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ABSTRACT

On the performance of short packet communication–aid

NOMA in VLC systems

by

Tran Ngo Giang

Supervisor: Professor Sunghwan Kim

Submitted in Partial Fulfilment of the Requirements for the Degree of

Master of Science

July 2023

The fifth generation (5G) and beyond are emerging technologies to support high-

speed communication, low latency, and massive connectivity. Visible light communi-

cation (VLC) is a prospective technology to provide high data rates and low-latency

for 5G and beyond. In this thesis, we present a theoretical framework for evaluating

the performance of short-packet communication (SPC) in a non-orthogonal multiple

access (NOMA) visible light communication (VLC) system. Our proposed system

involves one light-emitting diode (LED) transmitting data to two single-photodiode

users. To analyze the system performance, we approximate the block error rate

(BLER) by using the Gaussian-Chebyshev quadrature method and derive expressions

for reliability, throughput, and latency. Additionally, we optimize power allocation

coefficients and transmission rates to maximize the sum throughput of the SPC-

NOMA VLC system. Our numerical results show that our proposed system meets

the strict requirements of ultra-reliable and low latency communication (URLLC) at

a signal-to-noise ratio (SNR) greater than 130 dB. Moreover, the SPC-NOMA VLC

system exhibits superior performance compared to SPC-orthogonal multiple access

v



(OMA) VLC systems in terms of reliability, latency, and throughput. We also inves-

tigate the impact of block length, power allocation coefficients, transmission rates,

and LED semi-angle. Moreover, numerical search method is utilized to find optimal

solution for maximizing the system throughput.
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Chapter 1

Introduction

1.1 Visible light communication

The exponential increase of mobile devices with high-speed demand of current wire-

less service causes to congestion in traditional radio frequency (RF) communication

systems [1]. To deal with the problem of RF systems, new communication technolo-

gies have been developed. Among the emerging communication technologies visible

light communication (VLC) has the potential to revolutionize wireless communica-

tion systems. VLC frequency spectrum is in the range of terahertz (400 THz to 800

THz) [1]. This is approximately 10,000 times larger than that of RF systems.

VLC systems utilize visible light, specifically light-emitting diodes (LEDs), as a

medium for transmitting data instead of traditional radio frequencies. The basic

components of a VLC system are an LED as the transmitter and a photodiode (PD)

as receiver [2]. LED is modulated to encode the data to be transmitted. The encoded
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data is modulated to the corresponding intensity or frequency of the light emitted

from the LED. The data can be encoded using various modulation techniques, such

as on-off keying (OOK), pulse position modulation (PPM), or frequency shift keying

(FSK). A photodetector converts the modulated light signal into an electrical signal.

The receiver must be synchronized with the transmitter to correctly decode the

transmitted data. VLC systems can operate in two modes: line-of-sight (LOS) and

diffuse. In the LOS mode, the transmitter and receiver must have a direct line-of-

sight, which limits the range of the system. In the diffuse mode, the modulated light

is scattered through the environment, by which communication is enabled in the

scenario of the non-line-of-sight between the transmitter and receiver. The diffuse

mode enables VLC systems to operate in a wide range of indoor environments, where

light sources are abundant.

VLC can provide significant benefits over traditional RF wireless technologies,

including improved security, lower interference, higher data rates, low-cost devices,

low power consumption, and the ability to use existing lighting infrastructure for data

transmission. These advantages make VLC an attractive alternative for a variety of

applications, such as indoor positioning, augmented reality, internet of things (IoT),

health and safety, retail and advertising, and smart homes [1]. However, despite

the potential benefits, VLC is still in its early stages of development, and there are

several challenges that need to be addressed, such as the design of efficient modulation

schemes, the development of reliable receiver systems, and the mitigation of ambient

light interference [3].
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1.2 Realted works and motivation

Ultra-reliable low latency communication (URLLC) is a key feature of 5G and beyond

wireless networks that aims to enable ultra-reliable and low-latency communication

for mission-critical applications, such as industrial automation, autonomous vehicles,

and remote surgery [4], [5]. The goal of URLLC is to provide a communication

infrastructure that can support the emerging use cases that demand high reliabil-

ity and low latency, such as Industry 4.0, smart cities, and e-health [6]. URLLC

represents a major shift in the design and operation of wireless networks, which tra-

ditionally prioritize high data rates and throughput. Therefore, the short packet

communication (SPC) was invented to for 5G and beyond wireless networks.

Short packet communication is a critical component of URLLC, as many mission-

critical applications involve the exchange of small data packets with low latency

and high reliability. SPC requires new approaches to channel coding, modulation,

multiple access, and error correction, which must be optimized for low latency, high

reliability, and low energy consumption [7]. Therefore, Shannon capacity cannot be

appropriate for determining the achievable rate in the finite block-length transmission

[7]. Due to very short length of packet in SPC, block error rate (BLER) cannot be

neglected in the achievable rate in finite the finite block-length transmission [7],

[8]. Thus, in the SPC, the function of the achievable rate is presented in terms

of the signal-to-noise ratio (SNR), block-length, and block error rate (BLER) [7],

[8]. The SPC has been extensively investigated in RF systems for various scenarios,

including quasi-static MIMO fading channels [8], broadcast channel [9], channel

coding schemes [10], medium access control (MAC) channel [11], latency-critical

packet scheduling [12], and mission-critical IoT applications [13]. SPC was employed
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in [14] to improve efficiency of data transmission and increase the throughput of

spectrum sharing networks. The study in [15] optimizes the long-term power to

achieve the maximum achievable rate in the presence of additive white Gaussian

noise (AWGN) and quasi-static channel, assuming perfect channel state information

(CSI). In [16], an energy-efficient packet scheduling is proposed for SPC, and delay

is constrained for optimizing the packet transmission power and code block-length.

However, in VLC systems, SPC has been rarely studied.

Conventional orthogonal multiple access (OMA) techniques consist of time di-

vision multiple access (TDMA), code division multiple access (CDMA), frequency

division multiple access (FDMA), and orthogonal frequency division multiple access

(OFDMA). In conventional multiple access, users are served in orthogonal resources

(i.e., time slots, frequencies, and bandwidth) to avoid user interference. However,

orthogonal frequency division multiplexing (OFDM) and OFDMA are not directly

implemented in VLC systems, since real and non-negative signals are required for

intensify modulation and direct detection (IM/DD). The utilization of Hermitian

symmetry was introduced for real signals, and then direct current (DC) bias and clip-

ping techniques were implemented for non-negative signals to OFDM and OFDMA

in VLC systems [17]. Due to reuse of resources in OMA, the performance of mul-

tiuser systems is not efficient. Therefore, non-orthogonal multiple access (NOMA)

was proposed for more efficient resource utilization. By using power-domain NOMA,

message signals for multiple users are multiplexed and transmitted at the same time

and frequency.

