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(Abstract)

T, and T, separation axioms are well-known. Tp-axiom introduced by E.C. Aull and W.J.
Thron is one of the significant separation axiom between T, and T,. The purpose of this note is to
introduce the concept of semi T p-topological spaces and study their properties. We show the semi
Ty-axiom is stronger than the semi T,-axiom but weaker than the semi T,-axiom.
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1. Introduction

In 1963 N. Lcevine [6) defined a set in a topo-
logical space to be semi open if there exists
an open set O such that OCACcl{(Q), where
cl(0) denotes the closure of 0. In [2], authors
defined a set to be semi closed iff its comple-
ment is semi open. A point p is said to be a
semi limit point of a set A if each semi open
set containing p contains some points of A4 other
than p(4]. Semi closure, semi interior, a semi
derived set and etc, are known to be defined
in manner analogous to the standard concepts
of closure, interior and a derived set. By scl
(A), sint(A4) and sd(A) we shall denote the
semi closure, semi interior and the semi derived

set of a set A, respectively. We can also find
their definitions in [3].

T, and T, separation axioms are well known.
Tp-axiom introduced by E.C. Aull and W.].
Thron {1}, is one of the significant separation
axiom between T, and T.. In {7], Maheshwari
introduced the semi T, and semi T, axioms
by considering the separation of points through
the semi open sets.

The purpose of this note is to introduce the
concept of semi Tp-topological spaces in such
a way that the semi Tp-axiom is an analoguc
of the Tp-axiom.

The semi Tp-axiom is found to be stronger
than the semi T,-axiom but weaker than the
semi T -axiom. Further, the semi Tr-axiom is
strictly weaker than the Tp-axiom. However,
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it may fail to be the To-axiom, in gencral.
The scmi Tp-axiom is profitably used to ob-
tain the following significant result [5].

If X and Y are semi Tp-topological spaces
such that both SO(X) and SO(Y) are closed
under finite intersections and SO(X) is lattice
isomorphic to SO(Y), then X and Y are semi-
homcomorphic in the sense of S.G. Crossley
(2], where SO(X) and SO(Y) mean the fami-
lies ol all semiopen sets of X and Y, respecti-
vely.

Throughout this note, a spacc means a to-

pological space and iff means if and only if.

I. Semi To-axiom

Definition 2,1. A space X is said to be a
Tp-space (1] if for each x=X, the derived set
of {x} is closed.

Definition 2.2, A space X is said to be semi
T, (7] if for any x,y=X, x=y, therc exists
a semi open set G such that cither ¥=G, y=G
or x£G, y=G.

Definition 2.3. A space X is said to be semi
T, (7] if for any x,y=X, x#y, there cxists a
semi open set G such that x=G, and a semi
open set H such that xZH, y=H.

It may be mentioned here that every semi
Ty-space is semi T, but converse may not be
true, in general. Now we shall introduce the
concept of semi T p-space.

Definition 2,4. A space X is said to be semi
Tp-space if for any x<:X, sd({x}) is semi clo-
sed.

Every topological space i not semi T, The
following cxample is given for this purpose.

Example 2.5. Let X={a,b,¢,d} be a space
with o7 ={0, {a}, {b,¢}, {ab,c}), X}. Then
(X, %) is not semi Tp.

Following characteriztion of semi T,-space
will be useful in the next discussion.

Theorem 2.6. A space (X,5 ) is semi T,

iff for everv x=zX, sd({x}) is the union of

semi closed sets.

Proof. In a space X, for any x7-X, sd({x})
=iyl X x#Ey, yuscl(fap)r Also, y=rscl({a))
implies scl({y¥>=scl({x}). If the space X is
semi Ty, Then x=ty, p=scl({x}) implies x<zscl
({¥) and hence scl(iy)zsd({x}). Thus, in a
semi T, space X, for any x+°X, sd({x})=1
fscl(iyhd: =y, »=sclx))).

Conversely, suppose that the space X is such
that for cach x=X, ¢d(<x}) is the union of
semi closed sets. For any x#y, cither y=sd
({x}) or yZsd({x}). In case y=sd({x}), there
exists a semi closed set F such that ys=FcCIsd
({x}). Hence X—F is a semi open set such
that y' X —F, =X ~F. In other case ypsd
({x}), there exists a semi open set G such
that 726, x7G. Thus the space is semi T..
The proof is complete.

