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Optimal Order Policy with Quantity Discounts for
both Purchasing Price and Freight Cost

Shinn, Seong-Whan - Kim, Jae-Gyun

{Abstract)

This paper deals with an EOQ model in which both the unit purchasing
price and the freight cost depend on the quantity of the lot size, The model
adopts incremental quantity discounts for the price and a general form of
discounts for the freight cost,

Investigation of the properties of an optimal solution allows us to develop
an algorithm whose validity is illustrated through an example problem,
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1, INTRODUCTION

Inventory systems in which the unit
variable procurement cost depends on
the quantity of an order are referred
to as systems with quantity discounts.
The traditional quantity discount
models have analyzed solely the unit
purchase price discount and considered
two types of price discount, “all units’
and ‘“incremental” discounts (Hadley and
Whitin(1), Johnsen and Montgomery
(2)). Recognizing another type of
discount structure, Lee(3) formulated
the classical EOQ model with set up
cost including a fixed cost and freight
cost, where the freight cost has a
quantity discount(economies of scale).
Recently, Hark Hwang et al,(4)
introduced an EOQ model with all
unit quantity discounts for the price
and general form of discounts for the
freight cost,

This paper formulates other price
discounts scheme instead of the model
introduced by Hark Hwang et al, (4],
A relevant mathematical model is
introduced in Section 2 and the
properties of an optimal solution are
discussed, Section 3 presents an
algorithm based on the results in the
previous sections, A numerical example
is provided in Section 4, followed by
concluding remarks in Section 5,

2, DEVELOPMENT OF THE
MODEL

The assumptions of this study are
essentially the same as the EOQ

model except for the ordering cost
and the purchasing price terms,

The following assumptions and
notations are used:

1) Demand rate is constant and
continuous,

2) No shortages are allowed,

3) Incremental quantity discounts are
available for purchasing price.

4) The buyer pays the freight cost for
the transportation of the quantity
purchased where the freight cost
has a quantity discount,

D ; annual demand rate

Q : an order size

Mi : ith price break quantity,
i=1,2,3,...,m
where Mo{Mi1{Mz¢{, .. {Mm with
Mo=0 and Mm unlimited

Pi : price per unit for Q= (Mi1, M
with Pi-pPi, i=1,2,3,...,m

Pi@) : total purchasing price of

Q units,
i,e,, Pi(Q=Ri+Pi(Q-Mi1),
i=1,2,3,...,m
Ri1=0

Ri=f Px(Mk-Mk-1), i=2,3,4,...,m
Nj : jth freight cost break quantity,
k2,38, ..,n,
where No{N1{N2{, ., (Nn with No=0
and Nn unlimited
Fj : freight cost for Q& (Nj-1, Nj)
where F;-1{Fj and
Fi/Ni-OFi/N;, 3=1,2,3,...,n
r ! inventory holding cost(percentage)
A : fixed ordering cost per each order

Note that the inequalities Fj-1(Fj
and Fii1/N;-DFi/N; are necessary to
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have some quantity discount in the
freight cost for changing the order
size from Nj1 to Nj,

Now, for Q& (Nj1, NN (Mi1, Mi),
the total ordering cost per each order,
the average annual inventory holding
cost and the annual purchase cost
become A+F;, r(Pi(Q)/Q)Q/2 and (Pi
(Q)/QD, respectively, Let

TCyQ) =(A+F) D/Q+r (Pi(Q) /Q) Q/2

+Fi(Q/QD. o

Then the total annual variable cost,
TC(Q), can be expressed as

TC(Q)=TCi(Q if Q€ Mi1, MiJN (N;
1, Njj, 2
i=1,2,3,...,m and ¥1,2,3,...,n.

The problem is to find an ordering
quantity @* which minimizes TC(Q),
Note that 0{Q{« is due to the
assumptions of no shortages allowed
and finite demand. TCj;(Q) is convex
function for every i and j, and there
exists a unique value Qi which
minimizes each function as follows;

Qi= 2D (A+Fj+Ri-PiMia) rPiE (9
If Qe (Mi1, MidN (N1, Nj), we will
call Qi feasible minimum point and
denote by Qi*.
To facilitate the study, we introduce
Qio such that
Qio= 2D (A+Ri-PiMi 1) /rPi + (4)
Now, we present some important
observations regarding the properties

of an optimal solution, with the first
one coming from Lee{3) and others
coming from Hark Hwang et al, (4]
by some revision,

Property 1,

Suppose Px=Pi for all k, k=1,2,...,
m. And let p and q for p{q be the
freight discount indices such that Qio
& (Np-1, Np) and Qig=min; |Qiic (Nj1,
Nj)l, respectly, Then we need only
consider Np-1, Np, ..., Nq2, Ng1, Qi
as candidates for the optimal solution
with no purchasing price discounts,

Let MV ({a, b)) be the minimum
value of TC(Q) on Q& (a,b] and QV
((a,b]) be the ordering quantity
associated with MV ((a,b)).

