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Abstract 

According to vibration theory, classical passive vibration isolators have effect in the 

frequency region that is higher than √2 times the natural frequency of the system. For input 

frequencies below √2 times the natural frequency and especially those close to the natural 

frequency, the vibration level of the classical isolator is really increased in comparison to the 

vibration level of the system. In order to overcome this issue, a novel vibration isolator system 

with air-spring (ASVIS) is designed for improving vibration isolation performance of the drive 

seat under low excitation frequencies. The main feature of the proposed system consists of two 

symmetric double convolution bellows which are designed by a negative stiffness structure 

(NSS). In addition, instead of using a vertical mechanical spring, a sleeve air spring is employed 

to provide positive stiffness. Moreover, a crisscross structure with two straight bars is also used 

as the supporting legs to provide the nonlinear characteristics with NSS. 

In this research, the effects of the dimension parameters on the nonlinear force and nonlinear 

stiffness of ASVIS are analyzed. A design process for ASVIS is provided based on the 

analytical results in order to achieve the high static low dynamic stiffness characteristic.  Next 

the dynamic equation of the proposed system is constructed. Then, the harmonic balance 

method (HB) is employed to evaluate the characteristic of the motion transmissibility of the 

proposed system at the steady state for each of the excitation frequency. From this characteristic, 

the curves of the displacement transmissibility are verified based on the configurative 

parameters of the system. 

Then, a sliding mode control (SMC) are designed for the ASVIS. The control strategy is to 

employ an approximate technique to express one of unknown functions to estimate the 

equivalent control effort. The stability of the controller is also evaluated in terms of Lyapunov 

theory. 

Finally, numerical simulations are performed to evaluate the effectiveness of vibration 

isolation of the ASVIS. The results obtained in this paper show that the values of the seat 

displacement of the ASVIS with NSS are reduced to 77.16% in comparison with the traditional 

air-spring isolator without NSS, which indicates that the design of the ASVIS isolator with 

NSS can effectively isolate vibrations in the low-frequency region. 
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Chapter 1 

INTRODUCTION 

1.1 Background 

Normally, whole-body vibration is associated with vehicle movement, which can affect the 

comfort, performance, and health of the vehicle driver [1, 2]. Vibrations can be transmitted to 

the driver from a variety of directions, as indicated in Figure 1.1, including the three 

longitudinal axes of x, y, and z, as well as the three rotational axes of roll, pitch, and yaw. The 

most severe vibration that impacts driver comfort when driving the vehicle is vibration in the 

low-frequency region of 1 to 20 Hz. The human body responds strongly to vertical whole-body 

vibration at frequencies ranging from 0.5 to 5 Hz, which are below 2 Hz in horizontal axes  

[3, 4]. In order to increase the comfort, safety, and health of the driver, also reduce weariness 

caused by extended hours of driving or exposure to adverse road conditions, a traditional 

vibration isolator is developed by combining a mechanical spring element in parallel to a 

damping element. 

Seat 
Backrest

Seat Cushion

Vertical
Yaw

Roll

Lateral

Pitch

Fore-Aft

x
y

z

x

y

z

z

y

x  

Figure 1.1. Whole body vibration of the driver 

The traditional linear isolator model (Figure 1.2), which is frequently used to demonstrate 

vibration isolation, consists of a linear stiffness spring combined with a damper [5-7]. Only 
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when the excitation frequency exceeds √2  times the natural frequency of the system can these 

structures achieve efficient vibration isolation. On the other hand, when the excitation 

frequency is less than √2  times the natural frequency, the vibration of the driver’s seat is 

increased in comparison with that of the base excitation [8]. This proves that the traditional 

vibration isolation systems can have a satisfying performance only at high-frequency excitation 

but not at low-frequency excitation. 

Cross linkage 
mechanism

End stop

Damper

Spring

Adjuster for setting 
occupant weight

Top plate

Bottom plate

Mass of driver

 

Figure 1.2. A traditional linear isolator and its component parts. 

To solve this problem, vibration isolation systems with NSS have been recommended to 

overcome the disadvantages of classical linear isolation, which can effectively isolate 

vibrations in the low-frequency region while maintaining load capacity and low dynamic 

stiffness (Figure 1.3). In an early study by Alabuzhev et al. [9], the NSS vibration isolator 

comprised two horizontal springs connected to the load via an actuator joint to produce negative 

stiffness. Platus et al. [10] suggested a negative stiffness mechanism based on two rigid bars 

hinged in the middle, supported on pivots at their outer ends and loaded in compression by 

opposing forces. Danh et al. [11] continued to study this mechanism and developed a vibration 

isolator with NSS that employed two horizontal springs connected to the load via sliders and 

inclined links. The mechanical characteristics and experimental prototype of the proposed 

system were also analyzed. Later, these researchers applied an adaptive backstepping controller 

to enhance the isolation effectiveness of the vibration isolator system with NSS [12]. A 

nonlinear vibration isolation system with an NSS was investigated in terms of dynamics and 
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power flow by J. Yang et al. [13]. Shi et al. [14] suggested to use a novel spring bar mechanism 

to improve the vibration isolation performance of the NSS. Moreover, other researchers 

designed vibration isolation systems (Figure 1.4) that used a cam–roller mechanism combined 

with negative-stiffness elements [15]. Yao et al. [16] proposed a negative stiffness vibration 

isolator based on a cam–roller–spring mechanism with a custom-designed cam profile. Other 

designs that produced negative stiffness characteristics include a magnet spring structure by 

Zheng et al. [17] and a pneumatic negative-stiffness mechanism introduced by Palomares et al. 

[18]. Since the negative stiffness mechanism has very little load capacity, it can only operate 

well when connected in parallel with a positive-stiffness element. 

F

Negative stiffness 
structure

zcFloorDamperMain spring

x

Mass
zm Bar Spring

 

Figure 1.3. Negative stiffness structure of vehicle seat  

By combining a negative-stiffness element with a positive-stiffness element in parallel, a 

quasi-zero-stiffness (QZS) vibration isolation system achieved both high static stiffness and 

low dynamic stiffness around the equilibrium position. Carrella et al. [19] proposed a QZS 

vibration isolator comprising a vertical spring operating in parallel with two oblique springs. 

Lan et al. [20] presented the nonlinear-stiffness theoretical analysis of a QZS system with 

damping at the dynamic equilibrium position. The results of numerical simulations of 

differential equations for the QZS vibration isolator under different excitations, such as 

harmonic excitation, random excitation, and impulse excitation, were presented by Chang et al. 

[21]. The vibration isolation efficiency of the QZS system was confirmed in [22], which 

indicated that the response of the QZS system under harmonic force was nearly almost two 

times lower than that of the classical linear vibration isolator. A nonlinear inertia mechanism 

[23] was designed by using a pair of oblique inertia with one common hinged terminal and the 

other terminal fixed. In addition, Zhou et al. [24] recommended a new design of the QZS 
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system that used a cam–roller–spring mechanism. Based on this mechanism, Ye et al. [25] 

further developed a QZS system with multiple frequency regions that could respond to a variety 

of isolated masses or applied forces. In addition, QZS vibration isolators based on linear 

magnetic springs [26] also attracted an attention. However, one disadvantage of the QZS 

vibration isolator is its limited displacement range when the stiffness is reduced to zero. 

r1

zm
Negative stiffness 

structure

zcFloorDamperMain spring

r2

Mass F

x

Cam Roller Spring

 

Figure 1.4. NSS with cam-roller-spring 

In other studies, some researchers introduced a nonlinear vibration isolator that used a 

scissor-like structure (SLS) to enhance the vibration isolation effectiveness. The SLS vibration 

isolator described by X. Sun et al. was composed of connecting horizontal springs, rods of the 

same length, and joints [27]. The results demonstrated that vibration isolators with an SLS can 

achieve good nonlinear vibration isolation performance while simultaneously overcoming the 

disadvantages of an existing QZS system. Inspired by the SLS presented in [27], an innovative 

QZS vibration isolator was constructed, adopting a single-layer SLS and parabolic cam–roller 

structures [28]. The proposed vibration system showed a small improvement in offset when 

compared to the system with only an SLS, but significantly reduced the magnitude of the 

vibration. In addition, a vibration isolator with SLS was developed by Wei et al. by combining 

an n-layer scissor-like mechanism with electromagnetic generators [29]. The results showed 

that the structural parameters of the suggested system may be adjusted to obtain better energy-

harvesting effectiveness. According to the above-mentioned research, the SLS can provide 

nonlinear stiffness, which is also effective for isolating low-frequency vibration. 