The next theorem is concerned with the im-
plication relations of semi T ,-axiom betwcen
some of other known separation axioms.

Theorem 2.7. (a) Lvery semi Tp-spacc is

semni Te.
(b) Every semi T, space is semi T'p.
(c) Every Tp-space is semi T

Proof of (a). It is clear in view of Theorem
2. 6.

Proof of (1). It lollows {from the fact thar
in asemi T, space X, for any 2=X, {1} is
semi closed and hence sd({a})=0 is semi clo-
sed.

Proof of (¢). >ince, for anyv & in a space
X, scl({xp)cl(Gary 3], if the space X is To,

then, for any x=X, the derived sct of {x) is

closed. Therefore, & can not be a limit point
and hence can not be a semi limit point of sd
({x}). Thus, in order to show that sd({x}) is
semi closed, it is enough to show that ecach
semi limit point y (other than x) is the point
of sd({x{). If y#x,» is a semi limit point of
sd({x}), then y is also a semi limit point of
{x}. Hence y=sd({x}). It follows that every

T, space 1s semi T;.
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For some of other implication relations, the
following example is useful.

Example 2.8. Let X={a,b0,c} be a space
with .97 ={0, {4}, X}. Then the space X is
semi T'p but not Th Also X is neither semi
T, nor T

. Characterizations of the semi
Tr-axiom

Theorem 3.1. A space X is semi T, iff for
each x==X, there exists some semi open set G
and semi closed set H such that {#x}=GNH.

Proof. Suppose X is semi Tp Then, for
any =X, sd({z}) is semi closed. Taking G=
X —sd({z}) and H=scl({#}), we have {x}=CG
NH where G is semi open and H is semi clo-
sed in X.

Conversely, suppose that the space X Is such
that each x5=X can be expressed as the inter-
section of a semi open set and a semiclosed
set. Then, for any arbitray point x&X, sup-
pose {x}=G(VH where G is semi open and H
is semi closed. Now,

sd({x})=scl({#})—{x) =scl({x}) - (GNH)

=scl({zx1DN(GNH))

=scl({xDN (X -GUX ~H)]

= [scl({x)Nx—G)I U [scl({x})NX
—H)]

=scl({x})N(X ~G), since scl({x})CH.

Therefore, sd({x}) is a semi closed set since
any union of semi open sets in a space is semi
open.

In a space, if the semi derived set of every
set is semi closed, then, obviously, the space is
semi Tp. For the converse part, we have the
following theorem.

Theorem 3.2. If,
family of all semi open sets is closed under fi-

in a semi T,-space, the

nite intersection, then the semi derived set of
any set is semi closed.

Proof. Suppose that the space X is a semi
Ty-space such that intersction of any two

semi open sets is semi open. Let A be any
subset of X, If sd(A4)=@, or has no limit
point, then there is nothing to prove. Let x
be a semi limit point of sd(A4). Because scl(4)
=sd(A){ A[4], x must belong to either sd(4)
or A. In order to show that sd(4) is semi
closed, we have to remove the possibility of x
belonging to A—sd(A). For, that if x4 and
xc£sd(A), then there exists a semi open neigh-
borhood U of x such that UU4A={x}, x being
the semi limit point of sd(A4), U must contain
some point y of sd(4) other than x. We note-
that each such point ye=sd({x}). For, if one
such point ye£sd({x}), then there would exist
a semi open neighborhood V of y such that x
&V, and hence UNV would be a semi open
neighborhood of y such that (TUNV)IN4A=0
This contradicts the choice of ysd(4). Hence
all such ye=sd({x}). Since X is semi Tp, sd
({x}) is semi closed, but UN(X ~sd({zx})) is a
semi open neighborhood of x disjoint from sd
(A). This contradicts the assumption that x is
the semi limit point of sd(A4). Hence x&A4, x
&#sd(A) is impossible. Thus sd(4) is semi
closed.

Corollary 3.3. A space is semi Tp-space iff
semi drived set of any subset is semi closed
provided the intersection of any two semi open
sets is semi open.
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