Property 2,

If Qioe (Np-1, Np) for some p and Np
1»Mi, then MV ((Mi-1, Mi))>MV ((Mi,
Nn)) where Nh is the smallest freight
discount point satisfying Nn>Mi,

{proof

It is not difficult to verify the
following results,

1) TCy(Q) =TCi{Nj for Q= (Nj1, Njl,

=1,2,3,...,p-1 (5)
2) TCi-1(Nj1) ) TCis(Ny),
1,2,8,..,p-1 (6)

Let Nne Mw-1, Mw] for some w)i
and QA=QV ((Mi-1, Mi)) with QA& (Nk-
1, Nk for some k,

We observe TCin(Nn)>TCwn(Nn) due
to Pw(Pi, Pvw(Q){Pi(Q and TCik(QA)
YTCin(Nn) form (5) and (6). (Q.E.D.)

Property 2 suggests that we do not
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need to search the interval (Mi-1, Mi)
to find an optimal solution if Qe
(Np-1, Np) and Np-1>Mi,

Let Sm={M1, Mz, ,..,Mn and Sn= Ny,
Nz,...,Nnl. We define a set Su as
Su=SmMUSN= {U1, Uz,...,Ud and number
each element in increasing sequence
such that Ui{Uz ..{(Uu. Let CPv and
CFy be the unit purchase price and
the freight cost on Iv=(Uv-1, Uy,
respectively,

Property 3,

There exists at least one feasible Qi
(i.e. Qu*).

{proof>

One of the following three relationships
between Iv and Iv+ holds,

CPv=CPv+1 and CFV(CFVH
CPV>CPV+1 and CFv=CFv+1
CPV>CPV+1 and CFv(Cde

Let TCv(Q) be the total cost
computed with CPv and CFv, Since
TCv(Q) is convex, TCv(Q) has the
minimum value at

Qv= 2D (A+CFv+Rv-CPvUv-1) /rCPW 172,
Rv=Z CPk(Ux-Uk-1) (7
and Qvw(Qv+ for v=1,2,.,.,u-1,

If there were no feasible Qv, either
QwUv or Qv=Uyv-1 for every v. Hence,
either Qu)Uu or Qi<Uo holds, which
contradicts the feasibility of Q, 1i.e.,
0<Q< o, (Q.E.D)

Property 4,

Suppose Qre® be the largest among

Qii*. Then MV ((Mr-1, Mi))<MV (M,
Mm])).,

{proof

Suppose Q*e (Uv-1, Uv) for some v,
Then Qi defined in equation (7) is not
larger than Uiz for i)v, due to the
definition of Q. Therefore, TC(Q) is
increasing convex function on Ii=(Ui-,
Ui), i>v, and has a upward jump
discontinuity at Ui whenever Ui is
freight discount quantity, And TC(Q)
is continuous function that has
decreasing slope at Ui whenever Ui is
price discount quantity. Hence, the
interval that is greater than Mr can
not contain the optimal order
quantity which minimize the total
cost, (Q.E.D.)

Property 4 suggests that we do not
need to search the interval (Mrs, Mm)
to find an optimal sclution if Qfe* is
the largest among Qj*,

Using the properties introduced and
the incremental quantity discount are
that the total cost curve is continuous
and the slope is decrease at price break
quantities, we propose a solution
algorithm from which an optimal order
quantity can be obtained,

3. SOLUTION ALGORITHM

Step 1. Compute Qi by equation (3)
and find Qr* which is the
largest amount among feasible
Q.

Let MV ((Mf, Mmnm))=00 and
QV ((Mf, Mm])=co,

Step 2, If f=0, then Q*=-QV((Mt, Mm))

and stop,
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Step 4,

Step 5.

Step 6,

Step 7,
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Otherwise, compute Qo by
equation (4) and determine p
satisfying Qrue (Np-1, Np),

If Np-)Mr, set f=-1 and go to
step 2,

Otherwise, find the smallest
index r satisfying Me1{Nr,

If NONp-1, LB=r and compute
Qte by equation (3) and go to
step 5, a.

Otherwige, LB=p-1 and go to
step 5. b,

. If QadMr.1, then compute Qi

by equation (3) and find the
smallest index g, q>r, satisfy-
ing Qu<Na,

Otherwise, set f=f-1 and go
to step 2,

Compute Qy by equation (3}
and find the smallest index
g, qp-1, satisfying Qiq<Nq,
If QrdMr, then go to step 7.
a,.
Otherwise, find the largest
index s satisfying Ne<Mr and
go to step 7.b,

If LBXq-1, let MV {{Mr1, Ms)}
be the TCk(Q*) by (2) and
QV ((Mr-3, M1)) =Qse*,
Otherwise, compute total cost
by (2) at @=Qw* and Nj for
LB, LB+1,..., 9-1 and find
MV ({(Me-1, Mr)} and QV (M-
1, Me),

. If LBs, set f=f-1 and go to

step 2.