On the other hand, air springs are well known for their ability to easily provide variable 

force and load capacities by simply adjusting the gas pressure within the springs [30]. To 

further enhance the isolation performance of the vehicle seat, an air spring with negative 
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stiffness was adopted as a vibration isolator of the driver’s seat by Lee et al. [31]. Danh et al. 

[12] constructed a pneumatic vibration isolator employing an NSS to increase the isolation 

performance in low-excitation frequency ranges. Moreover, Palomares et al. [18] presented an 

NSS vibration isolator based on a set of two pneumatic actuators originally in a horizontal 

position and perpendicular to a reversible sleeve air spring. According to the analytical and 

experimental results, the resonance frequency of this structure was reduced by up to 58%, and 

the transmissibility modulus was increased by up to 78%. Furthermore, when this structure was 

used as a vibration isolator in vehicle seats, comfort improvements ranging from 10% to 35% 

were observed [32]. Hence, the pneumatic vibration isolation system based on NSS can 

significantly isolate the vibration at a low frequency with a different mass of the vehicle drivers. 

1.2 Research objectives 

The important contribution of the present paper is the replacement of the traditional 

vibration isolator in a vehicle seat with a new vibration isolator with NSS, which consists of 

two double convoluted air spring combined with a crisscross mechanism to overcome the 

disadvantages of the classical isolator. Furthermore, a sleeve air spring was adopted to replace 

a positive-stiffness spring, which provided a stable support force when the load changed. Next, 

a mathematical model and the relationship between the nonlinear stiffness and the displacement 

of the ASVIS were derived. In addition, the displacement responses with respect to the time of 

the ASVIS were obtained by numerical simulation to evaluate the vibration isolation 

performance. Then, the results were compared with those of the classical air spring isolator 

without NSS to show the advantages of the ASVIS with NSS. Finally, a sliding mode control 

will be applied to evaluate the isolation performance of the proposed system. 

1.3 Contents of research 

Accordingly, the developed mechanical model of the ASVIS isolator and the analysis 

characteristics of the air springs are presented in Section 2. The mathematical model and the 

stability analysis of the ASVIS are investigated in Section 3. The numerical simulation results 

are verified and compared with those of the classical vibration isolator without NSS in Section 

4. The control method will be applied to the proposed system to the isolation performance in 

Section 5. Finally, Section 6 presents the conclusions and future work. 
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Chapter 2 

DESIGN MODEL 

2.1 Advantage of the air spring 

Reversible 
sleeve

Convoluted 
air spring

Sleeve
(Cab & Seat)

Sleeve
(Steering axle)  

Figure 2.1 Types of air springs [33]. 

An air spring (or air bag) is basically a column of air confined within a rubber and fabric 

container. Air springs are designed and manufactured in various shapes and sizes to meet a 

wide variety of applications as shown in Figure 2.1. Two common types are the reversible 

sleeve (rolling lobe) and the convoluted (bellows) as shown in Figure 2.2. A reversible sleeve 

type air spring contains a piston over which the elastomeric material moves as the height of the 

air spring changes in relation to load variations. Thus, the piston plunges in and out of the air 

cavity. The convoluted air spring contains one or more bellows. There is no piston associated 

with this type of air spring. In general, the reversible sleeve air spring has an advantage over 

the convoluted by the fact that the piston can be shaped to fine tune the spring rate. In addition, 

it is possible with the reversible sleeve design to maintain a constant load for a given internal 

pressure over a range of heights [33]. 

Bellows

Piston

Sleeve

 

Figure 2.2. Reversible sleeve and convoluted air spring [33]. 
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As the name implies, an air spring is typically a replacement for the traditional steel spring 

in a vibration isolator system. Some of the advantages enumerated in are as follows:  

+ An air spring has variable load-carrying capability. If a higher load needs to be 

accommodated, air can be added to the spring (automatically or manually) to increase the 

pressure and at the same time maintain the required height of the system. 

+ The spring rate of an air spring can be adjusted. When an additional load is applied, and 

air is added to the spring to maintain a specified height. The internal pressure increases to 

accommodate the load, but without a significant shift in the system natural frequency. 

+ The height of the load can be adjusted when necessary by increasing or decreasing the 

amount of air in the air spring. 

+ An air spring has low friction dynamics. Since there is a flexible elastomeric member 

separating the rigid attachment points of the suspension, the air spring can move in six degrees 

of freedom without the resistance and squeaks. 

2.2 The characteristics of the air spring 

2.2.1 Sleeve air spring  

Ps

Vs

Ts

As

Pt

Vt

Tt

Pa

Fszs

m

zb

2

1

3 4

5

 

Figure 2.3. The analytical model of sleeve air spring. 

Figure 2.3 illustrates the analytical model of a sleeve-type air spring, which includes bead 

plate (1), bellows (2), and piston (3) connected to an auxiliary tank (5) via a restrictor valve (4). 

When the air spring is affected by the force sF , the gas inside the air spring is delivered from 

the air spring into the auxiliary tank. As a result, differential pressure is generated at both ends 

of the restrictor valve, causing air to flow through the restrictor valve and create damping and 

dissipating vibration energy. Hence, gas states in the sleeve air spring and auxiliary tank are 

altered, including internal air mass (kg), volume (m3), pressure (Pa), temperature (K). 
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The compressed air in the bellows provides the axial sleeve air spring elastic force, which 

is represented by 

   s s a sF P P A  (2.1) 

where sP , aP , and sA  are the absolute pressure of the gas in the sleeve air spring, the 

atmospheric pressure, and the effective area of the sleeve air spring (which is a non-linear 

function of the spring height), respectively. 

By using the ideal gas laws, the mass flow rate of air into the sleeve air spring is expressed 

as follows [34]: 

        s s s s s s

d
m V V V

dt
 (2.2) 

where the variables s  and sV  are the air density and the volume of the sleeve air spring, 

respectively. 

The mass flow rate is positive for the air inflow to the sleeve air spring and negative while 

exhausting the air from the sleeve air spring. Assuming that the process of air variation in the 

two volumes follows a polytropic process, then the relationship between air density and internal 

pressure is described as follows: 

 
 

s se
n n
s se

P P
 (2.3) 

where the variables se  and seP  represent the air density and the absolute pressure in the 

sleeve air spring at the equilibrium position, respectively. 

The constant / p vn C C  is the polytropic exponent, which is defined as the ratio of the 

specific heats of a gas. pC  and vC  are the specific heat of the gas at constant pressure and 

constant volume, respectively. 

From the ideal gas law, the absolute pressure at equilibrium can be expressed as 

 se se seP RT  (2.4) 

where R and seT  are the specific gas constant and the absolute temperature at the equilibrium 

position, respectively. 

By substituting Equation (2.4) into Equation (2.3) and differentiating with respect to time, 

the density of the air inside the sleeve air spring changes according to 

 

1

1



 
  

 


n

n
s

s s
se se

P
P

nRT P
 (2.5) 
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By combining Equations (2.2) and (2.5), the mass flow rate is expressed as 

 

1 1

1


   
    

   
 

n

n n
s se s

s s s
se se se se

P P P
m V P V

nRT P RT P
 (2.6) 

Then, the first-order differential equation for the pressure of the air in the sleeve aispring 

can be derived 

 

1

 
  

 
 

n

n
se s s

s s
s se s

nRT P nP
P m V

V P V
 (2.7) 

Expanding Equation (2.7) with Taylor’s series, the change in air pressure within the sleeve 

air spring is described by 

   se se
s s

se se

nRT nP
P m V

V V
 (2.8) 

 Auxiliary Tank 

Since the gas process in the auxiliary tank is identical to the gas process in the sleeve air 

spring, the differential equation for the pressure ( tP  ) in the auxiliary tank is derived similarly. 

Assume that the volume of the auxiliary tank is not changed during the operation. Based on 

Equation (2.2), the mass flow rate into the tank is obtained as 

    t tm V  (2.9) 

Hence, the differential equation for pressure in the auxiliary tank is written as 

 

1

 
   

 
 

n

n
te t

t
t te

nRT P
P m

V P
 (2.10) 

where tP  and tV  are the pressure and the volume in the auxiliary tank, respectively. teP  and 

teT  is the pressure and tempreratures in the tank at the equilibrium position, respectively.  

Note that at the equilibrium position, the mass flow rate is zero ( 0m ), the pressures in the 

sleeve air spring and the auxiliary tank are equal ( se teP P ). Also, the temperatures in the sleeve 

air spring and the auxiliary tank are assumed constant and equal ( se teT T ). 