NOMA is considered as the potential multiple access technique for 5G and be-

yond. NOMA utilizes superposition coding to multiplex message signals in the power

domain at the transmitter, and the receiver uses successive interference cancellation
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(SIC) to decode the message signals. According to power domain NOMA, the alloca-

tion of power for message signals of users is based on the channel quality. The power

coefficients for message signals of low channel users is higher than those of strong

channel users. Thus, NOMA can simultaneously support multiple users at the same

time-frequency resource. In RF systems, research on NOMA has been conducted in

various contexts, such as wireless energy transfer [18], MIMO system [19], multiple-

antenna relaying networks [20], and cognitive radio [21]. Recently, implementation

and application of NOMA in VLC systems have been studied to improve system

performance in terms of latency and spectrum efficiency [22]. In [23], the NOMA

in VLC system is first proposed to improve achievable throughput, where channel

conditions of users are investigated for efficient and fair power allocation. Author of

[24] showed that NOMA provided higher data rate than OMA in VLC system with

perfect channel state information (CSI) scenario. In [25], the performance of NOMA

in VLC system was evaluated in noisy and outdated CSI in term of the bit-error-rate

(BER). NOMA was employed in MIMO VLC system to support multiple users and

increase sum rate in [26]. Authors of [27] proposed a light fidelity (LiFi) – enabled

bidirectional internet of things (IoT) using NOMA to increase energy efficiency, and

results showed that NOMA outperformed OMA with typical channel-based power

allocation strategies. Since IM/DD is adapted in the VLC systems, the research on

NOMA in VLC systems is still attractive in academia.

The integration of SPC and NOMA has been conducted in RF for URLLC and

massive connectivity [27], [28]. Since the requirement of signal for IM/DD in

VLC systems is the main difference from RF system, the implementation of SPC in

NOMA VLC systems should be carefully investigated. In the prior works, data rate

was only evaluated in the NOMA VLC systems [23], [24]. In contrast, the reliability
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and latency, which are the stringent requirements of URLLC applications, were not

interested. In addition, supporting a large number of users at one time-frequency

slot increases the complexity of SIC operation which increases the delay in signal

processing at users. As a result, a hybrid NOMA/OMA scheme was proposed in

[29] to serve multiple paired users by which each paired user is supported in one

orthogonal resource blocks. However, the SPC in NOMA VLC systems is rarely

studied. Motivated by this, this thesis evaluates the performance of SPC in NOMA

VLC systems for 5G and URLLC applications.

1.3 Contribution

In this thesis, a framework of SPC in NOMA VLC system is proposed to improve

reliability and latency. Based on this, the performance of the proposed system is

evaluated in terms of reliability, latency, and throughput. The contributions of this

thesis are listed as below:

• The SPC is implemented in NOMA VLC systems for URLLC applications. The

analytical results of the proposed system indicate that the reliability increases

quickly at the medium and high SNR.

• The Gaussian-Chebyshev quadrature method is used to approximate the ana-

lytical expression of the average BLER. Subsequently, approximate expressions

for reliability, latency, and throughput are derived.

• The evaluation of reliability and latency in NOMA VLC systems considers

SPC and long-packet communication (LPC). A comparison between the SPC-
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NOMA VLC system and the LPC-NOMA VLC system is presented for benefits

of SPC for URLLC applications.

• An analysis is conducted to evaluate the reliability, latency, and throughput of

both SPC-NOMA VLC and SPC-OMA VLC systems’ performance.

• The impact of selecting LEDs with different semi-angles on the sum throughput

is assessed in the context of the SPC-NOMA VLC system.

• The numerical search method is utilized to determine the optimal values of

transmission rates and power allocation coefficients that maximize the sum

throughput of the SPC-NOMA VLC system.

1.4 Thesis Organization

This thesis is organized as follows. In Chapter 2, the preliminaries of SPC in RF

and VLC systems are discussed. Then, the implementations of SPC in both NOMA

and OMA in VLC systems is introduced with performance evaluation and simula-

tion results. Moreover, the comparisons of SPC in NOMA versus OMA in VLC

systems and SPC versus long packet communication (LPC) are provided. Chapter 3

presents the optimization problem and the design for maximum system throughput

of SPC-NOMA VLC systems, and optimal results are shown with both analysis and

simulation. Finally, chapter 4 is conclusion of this thesis.
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Chapter 2

SPC-NOMA VLC system

2.1 Premilinary

2.1.1 System model

This study encompasses the transmission of a downlink broadcast channel in an

indoor environment. To present an effective evaluation of system performance, we

utilize a VLC system comprised of one LED and two users. A schematic of the system

model is provided in Figure 2.1, in which the LED is positioned on the ceiling to

serve two single-photodiode users. The channel is either static or quasi-static, such

that the channel state remains unchanged during transmission. We assume that

both the LED and users have perfect knowledge of the channel state information

(CSI). The users are uniformly distributed in a circular area. The received signals

at the receiver side comprise of both line-of-sight (LOS) components and diffuse

8
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SPC versus LPC.

components, resulting from reflections on the interior surfaces like walls, floors, and

ceiling. In [30], the power of the LOS components is significantly greater than that

of non-LOS components. Therefore, we focus on the LOS link between the LED

and the users. For the OMA scheme, TDMA is utilized to accommodate two users

using orthogonal time resources. On the other hand, the NOMA scheme serves both

users concurrently, and perfect SIC is implemented for signal detection at the weaker

channel user. In this study, we refer to the user with greater channel gain, denoted as

U2 with a channel gain of h2, as the near user. Meanwhile, the user with the weaker

channel gain, denoted as U1 with a channel gain of h1 (h1 < h2), is labeled as the

far user. The noise follows a real value AWGN with zero mean and unit variance of

σ2 = 1.
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2.1.2 Short packet communication (SPC)

SPC in RF systems

In the RF system, the message signal xs of the SPC is directly transmitted from the

source to the destination. The signal at the receiver is presented as

y = Pxs|h|2 + µD, (2.1)

where |h| is magnitude of the channel gain, P is the electrical power of the message

signal, and µD is the additive white Gaussian noise (AWGN) with the variance σ2.