Otherwise, compute total cost
by (2) at Q=Nj for j=LB, LB+
1,..., &1, s and find MV ((M¢-

;, Mf)) and QV({(Mrs, Mr)),
Step 8. If MV ((Mey, Mp))MV (Mg,
Mm}), then MV {(M:, Mwm})=MV
({(Mr-1, Mf]) and QV ((M:, Mm]}
=@V ((Ms-1, M:]) and go to step §,
Otherwise, go to step 9.
Step 9. Set f=f-1 and go to step 2,

4, NUMERICAL EXAMPLE

To illustrate the algorithm developed,
we consider the following data for the
problem of determining the optimal lot
size,

1) A=3700, D=3000/year and r=0.2

2) Vender s price schedule

order size unit price 1
0 (@=1500(M1=1500) P1=$20.0
0 (Q=4000 (M2=4000) P2=%$19,0
0 Q= (Ms=oo) Pa=318.5

3) Freight cost

Nj=) #400, =0, 1, 2, 3, ...,

Fi=400»j = (1-0.02* 3-1)) for
1,02, ...,25

Fos+B #(j-25) for J=26,27, ..., o=,

An optimal order quantity can be
obtained through the following steps.
{Cycle 1>

Step 1. Qig=2713.708 wher f=2 and
eg=1.

Let MV {(Mz, e))=eo and QV
((Mz2, o0]}=co,

Step 2. Since Q20=1863_ 782, p=5,

Step 3. Since N2=1600{M224000, the
index r satisfying Mi=1500<N;
becomes r=4,

Step 4. Since Ni=N1, LB=4 and go to
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step 5. b, q=b,
Step 5, Step 6. Since Qu5=1951, 922>M1=1500,
b, Since Q27=2713. T08(N7=2800, the index s satisfying Ns(
q=1. M1=1500 is s=3 and go to step

Step 6. Since Q27=2713, T08{Mz2=4, 000,
go to step 7.a,

Step 7.

a, Since LB=4{q-1=6, MV ((M1,

Mz2})=min {TC27(2713,708),

TC24(1600), TC25(2000), TCss

(2400)1 =67010 and QV ((Mi,

Mz])=2, 000,

Step 8. Since MV ((M1, M2)) (MV ((Mz,
»]), reset MV ((Maz, «))=67010
and QV ((Mz, «))=2000,

Step 9. Reset f=f-1 and go to step 2.

{Cycle 2)

Step 2, Since Qu=1024,695, p=3.
Step 3, Since N2=800<{M1=1500, the
index r satisfying Mo=0<{Nr
becomes r=1,
Since Nr=Ni1{Np-1=Ng,
and go to step 5. b,
Step 5,

b, Since Qi15=1951, 922{Ns=2, 000,

Step 4. LB=2

TC (Q)

n 4 X

¥ Iy
Y

¥

-

7.b,
Step 7,

b. Since LB=2¢s=3, MV ({(Mo, M1))
=min {TC12(800), TCis(1200)}
=67030 and QV ((Mo, M1))
=1200,

Step 8. Since MV ((Mo, M1))>MV ((Mj,
o]}, go to step 9,
Step 9. Reset f=f-1 and go to step 2.

{Cycle 3}

Step 2. Since f=0, stop.

An optimal order quantity=2000 and
the miniimum total cost=67010,

We plot the value of the objective
function in Figure 1 to confirm the
final results of the algorithm, For
the region(a,b), TC(a) is represented
by empty dot to indicate that TC(Q®)
1s not defined on a and TC(b) by
black dot in the graph.
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5, CONCLUSION

As a marketing policy, some sellers
grant discounts to customer who buy
in quantify larger than that of the
minimum acceptable order, As it is
practiced in postal service charges,
the discount is sometimes also made
for the freight cost., Based on the
economic order quantify inventory
models, this paper analyzed how a
customer can determine an optimal
lot size when the opportunities for
both price discount and freight cost
discount available,

In this paper, the model adopted
incremental quantity discounts for
the price and a general form of
discounts for the freight cost, Related
solution algorithm was developed to
solve the model and it guaranteed
optimal solution,

The algorithm proposed is a little
complicated in terms of the numbers
of steps but bound to find an optimal
solution, The algorithm can be
simplified for the special scheme of
the freight cost discount schedule
such as Model 1 and 2 in Lee(3).
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