 Restrictor valve (Flow control valve) 

An equation representing restricted air flow was developed in terms of the measured 

upstream total pressure and temperature and the measured downstream pressure. If static 

pressure and temperature are measured instead of total pressure, the difference in result is 
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usually negligibly small. A formulation was developed that would account for both critical and 

subcritical flow. The mass flow rate is given by [35] 

    

 

 

   

 

2/ 1 /

1 / 1

2
,

1
,

2
1

n n n

q ud d d
cr

u u u
u d

n n
q u d

cr
u

C pp p pn
if P unchoked

R n p p pT
m p p

C p pn
if P choked

R n pT



 

                     
          

  (2.11) 

where qC , /d up p , and crP  are the flow coefficient, the flow type depends on the pressure 

ratio, and the critical pressure ratio, respectively. 

2.2.2 Convoluted air spring 

Uncompressed state

P0,V0,T0

Compressed state

Pb,Vb,Tb

Fb
x

hb

1

2

1
 

Figure 2.4. The analytical model of convoluted air spring. 

Consider a convoluted air spring as displayed in Figure 2.4. It can be shown that this spring 

is compressed by approximately x from its uncompressed state. By applying the first law of 

thermodynamics, the relationship between the force bF  and the pressure on the convoluted air 

spring is as follows [36] 

 ( ). b b a bF P P A  (2.12) 

where bP  is the absolute pressure in the convoluted air spring, and bA  is the effective area 

of the convoluted air spring. 

The stiffness characteristic of the convoluted air spring can be defined as the derivative of 

this force with respect to the height x according to Equation (2.13) 

    
    b ab b

b b a b

d P PdF dA
K P P A

dx dx dx
 (2.13) 

If it is assumed that the change in gas conditions is a polytrophic process, the 

thermodynamic state of air in the bellows is described by 

 . constantn
b bP V  (2.14) 
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Given the initial absolute pressure 0P  and volume 0V , the volume of the convoluted air 

spring bV  at an absolute pressure bP  is defined by Equation (2.15) 

 

1

0
0

 
  

 

n

b
b

P
V V

P
 (2.15) 

The derivative of the absolute pressure bP  with respect to the height h can be derived from 

Equation (2.14) 

 
1. . 

 
n

b b b b
n

b

dP n P V dV

dx V dx
 (2.16) 

Combining Equation (2.16) with Equation (2.13), we can obtain the stiffness of the 

convoluted air spring as 

    b b b b
b b a

b

dA nP A dV
K P P

dx V dx
 (2.17) 

2.3 Model description 

The ASVIS with NSS was improved with respect to the traditional vibration isolator by 

employing a sleeve air spring to replace the damper and the mechanical linear spring. The 

general structure of the ASVIS is displayed in Figure 2.5. It consists of three individual 

structures, namely, a convoluted air spring with NSS (1), a crisscross mechanism (2), and a 

sleeve-type air spring (3). When the isolated object (4) moves vertically, the air bellows 

mechanism (1) combines with the crisscross mechanism (2) to provide negative stiffness along 

the vertical axis, while a sleeve air spring (3) provides positive stiffness. 

31 2  

Figure 2.5. The general structure of the ASVIS model  
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Figure 2.6. Schematic diagram of ASVIS at the static equilibration position 

1. Negative stiffness structure; 2. crisscross structure; 3. sleeve air spring; 4. isolated object; 

5. upper linear guide; 6. linear support; 7. upper plate; 8. bracket; 9. linear shaft; 10. linear 

bushings; 11. base support; 12. base; 13. bellows fork; 14. left link; 15. air bellows; 16. right 

link; 17. rotating joint; 18. bellows linear guide; 19. straight bar; 20. pin. 

The schematic diagram of the ASVIS in the static equilibration position is described in 

Figure 2.6. Firstly, the isolated object (4) was fixed to the upper plate and kept stationary. Two 

linear shafts (9) were assembled perpendicularly to the upper plate (7) by a bracket (8), which 

could slip on the two linear bushings (10). The two linear bushings (10) were fitted on the base 

support (11) to make the upper plate (7) move only along the vertical direction. Moreover, a 

crisscross structure (2) comprised two straight bars (19) and loading support in a crisscross ‘X’ 

pattern. The upper ends of the straight bar (19) were connected with the upper linear guide (5) 

via a linear support (6), while the lower ends of the straight bar (19) were connected in the 

same manner to the base (12). Hence, the lower ends of the straight bar (19) could rotate 

circularly by means of a pin (20), while the upper ends could freely slide along the surface of 

the upper plate (7). Furthermore, two air bellows (15) were installed between the left link (14) 

and the right link (16). One side of the air bellows (15) was connected with a bellows fork (13), 

and the other side was connected with the crisscross mechanism by using a rotating joint (17). 

This joint could move up and down while slipping on the bellows linear guide (18). Finally, 

the NSS consisted of the air bellows (15), the bellows fork (13), the left link (14), and the right 

link (15), which produced a negative stiffness in the vertical direction. 
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The two convoluted air springs provide the negative stiffness necessary to counteract the 

positive stiffness of the vertical spring and achieve the desired negative stiffness characteristic. 

In addition, a sleeve air spring was also added since it could provide sufficient rigidity in static 

conditions and be adapted to any weight changes. As a result, the dynamic stiffness in the 

vertical axis of the ASVIS system was equal to the total of the dynamic stiffness of the sleeve-

type air spring and the negative-stiffness structure. 

Moreover, the air-bellows springs are symmetrically designed so that they remain horizontal 

when the isolated object is static. The sleeve-type air spring is also included as it provides 

adequate rigidity in static conditions and may also be adapted to any weight changes. When 

the isolated object is moving up and down, the air bellows spring provides negative stiffness 

along the vertical direction, while the sleeve air spring offers positive stiffness. Hence, the total 

dynamic stiffness of the vibration isolator is determined by the sum of the dynamic stiffness of 

the air-bellows spring and the sleeve air spring. 

2.4 Conclusions 

In this chapter, it has been shown that by connecting pneumatic springs with positive and 

negative stiffness in parallel it is possible to design a vibration isolation system that has high 

static stiffness, small static deflection, and a low natural frequency, a wider isolation region. 

Systems with these properties have been termed ASVIS mechanisms and offer potential 

improvements in the isolation performance of vehicle seats. In addition, the advantages of the 

proposed system over the system based on conventional mechanical springs include: 

+ Adjustable carrying capacity  

+ Reduced weight  

+ Variable spring rate with constant “tuned” frequency  

+ Reduced structurally transmitted noise  

+ Variability of ride heights. 

In the remaining chapters, both nonlinear and linear behavior will be further analyzed: in 

Chapter 3, a nonlinear analysis will be carried out in order to predict the system dynamics when 

the linear approximation is no longer applicable, whereas in chapter 4 the performance of the 

proposed system will be validated via simulating. In chapter 5, the control method and results 

will be presented. 
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Chapter 3 

Analysis of ASVIS 

3.1 Static analysis 

In this chapter, the concept of negative stiffness is illustrated and two structures of the 

ASVIS are introduced and discussed. The first system comprises two straight bars operating in 

parallel with two convoluted air springs. The two convoluted air springs provide the negative 

stiffness necessary to counteract the mass of the isolation object and achieve the desired 

negative stiffness characteristic. In the second mechanism, the positive stiffness is provided by 

a set of a sleeve air-spring. The analysis carried out in this chapter aims to define the 

expressions for the force and stiffness as functions of the displacement and to describe the 

parameters that influence the systems’ ASVIS property. Finally, the motion equation of the 

proposed system is presented. 

Fnssz0

h
θ0 

Fb

zs

zb

M N

O

M

b

Lb

α0

I K

Fnss

 

Figure 3.1. Schematic diagram of the NSS and the crisscross structure. 
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The schematic of the crisscross structure and negative stiffness mechanism without the 

sleeve air spring with stiffness sK  is displayed in Figure 3.1. The solid line indicates the initial 

position of the ASVIS, meaning that at this position, two bellows air springs and a sleeve air 

spring were uncompressed. The dashed line describes the static equilibrium position of the 

ASVIS when an isolated object with mass (M) is placed on the upper plate. In this diagram, bz  

and sz  are the absolute displacements of the isolated object and the base excitation, 

respectively, and 0z  is the vertical static distance between the static equilibrium position and 

the highest position, which corresponds to the condition with no isolated object. Moreover, hL  

is the length of the two straight bars of the crisscross mechanism, and   is the angle that each 

straight bar makes with the horizontal direction. The horizontal distance between two rotation 

joints at points I and K is denoted by the symbol b. Two convoluted air springs, which are 

initially located at an angle 0  from the horizontal direction, have a stiffness bK  at points M 

and N. A force bF  is exerted by the convoluted air spring on point O, which is horizontally 

distanced bL  from the points M and N, while initially located at a height h from these points. 