In the SPC, each packet is transmitted in message signals. Each packet contains the

information bits and addition bits (or metadata) for correct functioning [5]. The

BLER of the detection at the receiver is approximated by [7, Eq. (59)]

ε ≈ Q

(
C (γ)−R√
V (γ) /N

)
, (2.2)

where γ = P |h|2/σ2 is the received signal-to-noise ratio (SNR), N is the block-

length (N ≥ 100), R = k/N is the transmission rate, k is the number of informa-

tion bits in a packet, C (γ) = log2 (1 + γ) is the Shannon capacity, and V (γ) =(
1− (1 + γ)−2) (log2 e)

2 is the channel dispersion, and Q(.) is Gaussian Q-function,

with Q (x) =
∫∞
x
e−t2/2 dt.

The average BLER is calculated by

ε̄ ≈ E

{
Q

(
C (γ)−R√
V (γ) /N

)}
=

∫ ∞

−∞
Q

(
C (γ)−R√
V (γ) /N

)
fγ (x) dx, (2.3)
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where E{.} is expectation, and E{X} =
∫∞
−∞ xfX (x) dx.

SPC in VLC systems

For VLC systems that use intensity modulation and direct detection (IM/DD), the

transmitted signals must be real and non-negative. When implementing SPC in VLC

systems, Hermitian symmetry is employed to achieve real signals. Additionally, a

DC bias is added to the LED to ensure non-negative signals for transmission. The

message signal at the LED is then represented by

xLED =
√
Pxs + VDC. (2.4)

After removing DC bias at the receiver, the received signal is given as

y =
√
Phxs + µ0, (2.5)

where µ0 is zero mean real-valued AWGN with σ2
0. After removing DC bias at the

receiver, the SNR at Ui is given by

γi = γTxh
2
i . (2.6)

Due to the utilization of Hermitian symmetry, the scaling factor 0.5 is multiplied

with the Shannon capacity C (γi) and channel dispersion V (γi) in the expression of

the BLER of the SPC in the VLC system. The BLER of the SPC in the VLC system

11



at Ui (i ∈ {1, 2}) is approximated by [22], [31]

εi ≈ Q

(
0.5C (γi)−Ri√
0.5V (γi) /Ni

)
, (2.7)

where Ni, ki, and Ri are block-length, number of information bits allocated to Ui,

and transmission rate at Ui, respectively.

2.1.3 NOMA in VLC systems

The principle of NOMA schemes is based on the channel quality, shown in Figure

2.2. We consider that two users are scheduled in one cluster and served in a resource

block 1. We define that the far user U1 has lower channel gain, and the near user U2

has higher channel gain. The message signals for users is superposed in the power

domain. The poorer the user’s channel is, the higher power coefficient is allocated.

After Hermitian symmetry and adding DC bias [24], [30], the superposed signal at

one LED is given by

xLED =
√
a1Ps1 +

√
a2Ps2 + VDC, (2.8)

where VDC is the DC bias added for non-negative unipolar signal, s1 and s2 are the

intended message signal for U1 and U2, and a1 and a2 are the power coefficients

allocated to the message signals of U1 and U2. Total power allocation coefficients

must satisfy: a1 + a2 = 1 and a1 ≥ a2.

1When there are more than two users in the system, users are sorted and paired, and the hybrid
NOMA/OMA is used to support multiple user pairs. The power domain NOMA multiplexes two
users of each pair. User pairs are multiplexed by the OMA scheme. When the number of users
is odd, users are sorted and paired, and the remaining unpairing one is supported by the separate
power and resource block [29].
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At Ui (i ∈ {1, 2}), DC bias is eliminated, and the received signal is given by

yi = hi

(√
a1Ps1 +

√
a2Ps2

)
+ µi, (2.9)

where µi is the zero-mean real-valued AWGN with the variance σ2
i and hi is the

channel gain between the LED and Ui. After optical-to-electrical conversion, the

signal processing is presented as following.

At U1, the SIC is not performed, and the intended signal is directly decoded. The

SINR is given by

γ11 =
a1h

2
1

a2h21 + 1/γTx

, (2.10)

where γTx =
P
σ2
i
is the transmitted SNR.

At U2, the SIC is performed to remove the interference of the message for U1, and

the message for U1 is treated as the interference. The SINR of the intended message

for U2 at U1 is given by

γ21 =
a1h

2
2

a2h22 + 1/γTx

. (2.11)

The SINR of the own signal for U2 is given by

γ22 =
a2h

2
2

a1h22δ21 + 1/γTx

, (2.12)

where δ21 ∈ [0, 1] is the imperfect SIC factor 2. In this paper, for the goal of evaluating

optimal system performance, we consider δ21 = 0.

2In practice, due to the imperfect SIC circuit design and error propagation, the operation of SIC
may result in the residual interference, which leads to the degradation of system performance.
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2.1.4 OMA in VLC systems

In this paper, we consider that TDMA is adopted to serve users in the orthogonal

time resource. The transmitted signal for Ui at one LED is given by

xi =
√
aiPsi + VDC. (2.13)

Equation (2.13) assumes that there is no interference at Ui caused by other users

in the OMA VLC system. After removing DC bias, the received signal at Ui is

presented by

yi =
√
aiPhisi + µi. (2.14)

Then, the received SNR at Ui is given by

γoi =
aiPh

2
i

σ2
i

= aih
2
i γTx. (2.15)

2.1.5 VLC channel and distribution of received signal-to-

noise ratio

The power allocation strategy for all users at the transmitter is based on the knowl-

edge of the channel quality. In the two-user NOMA system, the channel gain quality

is assumed to be ordered as

h1 ≤ h2. (2.16)

The positions of receivers are assumed to be uniformly distributed within the circular

area under the LED. The cell radius is denoted by rc. The vertical distance between
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the LED and users on the circle plane is denoted by L. In the polar coordinate

system, the position of Ui is presented by (ri, θi), where ri is horizontal distance

from the LED to the receiver and θi is the polar angle from the polar axis. The

channel gain between Ui and the LED is given by

hi =
(m+ 1)ARp

2πd2i
cosm(ϕi)T (ψi)g(ψi) cos (ψi), (2.17)

where Lambertian radiation pattern is given by m = − ln (2)/ ln (cos (Φ1/2)); Φ1/2

is the semi-angle of the LED; ΨFOV is the field-of-view (FOV) semi-angle of the

photodiode (PD) at each receiver; A is detection area of the PD;Rp is the responsivity

of the PD; di is the Euclidean distance between the receiver and the LED; ψi is the

angle of irradiance; ψi is the angle of incidence; T (ψi) is the gain of optical filter at

the receiver; and g(ψi) is the gain of the optical concentrator at the receiver, given

by

g(ψi) =

 n2

sin2(ΨFOV)
, 0 ≤ ψi ≤ ΦFOV,

0, ψi > ΦFOV,
(2.18)

where n is the refractive index of the optical concentrator, n ∈ [1, 2].

