subset Q is called a quasi-ideal of M if QUM N MI'Q C Q.
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Every one-sided ideal is a quasi-ideal and every ideal is a quasi-ideal.

Proposition 2.5.

(1) If A is a quasi-ideal of M, then At is a quasi-ideal of S.

(2) If B is a quasi-ideal of S, then Bt is a quasi-ideal of M.

Proof. (a) Clearly, A* C S by A C M. Since MT = S, we have, from Lemma
2.3 (1) , that A*T'S = AYTM™* C (AM)*. Similary, STA* C (MA)*, whence
(A*TS) N (STAY) C (AM)Y N (MA)Y = ((AM) N (MA))T C At since Ais a
quasi-ideal of S. Hence A* is a quasi-ideal of S.

(b} B*' C 8. By Lemma 2.3 (2), we have that B*'M C (BI'S)* and MB* C
(STB)*'. Hence (B*'S)N ($B*') C (STB)t n(STB)* = ((BI'S)N(STB))* C

Bt since B is a quasi-ideal of S. Therefore Bt is a quasi-ideal of S
We now establish some relationships between semiprime quasi-ideals of § and M.

Definition 2.6. Let (S,I') be a I'-semigroup. Let Q be a nonempty subset of a I'-
semigroup S. A bi-ideal or quasi-ideal P is called semiprime ideal if x € S,z'STx C

P implies x € P

Proposition 2.7.
(1) Let P be a semiprime quasi-ideal of M. Then Pt is a semiprime quasi-ideal

of S.

(2) Let Q be a semiprime quasi-ideal of S. Then Q"" is a semiprime quasi-ideal

of M.
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Proof. (a) Let P be a semiprime quasi -ideal of M. Then P? is a quasi-ideal of
S(Proposition 2.7 (1)). Let a € S— P*. Then there exists o € I such that [a,a] ¢ P.
Since P is semiprime, there exists [c,y] € M such that [a,c][c,v][a,a] ¢ P. Then
[aacya,a] ¢ P, whence aacya ¢ PY. Hence al'STa C P*. So P* is semiprime.

(b) Let Q@ be a semiprime quasi-ideal of S. Then E)‘U is a quasi-ideal of M (Proposition
2.7 (2)).) Let [a,0] € M — Q*'. Then aaz ¢ Q for some z € S. Since Q is
semiprime , there exists y,u4 € I',s € § such that (aax)ysu(aaz) ¢ Q. There-
fore |a, a]|zvys, p)[a, @]z ¢ Q. Thus [a, a][zys, plla, ) € @*'. So [a,a]M|a, 0] C Q1.

Therefore QT is semiprime ideal in S.

Definition 2.8. Let (S,I') be a I'-semigroup. An element a of a I'-semigroup M is
called regular if a € al’'MT'a. A I'-semigroup M is called regular if every element of

M is regular.

Proposition 2.9. A I'-semigroup S is regular semigroup if and only if every bi-ideal

in S is semiprime.

Proof. Let S be a regular [-semigroup and B any bi-ideal of S. Suppose zI'ST'z C B
for x € S. Since S is regular, z € z['STz C B. Therefore B is semiprime ideal.
Conversely , assume that every bi-ideal of S is semiprime. Let a € § and consider
B = al'STa. Then B is bi-ideal of S. Hence al'STa is semiprime for any a € S.

Since al'STa is semiprime, we have a € al'ST'a. Therefore S is regular I'-semigroup.
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