Based on the geometrical relationships in the crisscross structure, the static distance 0z  

caused by mass M is obtained as 

  0 2 cos tan    hz h b L  (3.1) 

The increment of the length of the convoluted air spring can be written as 

 2 2
0     b b b bL L L h L L  (3.2) 

where 0L  is the length of the convoluted air spring in an uncompressed state, and bL  is its 

length in the static equilibrium position. 

The force provided by the convoluted air spring bF  is derived as 

 2 sin b b bF K L  (3.3) 

where bK  is the stiffness of the spring, and 2 2sin /   bh h L . 

We can describe (3.3) as follows 

 
2 2

2 1
 
  
  

b
b b

b

L
F K h

h L
 (3.4) 
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In the vertical direction, the total force nssF  supplied by the convoluted air spring can be 

expressed by 

 02 cos / cos nss bF F  (3.5) 

where  0cos /  hb L  is the initial angle of a straight bar with the horizontal direction. 

Substituting Equations (3.1) and (3.4) into Equation (3.5) the general equation for the 

relationship between force nssF  and distance 0z  in the vertical direction is as follows 

 
  

 
0

2
0

20

2 cos cos tan
1

cos cos tan

2

  
  

 
 
   

         
     

b h b
nss

h
b

K z b L L
F

z b L
L

(3.6) 

The dimensionless parameters are defined as follows 

ˆ  nss
nss

b b

F
F

K L
; 0

0ˆ 
b

z
z

L
; ˆ  h

h
b

L
L

L
; and ˆ 

b

b
b

L
 

where n̂ssF , 0̂z , ˆ
hL , and b̂  are the non-dimensional restoring force, the non-dimensional 

distance of 0z , the non-dimensional length of the straight bar hL , and the non-dimensional 

distance of b, respectively. 

Replacing 0̂z , ˆ
hL , and b̂  into Equation (3.6), the non-dimensional restoring force of the 

NSS can be written as 

 
  

 
0

2
0

0

ˆ ˆˆ2cos cos tan 1ˆ 1
cos ˆ ˆˆ cos tan

1
2

  


 

 
 
                       

h

nss

h

z b L
F

z b L

 (3.7) 

Differentiating Equation (3.6) with respect to the distance 0z  yields the stiffness of the 

ASVIS as follows 

 

  

 

2

0

2 320
0 2 0 2

cos tan2 cos 21
cos cos tan cos tan

2 2

 
    

 
 
  
    

                    

b
h

b b
nss

h h
b b

L
z b LK L

K
z b L z b LL L

(3.8) 
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The non-dimensional stiffness ˆ /nss nss b bK K K L  can be expressed as 

 

 
  

 

2

0

2 320
0 2 0 2

1 ˆ ˆˆ cos tan2cos 1 2ˆ 1
cos ˆ ˆˆ ˆcos tan ˆˆ cos tanˆ ˆ

2 2

 


   

 
 
 
      

                         

h

nss

h h
b b

z b L
K

z b L z b L
L L

 (3.9) 

For the negative stiffness structure and crisscross structure in Figure 3.1, the sleeve air 

spring ( sK ) is in parallel with the vertical components of the convoluted air spring. The reaction 

force of the sleeve air spring is given by 

 0s sF K z  (3.10) 

The equivalent force of the ASVIS can be written as 

 2 eq s nssF F F  (3.11) 

The non-dimensional equivalent force of the ASVIS is obtained as 

 
  

 
0

0 2
0

0

ˆˆ ˆˆ2 cos cos tan 1ˆ ˆ 1
cos ˆ ˆˆ cos tan

1
2

  


 

 
 
                        

bs h

eq

h

K z b L
F z

z b L

 (3.12) 

where ˆ /bs b sK K K  is the ratio of the stiffness of the convoluted air spring to that of the sleeve 

air spring. 

The non-dimensional stiffness of the ASVIS is determined by differentiating the equivalent 

force eqF  depending on the distance 0z  as follows 

 
  

 

2

0

2 320
0 0

ˆ ˆˆ1 / 2 cos tanˆ2 cos 1ˆ 1 1
cos ˆ ˆˆ ˆcos tan ˆˆ cos tan

1 12 2

 


   

 
 
 
       

                         

h
bs

eq

h h

z b LK
K

z b L z b L

 (3.13) 

At the static equilibrium position it can be positive, zero or negative depending on the values 

of the system’s parameters   and 0z . The combination of these two parameters that gives zero 
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stiffness at the equilibrium position is found by setting the stiffness to zero when 0 0z   and 

0 / 4     as 

 

 
 
 

2

2 32

ˆ ˆ2 21ˆ ˆ1 2 1
ˆ ˆ ˆ4 2 2 16 ˆ512 2 2 16

 
      

        

h

eq bs

h h

b L
K K

b L b L

 (3.14) 

3.2 Dynamic analysis 

Assume the base of a proposed system undergoes harmonic motion,  cosb bz Z t , the 

displacement of the isolated object sz  from its static equilibrium position at the time t. The 

displacement of the isolated object relative to the vehicle frame described by 

 s bz z z   (3.15) 

Considering the sleeve-type air spring as a viscous damper c with a linear spring k. The 

equation of motion of ASVIS system can be written in the form 

 nss bmz cz kz f mz        (3.16) 

The restoring force of the system can be expressed as a power series of order third can be 

expressed as 

      
3

0
0 0

1 !

n
n

n

f z
f f z z z

n

    (3.17) 

where  0
nf z  denotes the nth derivative of “f” evaluated at the point a. 

Since the system is designed to oscillate about the static equilibrium position it is of interest 

to expand the force characteristic around this point. Using a Taylor series expansion in 

Equation (3.17), an approximate expression for the nondimensional force can be obtained as 

   2 3ˆ ˆ ˆf z z z    (3.18) 

The motion of ASVIS system can be written as follows 

 3
bmz cz kz z mz        (3.19) 

A sinusoidal exaction is considered as 

 2 cosb bz Z t   (3.20) 

where bZ  is the excitation amplitude,   is the excitation frequency. 

The non-dimensional form of the equation of motion is as follows 
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 3 2ˆ ˆ ˆ ˆ2 cosz z z z         (3.21) 

where  

2
ˆ

n b

z
z

Z


 ; 
0

ˆ
b

z
z

Z


 ; ˆ
b

z
z

Z
 ; 

2
bZ

k
   

2 n

c
m




 ; 2
n

k
m

  ; 
n




 ; nt   

with the t denoting differentiation with respect to non-dimensional time τ. 

An approximate solution to the equation of motion can be derived by applying the Harmonic 

Balance method in [37], which is based on the assumption that the response (in this case the 

relative displacement) is harmonic at the excitation frequency and can be represented as 

  ˆ ˆˆ cos cosz Z Z       (3.22) 

which implies 

 
2

ˆˆ sin
ˆˆ cos

z Z

z Z





  


 


  (3.23) 

where Ẑ  and   are constants to be determined. Ẑ  and   denote the amplitude and phase 

angle of the response, respectively. By substituting Equation (3.22) and (3.23) into Equation 

(3.21), we arrive at 

      2 3 3 2ˆ ˆ ˆcos 2 sin cos cosZ Z Z                     (3.24) 

Using the trigonometric relations 

  3 1 3
cos 3cos cos3 cos

4 4
       (3.25) 

The harmonic motion can be rearranged as 

      2 2 2cos cos cos cos sin sin             (3.26) 

Finally, inserting Equations(3.25) and (3.26) into Equation (3.24) gives 

  2 3 23ˆ ˆ ˆ ˆcos 2 sin cos cos cos cos sin sin
4

Z Z Z Z                  (3.27) 

Equating the coefficients of similar functions yields the system of two coupled algebraic 

equations 

 
 3 2 2

2

3 ˆ ˆ1 cos
4

ˆ2 sin

Z Z

Z

 

 

   

  

 (3.28) 

By squaring and adding both Equations (3.28) which results in 
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     22 6 2 4 2 2 2 2 49 3ˆ ˆ ˆ1 1 4
16 2

Z Z Z           (3.29) 

Which can also be written as 

    2 4 2 2 4 2 2 6 4 23 9 3ˆ ˆ ˆ ˆ ˆ ˆ1 4 2 0
2 16 2

Z Z Z Z Z Z
             

 
 (3.30) 

Solving Equation (3.30) for Ω yields 

 

     
 

     
 

24 2 2 2 2 2 2 2 4

1 2
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2 2

ˆ ˆ ˆ ˆ ˆ ˆ3 4 1 2 3 4 64 1 48
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ˆ ˆ ˆ ˆ ˆ ˆ3 4 1 2 3 4 64 1 48

ˆ4 1

Z Z Z Z Z Z

Z

Z Z Z Z Z Z

Z

     

     


      

 



         

 (3.31) 

If the radicand of the nested square root is negative then 1  and 2  become complex. Thus, 

for 1  and 2  to be positive, the following condition has to hold  

    22 2 2 2 2 4ˆ ˆ ˆ3 4 64 1 48 0Z Z Z         (3.32) 

In order to extract simple expressions, we assume that the damping is small ( 2 1  ). 