From Figure 2.1, the Euclidian distance between the LED and Ui, the angle of

irradiance, and the angle of incidence are calculated by di =
√
r2i + L2, cos (ϕi) =

L/
√
r2i + L2, and cosψi = L/

√
d2i + L2, respectively. With the uniform distribution,

the probability density function (PDF) of a location in a circle is given by fri(r) =

2r/r2c .

According to [24], the unordered PDF of received SNR at Ui is obtained by using
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the method of transformation and the change of variable method [32, Chap. 6] as

fγi(x) =
1

r2c

1

m+ 3

(
C (m+ 1)Lm+1

) 2
m+3

(
1

γTx

)− 1
m+3

x−
m+4
m+3 , (2.19)

where C = 1
2π
AT (ψi)g(ψi) and γi = γTxh

2
i . Since h

2
i ∈ [h2min, h

2
max],

h2min = (C (m+ 1)Lm+1)
2
/ (r2c + L2)

(m+3)
, and h2max = (C (m+ 1)Lm+1)

2
/L2(m+3),

then γi ∈ [γmin, γmax] = [γTxh
2
min, γTxh

2
max]. The cumulative distribution function

(CDF) of the received SNR at Ui is obtained by integrating (2.19) with respect to

x ∈ [γmin, γmax]. The unordered CDF of the received SNR is given as

F γ
γi
(x) =

1

r2c

1

m+ 3

(
C(m+ 1)Lm+1

) 2
m+3

(
1

γTx

)− 1
m+3

x−
1

m+3 +
L2

r2c
+ 1. (2.20)

Since the channel quality is ordered for the power allocation, the ordered statistics

[24], [32, Chap. 6], [33] are considered in this paper. The ordered CDF of the received

SINR at Ui is presented by

Fγi(x) =
2∑

ĵ=i

2!

(2− ĵ)!ĵ!
(
F γ
γi
(x)
)ĵ (

1− F γ
γi
(x)
)2−ȷ̂

=
2∑

ĵ=i

2!

(2− ȷ̂)!ĵ!

(
−ωx−

1
m+3 +

L2

r2c
+ 1

)ȷ̂(
ωx−

1
m+3 − L2

r2c

)2−ȷ̂

,

(2.21)

where ω = 1
r2c
(C(m+ 1)Lm+1)

2
m+3

(
1

γTx

)− 1
m+3

.
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2.2 Performance analysis

2.2.1 Average BLER in VLC systems

The average BLER of the SPC in the VLC system is approximated by

ε̄i ≈ E

{
Q

(
0.5C (γi)−Ri√
0.5V (γi) /Ni

)}
=

∫ ∞

0

Q

(
0.5C (γi)−Ri√
0.5V (γi) /Ni

)
fγi(x)dx. (2.22)

Since the received SNR is limited in the circle area under the LED, then γ ∈

[γmin, γmax]. The average BLER is approximated by

ε̄i ≈
∫ γi,max

γi,min

Q

(
0.5C (γi)−Ri√
0.5V (γi) /Ni

)
fγi(x)dx. (2.23)

Using partial integral, (2.23) is expressed by

ε̄i = Fγi(x)Q

 log2(1 + x)− 2Ri√
2
(
1− 1

(1+x)2

)
(log2 e)

2 /Ni


∣∣∣∣∣∣∣∣
γi,max

γi,min

−
∫ γi,max

γi,min

Fγi(x)ζ(x)dx, (2.24)

where Fγi(x) is cumulative distribution function (CDF) of the variable x, and ζ(x) is

the first order derivative of the BLER expression, and dQ(f(x))
dx

= − 1√
2π

df(x)
dx

e−f(x)2/2.
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The function ζ(x) is expressed by

ζ(x) = − 1√
2π


√
Ni/2

(1 + x)

√(
1− 1

(1+x)2

) − √
Ni/2 (log2(1 + x)− 2Ri)

log2 e
(
1− 1

(1+x)2

)3/2
(1 + x)3



× e
− 1

2

 log2(1+x)−2Ri√
2

(
1− 1

(1+x)2

)
(log2 e)2/Ni


2

.

(2.25)

It is complicated to derive the close-form expression of the remaining integral in

(2.24). The average BLER is approximated by using the Gaussian-Chebyshev quadra-

ture method as [34, Table 25.4]

ε̄i ≜ f (γi,max, γi,min, Ni, Ri) = Q

(
0.5C (γi,max)−Ri√
0.5V (γi,max) /Ni

)
Fγi (γi,max)

−Q

(
0.5C (γi,min)−Ri√
0.5V (γi,min) /Ni

)
Fγi (γi,min)

− νi
V̄∑

v=1

π

V̄

√
1− cos2

(
(2v − 1)π

2V̄

)
Fγi

(
νi cos

(
(2v − 1)π

2V̄

)
+ ϑi

)
× g

(
νi cos

(
(2v − 1)π

2V̄

)
+ ϑi

)
,

(2.26)

where V̄ is the complexity-accuracy trade-off parameter, νi =
γi,max−γi,min

2
, and ϑi =

γi,max+γi,min

2
.

Reliability at Ui is the probability that the packet is correctly detected, given by

χ = (1− εi)100%. (2.27)

Throughput at Ui is the number of correctly determined information bits at the

19



receiver per transmission, presented by

Ti =
Ni

N
Ri(1− εi). (2.28)

Latency at Ui is the delay in transmissions, given by

ℓ =
NTc
1− εi

, (2.29)

where Tc is the duration of a block.

2.2.2 SPC in NOMA VLC systems

In NOMA transmission strategy, the allocated block-length for U1 and U2 is N1 =

N2 = N , since the LED transmits signal to two users simultaneously with the dif-

ferent power allocation. At the receiver side, the SIC is performed at U2 to remove

the interference of the U1 message in the received signal, and then U2 decodes its

message. At U1, the message of U2 is treated as the interference, and U1 directly

decodes its own message in the received signal.

Signal processing at U1

The signal-to-noise-plus-interference ratio (SINR) of the message signal at U1 is

given by

γ11 =
a1Ph

2
1

a2Ph21 + σ2
=

a1
a2 + 1/γ1

. (2.30)

Since γ1 ∈ [γmin, γmax], then γ11 ∈ [γ11,min, γ11,max] =
[

a1
a2+1/γmin

, a1
a2+1/γmax

]
. From

(2.21) and (2.30), the ordered CDF of the received SINR of the message signal U1 is
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given by

Fγ11(x) = 2

(
−ω

(
x

a1 − a2x

)− 1
m+3

+
L2

r2c
+ 1

)

−

(
−ω

(
x

a1 − a2x

)− 1
m+3

+
L2

r2c
+ 1

)2

.

(2.31)

Power coefficients a1 and a2 must satisfy the condition: a1 − a2x > 0. From (2.26),

(2.30) and (2.31), the average BLER of U1 is approximated by

ε̄11 = f (γ11,max, γ11,min, N1, R1) . (2.32)

Signal processing at U2

The SIC performs to detect message signal for U1 first, and then detect message

signal for U2. The SINR of the message signal of U1 in U2 is given by

γ21 =
a1Ph

2
2

a2Ph22 + σ2
=

a1
a2 + 1/γ2

. (2.33)

Since γ2 ∈ [γmin, γmax], then γ21 ∈ [γ21,min, γ21,max] =
[

a1
a2+1/γmin

, a1
a2+1/γmax

]
. From

(2.21) and (2.33), the ordered CDF of the received SINR of the message signal of U1

at U2 is given by

Fγ21(x) =

(
−ω

(
x

a1 − a2x

)− 1
m+3

+
L2

r2c
+ 1

)2

. (2.34)

Using (2.26), (2.33) and (2.34), the average BLER of U1 at U2 is approximated by

ε̄21 = f (γ21,max, γ21,min, N1, R1) . (2.35)
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The SINR of the message signal of U2 at U2 is given as

γ22 =
a2Ph

2
2

σ2
= a2γ2. (2.36)

Since γ2 ∈ [γmin, γmax], then γ22 ∈ [γ22,min, γ22,max] = [a2γmin, a2γmax]. From (2.21)

and (2.36), the ordered CDF of SINR U2 at U2 is given by

Fγ22(x) =

(
−ω

(
x

a2

)− 1
m+3

+
L2

r2c
+ 1

)2

. (2.37)

Based on (2.26), the average BLER of the message U2 at U2 is approximated by

ε̄22 = f (γ22,max, γ22,min, N2, R2) . (2.38)

The overall average BLER of U2 is approximated by

ε̄2 = ε̄21 + (1− ε̄21) ε̄22. (2.39)

2.2.3 SPC in OMA VLC systems

In OMA systems, since two users are assigned to the different orthogonal resources,

there is no interference at U1 (or U2) caused by U2 (or U1). The power allocation to

each user is based on the channel quality. N1 and N2 are the allocated block-length

for U1 and U2, and N1 +N2 = N . At Ui (i ∈ {1, 2}), the SNR is given by

γoi =
aiPh

2
i

σ2
= aiγi. (2.40)
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Table 2.1: SIMULATION PARAMETERS

Symbol Name of parameters Value
L Vertical distance from LED to circular area 2.5 m
rc Cell radius 3.5 m
K Total number of users 2
Φ1/2 LED semi-angle 60◦

ΨFOV PD FOV 60◦

Rp PD responsibility 0.4 A/W
A PD detection area 1 cm2

n Reflective index 1.5
T Optical filter gain 1
Tc Duration time of a block 1 µs

Since γi ∈ [γmin, γmax], then γoi ∈ [γi,min, γi,max] = [aiγmin, aiγmax]. Following (2.21)

and (2.40), the ordered CDF of the received SNR at Ui is also presented as

Fγo
i
(x) =

2∑
ĵ=i

2!

(2− ȷ̂)!ȷ̂!

(
−ω

(
x

ai

)− 1
m+3

+
L2

r2c
+ 1

)ȷ̂ (
ω

(
x

ai

)− 1
m+3

− L2

r2c

)2−ȷ̂

.

(2.41)

The average BLER at Ui is approximated by

ε̄oi = f
(
γoi,max, γ

o
i,min, Ni, Ri

)
. (2.42)

2.3 Numerical results

In this section, we present numerical results and utilize Monte Carlo simulations to

verify the analysis in Section 2.2. The benefits of the SPC in terms of reliability

and latency are shown in the comparison between SPC and LPC in NOMA VLC

systems. To demonstrate the effectiveness of the proposed system, we compare the
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Figure 2.3: Average BLER comparison between NOMA versus OMA using SPC with
different power allocation strategies.

performance of the SPC in NOMA and OMA VLC systems, and discuss the effect

of the semi-angles of the LEDs to the system throughput of the SPC in the NOMA

VLC system. The parameters of the channel gains are shown in Table 2.1. In the

simulation, we choose the block-length N1 = N2 = 200, k1 = k2 = 80 bits for NOMA

scheme, and N1 = N2 = 100, k1 = k2 = 80 bits for OMA scheme. In comparison

of the SPC-NOMA VLC to SPC-OMA VLC, the power allocation strategies are

a1 = 0.8 and a2 = 0.2, and the value of SNR for the transmission is γTx = 130 dB.

Figures 2.3-2.8 show performances of the proposed system. In these figures, ‘Ana.’

and ‘Sim.’ denote analytical and simulation results, respectively. The analytical

results are matched with the simulation results.

Figure 2.3 illustrates the impact of power allocation on the block error rate

(BLER) performance of users in both NOMA and OMA systems. The simulation

results match well with the analytical results obtained at different power allocation
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coefficients. In the SPC-OMA system, the BLER of U1 is consistently lower than

that of U2 since there is no interference from other users. At low SNR levels (110-120

dB), the BLER decreases slowly in both systems. At medium SNR levels (120-130

dB), the BLER of the SPC-NOMA system decreases more rapidly than that of the

SPC-OMA system, with the former achieving a BLER of less than 10−5 at 130 dB.

When a1 = 0.6 and a2 = 0.4, the SPC-OMA system can achieve a BLER of less

than 10−5, while the BLER of the SPC-NOMA system cannot be less than 10−5.

Increasing the power allocation for the far user in the NOMA system improves the

BLER performance since interference at the near user caused by the far user de-

creases. The SPC-NOMA system can achieve the desired error probability at 131

dB, while the SPC-OMA system requires 135 dB for all users. Therefore, the use

of SPC in the NOMA system requires less power than in the OMA system, and the

NOMA system’s performance is enhanced when power allocation is increased for the

far user.