Equation (3.32) can be solved for the response amplitude to give four values of Ẑ . Hence, the 

only real positive value is 

 max
ˆ ˆZ Z  (3.33) 

where  

  

2

max 2

3
8 1 1 3

4ˆ 2
3 3 16

Z

 

  

 
   

 


 (3.34) 

which can be further simplified if it imposed that α is ‘small’, in which case Equation (3.34)

becomes 

 max 2

2ˆ
16 3

Z
 




 (3.35) 

The principal parameter for the inspection of the isolation properties of the vibration isolator 

is the absolute transmissibility which is defined as the ratio between the displacement of the 

object and that of the base, 
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 s
m

b

z
T

z
  (3.36) 

where the subscript m is used to indicate that this is the absolute motion transmissibility. 

This is related to the relative transmissibility as follows 

 s b b b
m

z z z z z
T

Z Z
  

   (3.37) 

The vectors z and bz  rotate at the same angular speed but with a phase lag  . When divided 

by Z their modulus become Ẑ  and 1, respectively. Hence, the absolute motion transmissibility 

is the sum of two vectors with magnitude Ẑ  and 1 at an angle  . The modulus of the resulting 

vector is 

 2ˆ ˆ1 2 cosmT Z Z    (3.38) 

where cos φ is determined directly from the application of the HB method and is given by 

 
 2 2

2

1 3 / 4
cos

Z Z


 



 (3.39) 

Substituting Equation (3.39) into Equation (3.38) the absolute transmissibility is thus given 

by 

 
2

2 2 2
2

ˆ2 3ˆ ˆ1 1
4m

Z
T Z Z        

 (3.40) 

where   is a function of Ẑ  according to Equation (3.31). From Equation (3.40) it can be 

seen that the absolute transmissibility reaches its maximum when max
ˆ ˆZ Z . Hence 

 
2

2 2 2max
max max2max

ˆ2 3ˆ ˆ1 1
4m

Z
T Z Z        

 (3.41) 

Having assumed that 2 1  the approximate expression for the peak absolute 

transmissibility is found to be 

 2max

4
1

16 3mT  
 


 (3.42) 
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3.3 Conclusions 

In this chapter, static response at the equilibration position of the proposed system have been 

established. In addition, the functions that describe the force and stiffness relationship with 

respect to displacement have been expressed with the symmetric polynomial. In particular, the 

parameters that influence the system's dynamic stiffness property has been evaluated. 

Furthermore, the dynamic response and absolute transmissibility of the ASVIS with negative 

stiffness to a harmonic excitation of the base have been investigated. 

From this analysis, the relationship between the nonlinear stiffness and configurative 

parameters of the system is derived. It reveals that the nonlinear stiffness curve is a convex or 

concave parabola depending on the selection of the configurative parameters. In order to 

guarantee the load-bearing capacity, the nonlinear stiffness curve must be concave. 
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Chapter 4 

SIMULATIONS RESULTS  

4.1 Numerical simulation 

The non-dimensional restoring force curves and the non-dimensional restoring stiffness 

curves are depicted in Figure 4.1 based on Equations (3.7) and (3.9) to demonstrate the effects 

of the angle   on the proposed system’s parameters. Figure 4.1(a) shows the simulation results 

of n̂ssF  and ẑ  for different values of  . Although it is demonstrated that changing the angle 

  causes the stiffness curves to shift horizontally, their shape is not changed. In Figure 4.1(b), 

the stiffness of the NSS in the small displacement range increases with the increase in 

displacement.  

As a result, the non-dimensional reaction forces generated by NSS are equal to zero and 

change direction nearby the equilibrium position. In addition, the negative stiffness of the 

system is symmetrical and reaches the minimum at this position. Furthermore, as the 

displacement value ẑ  moves away from the equilibrium position, both the force and the 

stiffness increase. Hence, the zero stiffness can be achieved at the equilibrium position while 

the angle   is chosen appropriately. 

  

(a) (b) 

Figure 4.1. Non-dimensional force and non-dimensional stiffness of the NSS with ˆ 2hL  

and ˆ 1b . (a) Non-dimensional force; (b) Non-dimensional stiffness. 
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From the non-dimensional stiffness curves for the different ˆ
hL  and b̂  in Figure 4.2, we 

discovered that the NSS was realized under various stiffness characteristics. As the value ˆ
hL  

and the displacement response b̂  changed, the non-dimensional restoring stiffness moved 

around the static equilibrium position. Thus, if the values of ˆ
hL  and b̂  are chosen correctly, 

they can provide negative stiffness over the entire displacement range. 

(a) (b) 

Figure 4.2. Non-dimensional stiffness of the NSS  for different ˆ
hL  and b̂  with 45  o .  

(a) Non-dimensional stiffness for different ˆ
hL ; (b) non-dimensional stiffness for different b̂ . 

  

(a) (b) 

Figure 4.3. Non-dimensional force and non-dimensional stiffness of the ASVIS with NSS. 
(a) Non-dimensional force; (b) non-dimensional stiffness. 

We obtained the non-dimensional restoring forces and the non-dimensional restoring 

stiffness of the ASVIS with NSS, as shown in Figure 4.3, with dimensionless parameters such 
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as  1bsK , ˆ 1b , and ˆ 2hL . Figure 4.3 presents the non-dimensional restoring forces of the 

proposed isolator when the angle   changed. As can be seen from Figure 4.3, the minimum 

stiffness of the proposed system was equal to zero at the equilibrium position for 45  o . 

Moreover, the non-dimensional stiffness increased when enhancing the deviation from the 

equilibrium position. Hence, the dynamic stiffness of the isolator always increased, except at 

one position where it was zero. This means we should reasonably choose a value   to provide 

high isolation efficiency in the actual conditions. 

Moreover, the dimensionless nonlinear stiffness ˆ
eqK  is a minimum value at the static 

equilibrium position. As the stiffness ˆ
eqK  is increased, the fundamental frequency is also 

increased. This leads to a low-frequency bandwidth of isolation. When ˆ
eqK  is equal to one, the 

fundamental frequency of the proposed system is nearly equal to the natural frequency of the 

system without NSS. 

4.2 Responses and isolation performance 

4.2.1 Simulation setup 

In order to confirm the vibration isolation ability of the proposed isolator, we compared it 

with the classical vibration isolator without NSS. Based on Newton’s second law, the motion 

equation of the ASVIS with NSS 

 2    s nssmz mg F F  (4.1) 

where nssF  and sF  are the response forces of the negative-stiffness structure in Equation (3.6) 

and of the sleeve-type air spring in Equation (3.10), respectively. 

The operating height of the sleeve-type air spring is considered based on their relative 

displacement and height at the equilibrium position as follows 

 ( )  h se s bL L z z  (4.2) 

Similarly, the activity height of the double-convoluted bellows is given as 

  b be bh h L  (4.3) 

where heL  and beh  are the height of the sleeve-type air spring and the convoluted air spring at 

the equilibrium position, respectively. 