Figure 2.4 compares the reliability and latency of short packets (400 bits) and

long packets (800 bits and 1000 bits) in a NOMA VLC system. The reliability and

latency are calculated as a function of the total block-length at γTx = 130 dB. The

reliability of short messages is higher than that of longer messages. With over 1500

block-length, SPC can meet the reliability requirement, whereas LPC needs over

2500 block-length to meet the same requirement. The latency of short messages is

lower than that of longer messages. SPC can achieve sub-millisecond latency, while

the latency of the LPC system is more than one millisecond. The use of SPC can

satisfy both reliability and latency requirements.

In Figure 2.5, the reliability for U1 is higher than that of U2 at both NOMA and

OMA systems in the range of the medium SNR. At high SNR, the reliability of U2
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Figure 2.4: SPC and LPC for NOMA VLC.
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Figure 2.5: The reliability of the SPC in NOMA and OMA VLC system.

is higher than that of U1, which indicates that U2 can only achieve high reliability

when transmitted power is high. The required SNR to achieve the desired reliability

is lower in NOMA systems (130 dB) than in OMA systems (135 dB). The reliability

of the system not only depends on the transmitted SNR but also on the transmission

rate, as shown in Equation (2.7). In the SPC-NOMA VLC system, the LED serves

two users simultaneously with N1 = N2 = N , whereas the LED in the SPC-OMA

VLC system serves two users in orthogonal time slots with N1 = N2 = N/2. The

transmission rate of each user in the SPC-NOMA VLC system is always lower than

that of the SPC-OMA VLC system. As a result, the SPC-NOMA VLC system

provides higher reliability.

Figure 2.6 compares the latency of users in the SPC-NOMA and SPC-OMA

VLC systems. The latency at U2 is similar in both NOMA and OMA systems.

However, the latency at U1 in the NOMA system is approximately half of that in

the OMA system. Therefore, the SPC-NOMA VLC system reduces latency for the
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Figure 2.6: Latency comparison between NOMA versus OMA using SPC.

users. Additionally, the NOMA system satisfies the latency requirement at a lower

SNR compared to the OMA system, specifically at 116 dB for the NOMA system

and 119 dB for the OMA system.

Figure 2.7 illustrates the sum throughput and individual user throughput of the

NOMA and OMA VLC systems. The sum throughput of the NOMA system is

greater than that of the OMA system. The maximum sum throughput of the NOMA

system is attained at 130 dB, whereas the OMA system attains its maximum sum

throughput at 134 dB. Since SIC is implemented at U2 in the NOMA system, the

throughput of U2 is higher than that of U1 at low SNR. At high SNR, the far user has

a higher throughput. The throughput at each user is determined by the transmitted

power, transmission rate, block-length for each user, and total block-length. In the

NOMA scheme, all users have the same block-length, while the OMA scheme employs

the block-length N to serve all users with different allocation of total block-length

for each user. The user throughput in the NOMA scheme is higher than that in the
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Figure 2.7: Throughput of SPC for NOMA and OMA.

OMA scheme.

Figure 2.8 shows the sum throughput of the SPC in both NOMA and OMA

VLC schemes with various semi-angles of the LED. The channel gain depends on the

Lambertian radiation pattern, which is determined by the semi-angle of the LED.

Thus, the semi-angle of the LED has an impact on the sum throughput of the system.

At γTx = 120 dB, the SPC-NOMA VLC system achieves maximum sum throughput

at 50◦ semi-angle, while the SPC-OMA system achieves maximum sum throughput

at 40◦ semi-angle. At γTx = 130 dB, 35◦ semi-angle LED provides the maximum

sum throughput of the SPC-NOMA VLC system, while the optimal semi-angle of

the LED for the SPC-OMA VLC system is 45◦ semi-angle. The optimal semi-angle

of the LED depends on the SNR value. A lower semi-angle LED can be useful as

the SNR value increases.
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Chapter 3

Optimal sum throughput design

3.1 Optimization problem

In the SPC-NOMA VLC system, the transmitted signals to users are superimposed

in the power domain, and the LED serves both U1 and U2 simultaneously in the

block-length N . It is assumed that N1 = N2 = N in NOMA systems. The goal is to

obtain maximum sum throughput of the SPC-NOMA VLC system. The optimization

problem is formulated as

max
Ri,ai

T (3.1a)

s.t. 0 ≤ ai = 1, i ∈ {1, 2}, (3.1b)

a1 + a2 = 1, (3.1c)

0 ≤ Ri ≤ 2.56, (3.1d)
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where T = T1+T2. According to (2.7) and (2.28), the sum throughput T is formulated

as

T = R1 (1−Q (Ξ (γ11, R1))) +R2 (1−Q (Ξ (γ22, R2))) (1−Q (Ξ (γ21, R1))) , (3.2)

where Ξ (γi, Ri) ≜ log2(1+γi)−2Ri

log2 e

√
2

(
1− 1

(1+γi)
2

)
/N

. The transmission rates Ri and power allo-

cation coefficients ai for Ui are determined at the LED, and the transmission rate

of U1 is independent to that of U2. We consider the equality a1 + a2 = 1 in (3.1a),

where total power is consumed to transmit signal to all users. According to (3.2),

there are three variables in this optimization problem. We need to determine the

power allocation and transmission rates to obtain the maximum sum throughput T

subject to the constraints in (3.2).

3.2 Optimal design

In this section, we present a proposed design for the transmission rates and power

allocation strategy, aimed at solving the optimization problem written in equation

(3.1). To facilitate this optimization, we examine the two constraints stated in

equations (3.1b) and (3.1d). We then provide an analysis of the optimal design

for system throughput.

Proposition 3.2.1. The error probability in (2.7) is monotonically decreasing with

SNR/SINR.

Proof. Please see Appendix A.
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According to (2.7) and (2.28), the effective throughput at each user depends on

its power allocation. Following the NOMA principle, there is the trade-off between

throughput and power allocation to each user. Since the Q-function is used in the

throughput calculation, the optimal power allocation cannot be obtained in closed

form. Therefore, the one-dimensional search is used to find the solution close to the

optimal solution, where R1 and R2 are fixed values.

Proposition 3.2.2. The error probability in (2.7) is monotonically increasing with

the transmission rate Ri.

Proof. Please see Appendix B.

Proposition 3.2.3. The transmission rate at each user is limited in the range

[0, 2.56].