The effective area and volume of the sleeve-type air-spring are described by a quadratic 

polynomial as follows [38]: 
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3 2

2

( ) 5.9027 3.4464 0.6498 0.0445

( ) 0.0041 0.007 0.000213

    

   
s h h h h

s h h h

A L L L L

V L L L
 (4.4) 

Similarly, the effective area and volume of the convoluted air spring were obtained 

according to 

 
 
 

3 2

2

5.3157 1.714 0.2254 0.024

0.018 0.0168 0.000357

    

   
b b b b b

b b b b

A h h h h

V h h h
 (4.5) 

The air springs used in the ASVIS with NSS were a reversible sleeve model of the Firestone 

[Appendix I] and a double-bellows actuator of Festo [Appendix II]. The data simulation for 

both types of the air springs in this thesis is presented in Table 4.1, while effective area and 

volume graphs are shown in Figures 4.4-4.7.  

 

Figure 4.4. The effective area of the double-convoluted bellows. 

 

Figure 4.5. The volume of the double-convoluted bellows at the pressure 7 bar. 
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Figure 4.6. The effective area of the sleeve air spring. 

 

Figure 4.7. The volume of the sleeve air spring at pressure 7 bar. 

In this thesis, the mathematical models and simulations were constructed by using 

MATLAB with Simulink 2020b. In addition, all simulation programs were created by choosing 

an automatic solver configuration and a sampling time of 0.01 s. The schematic block of the 

simulation model for the ASVIS is displayed in Figure 4.8. The nonlinear relations which 

describe spring internal volume and equivalent effective area as an equation of spring height 

can also be introduced in this block. These relations can be defined both by means of analytic 

functions and by mapping experimental data, in order to produce curves as shown in Figures 

4.4 – 4.7. 
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Figure 4.8. Structure of the simulation model for the proposed isolators. 

Moreover, the dimension parameters of the ASVIS system in this simulation are presented 

in Table 4.2. The effective are and volume of air spring as given in Equations (4.4) and (4.5).  

Table 4.1. Parameter of the sleeve-type air spring and bellows-type air spring. 

Symbol Valve Unit 

n 1.4 - 

T 293 K 

aP  1.103 × 105 Pa 

seP  3.77 × 105 Pa 

beP  3.50 × 105 Pa 

seL  200 mm 

beh  80 mm 

Table 4.2. Dimension parameters of the proposed system in the simulation. 

Symbol Valve Unit 

m 150 kg 

a 200 mm 

b 200 mm 

bL  200 mm 

hL  282.84 mm 
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4.2.2 ASVIS under Sinusoidal Excitation 

The vibration isolation performance of the ASVIS with NSS was analyzed in the presence 

of sinusoidal excitation. The input excitation was a sinusoid with an amplitude of 20 mm, and 

the excitation frequency was 1 Hz and 3 Hz.  

The displacement responses of the ASVIS with NSS and of the classical air-spring isolator 

without NSS for sinusoidal wave excitation were compared, as shown in Figure 4.9. The solid 

line, the dashed line, and the dotted line correspond to the ASVIS with NSS, the classical 

isolator without NSS, and the base excitation, respectively.  

 

Figure 4.9. Displacement responses of ASVIS for input frequency 3 Hz. 

 

Figure 4.10. RMS value of the displacement. 

The simulation results illustrated in Figure 4.9 showed that the ASVIS with NSS had a 

higher vibration attenuation rate than the traditional isolator without NSS. The root mean 

square (RMS) value of the displacement is shown in Figure 4.10. When only a classical isolator 
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was used, the RMS value of the displacement response decreased by up to 68.15%. After the 

ASVIS with NSS was applied, the RMS value of the displacement response was significantly 

reduced by 89.59%. 

 

Figure 4.11. Displacement responses of ASVIS for input frequency 1 Hz 

Similarly, the excitation frequency of 1 Hz is applied to the ASVIS with NSS and ASVIS 

without NSS, as shown in Figure 4.11. The results suggested that the displacement of the 

isolated object using the ASVIS with NSS significantly decreased compared with that at base 

excitation, whereas the vibration level of the classical isolator without NSS was higher than 

that at base excitation. Then, the RMS values of the ASVIS with NSS and of the classical 

isolator without NSS were compared, as shown in Figure 4.12. This figure demonstrates that 

the RMS values were reduced by 66.65% when using the ASVIS with NSS, whereas, when the 

same excitation condition was adopted, the RMS values of the dis-placement response for the 

classical isolator without NSS increased by 92.62%. 

 

Figure 4.12. RMS value of the displacement for the exaction frequency 1Hz 
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4.2.3 ASVIS under Multi-Frequency Wave Excitation 

The multi-frequency wave suggested in [11] was employed as the input displacement 

excitation to evaluate the vibration isolation performance of the ASVIS according to 

        5sin 1.12 3.5sin 3.2 2cos 1.8 4cos 3.6      bz t t t t  (4.6) 

 

Figure 4.13. Displacement responses of ASVIS under multi-frequency wave excitation. 

The displacement response curves in function of the time of the ASVIS with NSS and the 

classical isolator without NSS were compared, as shown in Figure 4.13. This result illustrates 

that the ASVIS with NSS performed well in isolating a multi-frequency wave excitation, and 

the general vibration of the proposed system was remarkably reduced.  

 

Figure 4.14. RMS value of the displacement 

As can be seen from Figure 4.14, the RMS value of the displacement response of the 

proposed system was significantly lower than the corresponding RMS values of the classical 

isolator without NSS and of the base excitation. On the contrary, the vibration isolator without 

NSS decreased the vibration displacement in a high-frequency band, and the vibration peak 

value after isolation was higher than the amplitude value of the base excitation. 
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The vibration transmissibility of the ASVIS with NSS and the ASVIS without NSS are 

compared in Figure 4.15. The proposed model showed a smaller resonance frequency than 

the ASVIS without the NSS; this was approximately 1.3 Hz for the ASVIS when Pb = 4 bar 

and 1.6 Hz for the ASVIS without NSS. To verify the effects of NSS on the displacement 

transmissibility of the proposed system, two double convolution bellows of the NSS are 

pressurized. As a result, the isolation region of the ASVIS with NSS expanded toward low 

frequencies in comparison that of with the system without NSS. In addition, the ASVIS with 

NSS showed lower vibration transmissibility than the ASVIS without NSS at the resonance 

frequency. This result proved that the vibration attenuation of the proposed model was greater 

than that of the ASVIS without NSS. 

 

Figure 4.15. Frequency response curves of the ASVIS. 

From the above, we can conclude that the classical air-spring isolator without NSS only 

decreased the vibration displacement at high excitation frequency, while the ASVIS with NSS 

demonstrated excellent isolation performance at lower excitation frequencies. In particular: 

- When the input frequency was lower than the natural frequency of the proposed system, 

the ASVIS with NSS reduced the excitation amplitude at each frequency component by 

more than 77.16%. On the contrary, the ASVIS without NSS increased the ex-citation 

amplitude to 102.41%. 

- When the input frequency was higher than the natural frequency of the proposed system, 

the displacement response of the classical isolator without NSS decreased by up to 68.15%, 

while the displacement of the ASVIS with NSS remarkably was reduced by 89.59%. 



 

33 | P a g e  
 

4.2.4 ASVIS under Random Excitation 

For random vibratory excitation, the magnitudes of the displacement, velocity, and 

acceleration at each moment are unpredictable.  However, if the process is repeated under the 

same conditions, it is possible to forecast a probability that the value of a certain parameter of 

the process would be within a certain range.  

The statistical road profile description specified in ISO 8608 can be used for computer and 

laboratory road simulations. Standard ISO 8608 specifies the road classification of longitudinal 

random road profiles based on vertical displacement power spectral density (PSD). The ISO 

8608 categorizes the road profiles into eight different classes namely from A to H. Class A is 

the smoothest road profile with low surface roughness whereas class H represents the worst 

road case with high surface roughness.  

Based on the ISO 8608 norm in [39], the general function of the PSD can be described as 

bellow 

     0 0/ w
d dG n G n n n   (4.7) 

where ( )dG n  is the displacement PSD, n is the spatial frequency, 0n  is the reference spatial 

frequency, w is the exponent of the PSD. The values of w and 0( )dG n  are specified in Table 

4.3 on basis of the ISO road classification from classes A to H. 

Table 4.3. The PSD of the road classification according to the ISO 8608 

Road 

class 

The exponent 

(w) 

The  0dG n value of the PSD  6 310 m  

Lower limit Average value  Upper limit 

A 2 - 16 32 

B 3 32 64 128 

C 4 128 256 512 

D 5 512 1024 2048 

E 6 2048 4094 8192 

F 7 8192 16384 32768 

G 8 32768 65536 131072 

H 9 131072 262144 - 

Note: 0 0.1n   cycles/m, and w = 2 

The PSD of random excitation at each frequency n can be represented by an expression of 

the following form [5] 
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 (4.8) 

where 2
z  is the mean square valve of the component of the signal for the frequency n, within 

the frequency band n . 