Proof. The transmission rate R is given by R = k/N . According to [35], the length

of the information bit k of a packet is less than 256 (32 bytes) to get error probability

of 10−5. In SPC, the block-length N is longer than 100. Therefore, Ri ≤ 2.56. (3.1d)

is verified.

Lemma 3.2.4. The sum throughput T does not monotonically increase with R1 but

is concave with respect to R1.

Proof. Please see Appendix C.

Lemma 3.2.5. The sum throughput T does not monotonically increase with R1 but

is concave with respect to R2.

Proof. Please see Appendix D.
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Figure 3.1: Sum throughput as the function of the power allocation for U2 at γTx =
126 dB, R1 = 0.4, and R2 = 0.35.

From Appendix C and Appendix D, there exists the optimal transmission rates

by solving ∂T
∂R1

= 0 and ∂T
∂R2

= 0. According (C.2) and (D.2), the optimal solutions

cannot be derived in closed form. Due to three variables a1, R1, and R2, we first

find the optimal power allocation a2 by one-dimension search, and then we use two-

dimensional search to find the maximum sum throughput with respect to R1 and R2

based on the optimal power allocation coefficients derived by one-dimensional search.

The optimal results are presented in the next section. We summarize the proposed

algorithm to find the optimal solution in Algorithm 1.

The accuracy of the proposed method is dependent on the given step size τ . The

complexity of the search method is O(NI), where NI is the size of the input values.
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Figure 3.2: Sum throughput for the near user and the maximum throughput point
(R2, R1, T ) = (1.2, 0.5, 1.17), γTx = 126 dB.

3.3 Results

Figure 3.1 illustrates the optimal power allocation obtained through one-dimensional

search while the transmission rates of both users are constant. The sum throughput

increases from 0 to 0.25 as the power allocation increases, and then it decreases. The

decrease in sum throughput is due to a decrease in the throughput of U2 as its power

allocation decreases. Once the optimal power allocation coefficients are obtained, the

maximum sum throughputs of both users are derived using a two-dimensional search

with varying transmission rates of the two users. The results of the two-dimensional

search are shown in Figure 3.2.

Figure 3.2 shows how the sum throughputs are affected by the transmission rates.

As shown in equations (2.32), (2.35), (2.38), and (2.39), the throughput of U1 is

independent of the throughput of U2, but the throughput of U2 depends on both R1

and R2. The plot indicates that the sum throughput increases with R1 in the range
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of R1 ∈ [0, 0.5] and then decreases with R1 > 0.5. Similarly, the sum throughput

increases with R2 in the range of [0, 1.2] and then decreases with R2 > 1.2. These

results verify Lemma 3.2.4 and Lemma 3.2.5 and demonstrate the trade-off between

transmission rates and sum throughput. The maximum point on the plot represents a

unique parameter-space position that achieves the highest sum throughput. However,

according to (2.7), (2.28), and Proposition 3.2.2, the error probability increases with

higher transmission rates. Therefore, while a small transmission rate (R1 < 0.5 and

R2 < 1.2) results in a low error probability, it also leads to lower sum throughput.

On the other hand, a higher transmission rate (R1 > 0.5 and R2 > 1.2) results in

higher error probability and lower sum throughput. Therefore, this approach shows

that there exists a specific parameter-space position to attain the maximum sum

throughput.
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Algorithm 1 Algorithm to find optimal power allocation and transmission rates

1: Input: Initialize vector a2 = 0.05 : τ : 0.5, with step size τ = 0.05, optimal

power allocation aopt2 = 0, and maximum sum throughput Tmax = 0.

2: Output: aopt2 , Ropt
1 , Ropt

2

3: Calculate T ← T (a2) by (3.2) with fixed R1 and R2.

4: for i← 1 to length(a2) do

5: Set: T samp ← T (i).

6: if T samp > Tmax then

7: Tmax ← T samp

8: aopt2 ← a2(i)

9: end if

10: end for

11: Set Tmax ← 0, Ropt
1 = 0, Ropt

2 = 0, R1 = 0.05 : τ : 2.5, and R2 = 0.05 : τ : 2.5.

12: Calculate T ← T (R1, R2) with optimal power allocation aopt2 and aopt1 = 1− aopt2

by (3.2).

13: for i← length(R1) do

14: for j ← length(R2) do

15: Set: T samp ← T (i, j).

16: if T samp > Tmax then

17: Tmax ← T samp

18: Ropt
1 ← R1(i)

19: Ropt
2 ← R2(j)

20: end if

21: end for

22: end for
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Chapter 4

Conclusions

In this thesis, we introduced the SPC in a downlink NOMA VLC system with perfect

SIC. The SPC-NOMA VLC system was shown to offer higher reliability and lower

latency when compared to LPC-NOMA VLC systems. Additionally, our results indi-

cate that the SPC-NOMA VLC system outperforms the SPC-OMA VLC system in

terms of reliability, latency, and throughput. We also determined the optimal trans-

mission rates and power allocation strategy to maximize the sum throughput of the

SPC-NOMA VLC system for two users. The SPC in VLC systems has the potential

to support various URLLC applications, including those in factory automation and

intelligent transportation systems.
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Appendix A

Proof of proposition 3.2.1

The first partial derivative of εi with γi is given as

∂εi
∂γi

=
∂

∂γi
Q (Ξ (γi, Ri)) = −

1√
2π
e−

1
2
Ξ2(γi,Ri)

∂Ξ (γi, Ri)

∂γi
, (A.1)

where ∂Ξ(γi,Ri)
∂γi

is the partial derivative of Ξ (γi, Ri) with respect to γi, given by

∂Ξ (γi, Ri)

∂γi
=
√
N/2

1− ln 2 log2(1+γi)−2Ri

(1+γi)
2−1√

(1 + γi)
2 − 1

. (A.2)

It is not clear whether the partial derivative of Ξ (γi, Ri) with respect to γi is positive

or negative. Based on (A.2), we define a function, H(x) = log2 x
x2−1

. We find the range

of value of H(x) with x ≥ 1 since γi + 1 > 1. We calculate the first derivative of

H(x) with respect to x, given by

H ′(x) =
h(x)

(x2 − 1)2
, (A.3)
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where h(x) = 1
ln 2

(
1− 1

x

)
− 2x log2 x. Since (x2 − 1)2 > 0 with x > 1, the sign of

H(x) is the same as h(x). The first derivative of h(x) is given by

h′(x) = − 1

ln 2

(
1− 1

x2

)
− 2 log2 x. (A.4)

Since h′(x) < 0 with x > 1, h(x) is a decreasing function with respect to x > 1,

and h(x) < h(1) = 0. h(x) is negative with x > 1, and then H ′(x) < 0 with x > 1,

which means that H(x) is also a decreasing function with respect to x > 1. We

determine the value range of H(x) by using L’Hospital’s rule, as limx→1H(x) = 1
2 ln 2

and limx→∞H(x) = 0. Since Ri ≥ 0 and γi > 0, we have

1− ln 2
log2 (1 + γi)− 2Ri

(1 + γi)
2 − 1

≥ 1− ln 2
log2 (1 + γi)

(1 + γi)
2 − 1

= 1− ln 2H (1 + γi)

> 1− ln 2
1

2 ln 2
=

1

2
> 0.

(A.5)

Since ∂Ξ(γi,Ri)
∂γi

> 0, ∂εi
∂γi

< 0. Therefore, it can be concluded that εi is decreasing

function with respect to γi.
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Appendix B

Proof of proposition 3.2.2

The first partial derivative of εi with Ri is given as

∂

∂Ri

Q (Ξ (γi, Ri)) = −
1√
2π
e−

1
2
Ξ2(γi,Ri)

∂Ξ (γi, Ri)

∂Ri

, (B.1)

where
∂Ξ (γi, Ri)

∂Ri

= − 2

log2 e

√
2
(
1− 1

(1+γi)
2

)
/N

= −Θ(γi) . (B.2)

Then, ∂
∂Ri

Q (Ξ (γi, Ri)) in (B.1) can be expressed as

∂

∂Ri

Q (Ξ (γi, Ri)) =
1√
2π
e−

1
2
Ξ2(γi,Ri)Θ(γi) . (B.3)

Since Θ (γi) ≥ 0, ∂
∂Ri

Q (Ξ (γi, Ri)) ≥ 0. It can be concluded that εi is an increasing

function with respect to Ri.
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Appendix C

Proof of Lemma 3.2.4

To determine the optimal value of R1 which maximizes T , we examine the mono-

tonicity and concavity of T with respect to R1. The first and second derivatives of

T are examined as below.

Following (3.2), the first derivative of T is given by

∂T

∂R1

= 1−Q (Ξ (γ11, R1))−R1
∂

∂R1

Q (Ξ (γ11, R1))

−R2 (1−Q (Ξ (γ22, R2)))
∂

∂R1

Q (Ξ (γ21, R1)) .

(C.1)

By substituting (B.3) into (C.1), the first derivative of T with respect to R1 is given

by
∂T

∂R1

= 1−Q (Ξ (γ11, R1))−R1
1√
2π

Θ(γ11) e
− 1

2
Ξ2(γ11,R1)

−R2 (1−Q (Ξ (γ22, R2)))
1√
2π

Θ(γ21) e
− 1

2
Ξ2(γ21,R1).

(C.2)

Since the value of (C.2) is not always positive or negative, T is not an increasing
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or decreasing function with respect to R1. Next, we examine the monotonicity of T

with respect to R1. Following (C.2), the second derivative of T with respect to R1

is given by

∂2T

∂R2
1

= − ∂

∂R1

Q (Ξ (γ11, R1))−
1√
2π

Θ(γ11) e
− 1

2
Ξ2(γ11,R1)

−R1
1√
2π

Θ(γ11)
∂

∂R1

e−
1
2
Ξ2(γ11,R1)

−R2 (1−Q (Ξ (γ22, R2)))
1√
2π

Θ(γ21)
∂

∂R1

e−
1
2
Ξ2(γ21,R1).

(C.3)

Using (B.2) and (B.3), (C.3) is presented as

∂2T

∂R2
1

= − 2√
2π

Θ(γ11) e
− 1

2
Ξ2(γ11,R1) −R1

1√
2π

Θ2 (γ11) Ξ (γ22, R2) e
− 1

2
Ξ2(γ11,R1)

−R2 (1−Q (Ξ (γ22, R2)))
1√
2π

Θ2 (γ22) Ξ (γ22, R2) e
− 1

2
Ξ2(γ22,R1).

(C.4)

Since Ξ (γi, Ri) ≥ 0 and Θ (γi) ≥ 0, then ∂2T
∂R2

1
≤ 0. We can conclude that T is the

concave function with respect to R1. Therefore, the optimal R1 can be derived by

solving ∂T
∂R2

= 0.
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Appendix D

Proof of Lemma 3.2.5

To find out the existence of the optimal transmission rate R2 that maximizes T , the

monotonicity and concavity are examined by deriving the first and second derivatives

of T with respect to R2, presented as following.

From (3.2), the first derivative of T with respect to R2 is given by

∂T

∂R2

=

(
1−Q (Ξ (γ22, R2))−R2

∂

∂R2

Q (Ξ (γ22, R2))

)
(1−Q (Ξ (γ21, R1))) . (D.1)

By substituting (C.2) into (D.1), we have

∂T

∂R2

=

(
1−Q (Ξ (γ22, R2))−R2

1√
2π

(γ22) e
− 1

2
Ξ2(γ22,R2)

)
(1−Q (Ξ (γ21, R1))) .

(D.2)

Since the value ∂T
∂R2

is not always positive or negative, T is not an increasing or

decreasing function with respect to R2. Then, we examine the second derivative of
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T with respect to R2. From (D.2), we have

∂2T

∂R2
2

=

(
− ∂

∂R2

Q (Ξ (γ22, R2))−
1√
2π

Θ(γ22) e
− 1

2
Ξ2(γ22,R2)

−R2
1√
2π

Θ(γ22)
∂

∂R2

e−
1
2
Ξ2(γ22,R2)

)
(1−Q (Ξ (γ21, R1)) .

(D.3)

By substituting (B.2) and (B.3) into (D.3), we have

∂2T

∂R2
2

=

(
− 2√

2π
Θ(γ22) e

− 1
2
Ξ2(γ22,R2) −R2

1√
2π

Θ2 (γ22) Ξ (γ21, R1) e
− 1

2
Ξ2(γ22,R2)

)
× (1−Q (Ξ (γ21, R1))) .

(D.4)

Since Ξ (γi, Ri) ≥ 0 and Θ (γi) ≥ 0, ∂2T
∂R2

2
≤ 0. Therefore, the sum throughput T is

the concave function with respect to R2. The optimal R2 can be obtained by solving

∂T
∂R2

= 0.
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