The road profile signal is expressed as a sequence of elevation points uniformly spaced. If 

the length of the road profile is L and the sampling interval is B, the maximum theoretical 

sampling spatial frequency is max 1 /n B  and the maximum effective sampling spatial 

frequency is max / 2effn n  and, within the frequency domain, discretized spatial frequency 

values in  are equally spaced with an interval of 1 /n L  . The generic spatial frequency value 

in  can be regarded as i n  and Equation (4.8) can be written in the discrete form 

      2 2, ,z i z
d i

n n i n n
G n

n n
   

 
 

 (4.9) 

where the value i varying from 0 to max / /N n n L B   . 

The road profile can be established through a harmonic function according to 

    cos 2 cos 2b i i iz Z nd Z i nd         (4.10) 

where iZ  is the amplitude, in  is the spatial frequency, d is the varies from 0 to L, and   is the 

phase angle. 

The mean square value of this harmonic signal is expressed as follows 

 
2

2

2
i

z

Z   (4.11) 

Combing the Equation (4.9), (4.10), and (4.11), we can obtain 

    2 2

2
z i i

d i

n Z
G n

n n


 
 

 (4.12) 

Assuming a random phase angle i  following a uniform probabilistic distribution within 

the 0 2  range. The artificial profile can be described as 

      
0 0

cos 2 2 . . cos 2 . . .
N N

b i i i d i
i i

z Z nd n G i n i n d   
 

         (4.13) 

Substituting the Equation (4.7) in the Equation (4.13), an random road profile from standard 

ISO 8608 can be generated by the following equation 

  3 0

0

.2 .10 cos 2 . . .
.

N
w

b i
i

n
z n i n d

i n
 



      
  (4.14) 
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For simulation, the roughness profile has been reconstructed by applying the different 

classes of roads to Equation (4.14) via the application of the Fourier series. The spatial 

frequency is assumed in the range of 0,011 cycles/m to 2,83 cycles/m. The length of the road 

classification is equal to 250 m and the speed of the vehicle is assumed 10 m/s. The input values 

used in the road profile simulation are given in Table 4.4. As in Figure 4.16, the random road 

profiles of the A to D classes were generated. It is observed that class A is the smoothest road 

profile with the least amount of surface roughness, while class D is the poorest road profile 

with the most amount of surface roughness. 

Table 4.4. The simulation parameters of the random road profile 

Parameter Value Unit 

0n  0.1 cycles/m 

 0dG n  664.10  m3 

w 3 - 

v 10 m/s 

L 250 m 

B 4/36 m 

N 2250 - 

n  1/250 - 

To analyze the dynamic response of the ASVIS, road class B is employed as the input 

random excitation. The displacement response results are displayed in Figure 4.16. 

 

 Figure 4.16. Classification of roads 
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Figure 4.17. Time history results of ASVIS for random excitation. 

 

Figure 4.18. RMS value of the displacement 

As a results in Figure 4.17, the ASVIS isolator has good performance in isolating a random 

excitation, and the overall vibration of the system is significantly reduced. The classical 

vibration isolator only isolates the vibrations in a high-frequency band, but the vibration peak 

value after isolation even exceeds the maximum value of the excitation. Besides, as shown in 

Figure 4.18, adding the NSS to the traditional vibration isolation system makes the RMS of the 

displacement response decrease from 3.52 to 1.49. These demonstrate that the proposed ASVIS 

vibration isolator can obtain better performance under random excitations. 

4.3 Conclusions 

From the results above, we can conclude that the proposed ASVIS system maintains 

excellent vibration isolation performance compared with the classical isolator. Meanwhile, the 

structure advantage of the convoluted bellows makes it possible to reduce the control difficulty 

and facilitates the application of ASVIS in the vehicle seats.  
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Chapter 5 

CONTROL SYSTEM MODEL 

The advantage of the air-spring system is well-known as clear, cheap, easily maintained, 

and safe in operation, especially, low stiffness and low damping. But the disadvantage is the 

high nonlinear properties and difficulty for controlling. In order to solve this disadvantage, 

some control strategies have been proposed such as C.-M. Lee et al [40] designed a control 

algorithm for a seat pneumatic suspension with minimum stiffness via the position and velocity 

data evaluation. Le Thanh Danh et al [12] designed a slider mode control (SMC) for the 

pneumatic vibration isolation system based on the linearized dynamics. Hyunsup Kim et al [35] 

developed a sliding mode control algorithm to improve the tracking accuracy of the control and 

to overcome nonlinearities and uncertainties in the air suspension system. Cong Minh Ho et al 

[41] proposed an adaptive sliding mode control based on a nonlinear disturbance observer of 

the pneumatic active suspension to obtain passenger comfort and keep the driving safety.  

In general, the air spring system has high nonlinearities due to air compressibility and the 

airflow through the solenoid valves, and uncertainties are mainly caused by mass variations. 

Therefore, a control strategy is essential to overcome the nonlinearities and uncertainties and 

to ensure the driver displacement to track the desired displacement with high accuracy. In 

addition, the purpose of the controller is to control the air spring to create desired control force 

to keep the driver at the optimal state under excitation conditions. It means the displacement 

and acceleration of the driver track references “0”.  

In this chapter, we would like to design a sliding mode control for the ASVIS under 

excitation frequencies of 1 Hz, and all references are treated as “zero”. 

5.1 Sliding model control 

Generally, based on the Equation (4.1), the state-space form model can be rewritten as 

      
1 2

2

s

z z

z f x g x u d t

y z


   
 


  (5.1) 

where  1 2z z z , 1z  and 2z  are system states, y is output,  d t  is the external disturbance, 

and    0 ,d t D d t D  . 
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The SMC is an effective nonlinear control algorithm that has been applied in numerous 

pneumatic control systems. The design approach of the SMC is composed of two steps. The 

first step is to design sliding surfaces (s) on which ideal sliding motion can be achieved. The 

second step is to synthesize a control law so that the trajectories of the closed-loop motion are 

forced toward the sliding surface. The block diagram of the SMC is presented in Figure 5.1. 

Sliding 
surface

du/dt

du/dt

e

e

Ref "0"

Dynamic 
of ASVIS

Control 
signal

u z1 y+
-

d(t)

.

e
..

 

Figure 5.1. Block diagram of sliding mode control 

+ Step 1: Design sliding surface 

The tracking error of displacement between the reference “0” and the real response sz  of 

the driver is given by 

 e y r   (5.2) 

where r  is the setting point of the reference “0”. 

Due to the third-order system, the sliding-mode surface is defined as follows 

 s ce e    (5.3) 

where 0c   is a positive constant. 

By substituting Equation (5.2) into (5.3) then taking time derivative of s, the dynamic of s 

is obtained as follow 

    s c y r y r        (5.4) 

Then, via Equation (5.1), above equation is rewritten as follow 
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      s f x g x d t r ce        (5.5) 

+ Step 2: Design control signal 

Sliding-mode control signal consists of two parts, including the equivalent control signal 

and the switching control signal. The equivalent control signal is the control that keeps the 

trajectory of the dynamical system on the sliding-mode surface. It can be solved from 0s  . 

The switching control signal is to make the trajectory of the dynamical system move toward 

the sliding-mode surface. 

Construct a new dynamic switching function as 

 s s    (5.6) 

where 0   must be Hurwitz. 

When 0  , 0s s   is a asymptotically stable, therefore, 0e  and 0e . 

By substituting Equation (5.4) and Equation (5.5) into Equation (5.6), stability analysis is 

given as follows  

      s s f x g x u d t r ce s             (5.7) 

Sliding-mode control signal is described as 

 ea swu u u   (5.8) 

where ueq and usw are the equivalent control signal and the switching control signal, respectively. 

Letting 0s  , the equivalent control signal ueq can be expressed as 

       1
equ f x r ce d t

g x
      (5.9) 

The switching control signal usw is designed as 

    1
sgnswu

g x
    (5.10) 

where   is a positive constant. 

Combining Equation (5.9) and Equation (5.10), the control signal u is obtained as 

         1
sgnu f x r ce d t

g x
         (5.11) 

Expanding the function   by derivative with time, we have 

        f x g x u g x u d t r ce s             (5.12) 

Replacing the time derivative of tracking error e  from and the time derivative of sliding 

surface s , Equation (56) yields 
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 (5.13) 

Expanding Equation (5.13), we can get 

 
                

     
f x c r r d t c d t g x cg x g x u

c f x g x u ce

   

 

         

   

   


 (5.14) 

Select the dynamic controller as 

 
 

          
     

1

sgn

f x c r r g x cg x g x u
u

g x c f x ce

 

   

       
       

   



 (5.15) 

From Equations (5.14) and (5.15), we can get 

        sgnd t c d t        (5.16) 

Let   0D c D    , we know 

         sgnd t c d t         (5.17) 

Expanding Equation (5.17), we have 

          0 0d t c d t D c D                  (5.18) 

Therefore, according to the Lyapunov stability theory, for the nonlinear dynamical ASVIS 

system described by Equation (5.1), under the control law (5.11), the closed-loop control 

system of ASVIS is stable. 

5.2 Simulation results with SMC 

 

Figure 5.2. Block diagram of the SMC in the Simulink environment. 

The control algorithm is designed in the MATLAB/Simulink environment 2020. Figure 5.2 

displays the overall control scheme of the ASVIS system using the sliding mode controller. 
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Figure 5.3. Response of the displacement 

When the base is excited by a sinusoidal wave with an amplitude of 40 mm and a frequency 

of 1.0 Hz, the displacement response of the driver seat is presented in Figure 5.3. The dashed 

line exhibits the excitation signal, the solid line is used to denote the displacement response 

controlled by the SMC controller. As a results, the displacement response of the vehicle seat is 

kept in an optimal state under excitation conditions on the road. This concludes that the active 

system with NSS suppresses the vibrations from the base more effectively than the active 

system without a controller. 

 

Figure 5.4. Control signal 

Figure 5.4 and Figure 5.5 show the control signal and tracking error of the SMC controller, 

respectively. It can be seen that the proposed SMC controller is suitable to control the vibratory 

isolation of the active system using NSS. However, the chattering phenomenon on the 

conventional sliding mode control has not been removed completely. 
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Figure 5.5. Tracking error 

5.3 Conclusions 

This chapter designed an SMC controller for the AVIS to improve the isolation performance. 

First, an SMC controller was designed and successfully employed for the proposed system. 

Then, the stability of the controllers is analyzed in sense of the Lyapunov stability theorem. 

The resulting performances of the ASVIS system with an SMC controller are far better than 

the passive isolator without control. 
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Chapter 6 

CONCLUSION AND FUTURE WORK 

6.1 Summary  

A vehicle seat should ideally have a high static stiffness to withstand high loads without 

causing excessive displacement, and a low dynamic stiffness to keep the natural frequency of 

the system as low as possible in order to isolate low-frequency excitation. This problem was 

overcome by proposing a vibration isolation model based on a negative stiffness structure. Due 

to the opposite of the negative stiffness element and the positive stiffness element, the ASVIS 

has a low nonlinear stiffness but maintains a high static stiffness. As result, the proposed system 

reduces vibration in the low excitation frequency region while ensuring load-bearing capacity. 

This study introduced the ASVIS system with a negative-stiffness structure, which was 

designed to improve the driver’s safety and health in low excitation frequencies. The ASVIS 

system is included two double-convoluted bellows elements in the horizontal direction and a 

sleeve-type air spring element in the vertical direction. The proposed system was demonstrated 

to produce increased static stiffness and reduced dynamic stiffness, thus maximizing the 

comfort of the driver. 

Compared with the traditional vibration isolation system, the ASVIS system employing air 

springs has certain advantages as described below: 

+ Compared with the mechanical spring system, the spring rate of system with air spring is 

low to provide the soft and comfortable ride. 

+ Variable load carrying capability: The load an air spring carries can be adjusted over a 

wide range simply by changing the air pressure while keeping the air spring’s static height the 

same. Whereas the mechanical linear springs do not have that wide range of load carrying 

capacity. 

+ Adjustable spring stiffness: For air springs, the spring stiffness could be adjusted by 

changing the air pressure while keeping the air spring height. For the classical system with 

mechanical spring, the spring stiffness is always a constant value. 

+ User friendly height control: An air spring’s desired height can be modulated by 

connecting the air spring to a compressed air source whereas the desired static height for 

mechanical spring changes with the load and cannot be modulated. 
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+ Quiet operation: Since the flexible rubber member of the air spring moves freely, there is 

not much noise coming from the pneumatic suspension system. For the classical system with 

mechanical spring, noisy operation could result due to contact between mechanical parts. 

Moreover, the simulation was realized to evaluate the isolation performance of the proposed 

system. Where, the different excitation signals are considered including sinusoidal waves, 

multi-frequency waves, and random excitations. In addition, the comparison with the classical 

isolator without NSS was mentioned. Based on the obtained results, we can conclude that the 

proposed ASVIS with NSS provides excellent vibration isolation performance in comparison 

with the classical isolator without NSS. Furthermore, the air spring structure has the advantage 

of reducing calculation difficulty when ASVIS is used in complex vibration isolation structures. 

Finally, via the SMC control method designed, the isolation performance of the ASVIS 

system was assessed under the sinusoidal excitation condition. The resulting performances of 

the ASVIS system are far better than the passive isolator without NSS. 

6.2 Future work 

In this study, the generated force of the double convolution bellows directly affected the 

desired control force of the ASVIS system. In the future, another control strategy that can be 

investigated is the negative stiffness control via controlling the convoluted bellows.  

In addition, the chattering phenomenon on the conventional sliding mode control has not 

been removed completely. Thus, future research may concentrate on the adaptive SMC of the 

air-spring pressure in order to achieve zero dynamic stiffness over a larger range of 

displacements.  

In the ASVIS, the friction of air spring effect of both air springs was ignored. Nonetheless, 

in practice, this phenomenon still exists and has an impact on the vibration isolation 

performance of the system. In the future, the effect of the friction phenomenon on the 

characteristic of the vibration transmissibility of the ASVIS should be investigated.  
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Appendix 

I. Technical data of Sleeve Air Spring  

- Model: W02-358-7012 

- Technical data 

Style 

number 

Design 

height 

(mm) 

Load at design height 

(kN) 

Natural 

frequency at 

7 Bar (Hz) 

% of isolation at forced 

frequency 

3 Bar 5 Bar 7 Bar 7 Hz 13 Hz 25 Hz 

7012 216 1.7 3.2 4.5 1.6 93.9 98.5 99.6 

- The constant pressure characteristics of the Sleeve air spring 

Force table 

Assembly  

Height  

(mm) 

Volume  

at 7 Bar  

(cu cm) 

Eff. Area  

at 7 Bar  

(cu sq) 

kN Force 

3 Bar 4 Bar 5 Bar 6 Bar 7 Bar 

240 1676 56 1.83 2.45 3.06 3.52 3.94 

220 1547 62 1.82 2.52 3.18 3.81 4.37 

200 1409 65 1.77 2.48 3.15 3.89 4.56 

180 1271 65 1.71 2.42 3.07 3.83 4.51 

160 1134 61 1.65 2.33 2.97 3.67 4.30 

140 1000 58 1.63 2.22 2.83 3.48 4.06 

- Dynamic Characteristics of the Sleeve air spring 

Dynamic characteristics at 215 mm design height 

Gauge pressure 

(Bar) 

Load 

(kN) 

Spring rate 

(kN/m) 

Natural frequency 

(Hz) 

3 1.81 13 1.31 

4 2.51 18 1.33 

5 3.18 23 1.33 

6 3.85 33 1.47 

7 4.44 43 1.55 

- Assembly weight: 0.82 kg.  
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II. Technical data of Double Convoluted Bellows  

- Model: EB-80-45 

- Product range overview 

Function Single-acting 

Type Double-bellows actuator 

Size 80 

Stroke [mm] 45 

Thrust [kN] 1.4 

Recommended operating height [mm] 90 

- General technical data 

Size 80 

Pneumatic port G1/4 

Stroke 

Single-bellows actuator [mm] 20 

Double-bellows actuator [mm] 45 

Model of operation Single-acting 

Type of mounting Via internal thread 

Mounting position Any 

- Operating and environmental conditions 

Size 80 

Operating medium 
Compressed air to  

ISO 8573-1:2010 [–:–:4] 

Note on the operating/control medium1) Lubricated operation not possible 

Operating pressure [bar] 0 … 8 

Ambient temperature [°C] –40 … +70 

Corrosion resistance class CRC 0 

- Weight 

Size 80 

Single-bellows actuator 500 [g] 

Double-bellows actuator  500 [g] 
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