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p-continuous functions
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‘Abstract,
The concept of ¢-continuity is due to Gentry and Hoyle [3] and that of H -continuity owes to
Long and Hamlett[6). It is known that continuity = H-continuity = c-continuity and that implica-

tivns are not reversible. In this paper the authors investigate and study a new function which

lies between continuous function and c¢-continuous function but independent of H-continuous

function.
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1. Preliminary

The concept of c-continuity as a genevaliza-
tion of continuity is due to Gentry and Hoyvle
[31. A function f:X —Y 1is said to be c-
continucus if for each z&=X and cach open
sct ¥V containing f(x) and having compact
complement there exists an open set U contai-
ning x such that f(UYV (3]. Long and Ham-
Iett [6] defined H-continuity on replacing
compact complement by H-closed complement
in the definition of c¢-continuity. We recall
that a set P in a space (X,Y") is said to be

H-closed if and only if for cach % -open co-
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vering {U,) of P it has a finite subfamily {U.,}
such that PC_CJ}{Um} [6]. Continuity => H-con-
tinuity = c—C(;;ltinuitty and these implications
arc not reversible. In this paper the au-
thors investigate and study a new function
which lics between continuous function and a
¢-continuous {unction but independent of H-

continuous function.

fl. Properties of p-continuous
functions

Definition 1. A function f: X-——Y is said
to be p-continuous if for each x&=X and each

open sct V' containing f(x) and having paracom-
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pact complement, there exists an open set U
containing x such that f(U)CV. (We recall
that a space X is paracompact if and only if
cevery open cover has a locally finite open re-
finement.)

Proposition 1. Let f: X—Y be a function
from a topological space X into a topological
space Y. Then the following statements are
equivalent:

(a) f is p-continuous.

(b) If V is an open subsct of ¥ with para-
compact complement,then f~Y(V) is an open
subsct of X.

(c) If K is a closed paracompact subsct of
Y, then f-Y(K) is closed.

Proof. (a)-1(b). If V is an open subsct of
Y with paracompact complement, then for
cach xc= f~1(V), V is ncighbourhood of f(x).
Hence therc is a ncighbourhood U of x such
that f(U)CV. Thus f-Y(V),

urhood of ecach of its points, is open.

being a ncighbo-

(b)=(a). Let x=X and V be an open subset
of Y containing f(x) and having paracompact
complement. Then f~1(V) is an open set con-
taining x and f(fY(V))V.

(b)=3 (c). Let KCY be a closed, paracompact
sct. Then Y —K is an open set with paracom-
pact complement and, therefore, /(Y -K)=X
—f~YK) is open. So f-}(K) is closed in X.

(c) =(b). Let VCY Le an open sct with
paracompact complement. Then Y-V is a clo-
sed, paracompact set and thercfore f~3(Y ~V)
=X—f-Y(V) is closed. So f~%(V) is open in X.
Let f: X— Y be a p-conti-

nuous closed function from a normal space X

Proposition 2.

onto a space Y. If cither of the spaces X and
Y is Ty, then Y is Hausdor{f.

Proof. (Case 1). If the space Y is T, let yy,
y2 be any two distinct points in Y, then {y}
and {y,} are closed, paracompact subsets of
Y. So by proposition 1, f'(y) and f1(y)
are disjoint closed subsets of X. By normality

of X, there exist disjoint open sets U, and U,

containing f~!'(y) and f~'(y»)
Since f is closed, the sets V=Y —f(X-U)
and V=Y —f(X—Us.) are open in Y. It is ca-

sily verified that Vi and V. arc disjoint and

respectively.,

contain y; and y; respectively.

(Case 11). If the space X is T, let f(x) =Y.
Tf(x); is a closed
subset of Y. So Y is T,, The rest follows

from case |.

Since {x} is closed in X,

Lemma 1 [2]. The product of a paracompact
space and a compact space is paracompact.

Definition 2. Let f: X
Then the function g: X——X .Y, defined by

»Y be any function.

g(x)=(x, f(x)) is called the graph function
with respect to f.

Proposition 3. If f: X-—Y is a function
from a compact space X into a space ¥ such
that the graph function g is p-centinuous, then
f is p-continuous.

Proof. Let x=X and V be an open sct con-
taining f(x) such that Y -V is paracompact.
Let py: (XXY)—~ Y be a projection. Since
projections are continuous, py~3(V) is open in
XKY.

paracompact,

Again, X is compact and Y-V is
therefore, by Lemma 1, X <
(Y - V)=(XXY)— py"%(V) is paracompact.
Thus py~1(V) is an open set in XY having
paracompact complement. Therefore, there
exisls an opan sct U containing x such that
gUhcpy 1(V). Tt follows that py{(g(U))--f(U)
V., so that f is p-continuous.

Proposition 4. Let f: X—Y be any func-
tion, A and A’ are index scis. Then the
following statements are true.

(a) If f is p-continuous and A X, thenf A
1 A—-Y is p-continuous.

(b) If {Us: =A%} is an open cover of X and
if for each a, fo=f /U, is p-continuous, then
f is p-continuous.

(¢) If {Fg:p=N") is a locally finite closed
cover of X and if for each 3, f;=f/Fs is p-
continuous, then f is p-continuous.

Proof: (a). Let U be an open subksct of Y
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with paracompact complement. Then f~1(U) is
open and hence (f/A)'U)=fYUINA is
open subset of A.

(b) Let U be an open subset of ¥ with pa-
racompact complement. Then f~YU)= U{ fU)
rac= A} and since cach f, is p-continuous,
each f,7'(U) is open in X and so fYU) is
open in X.

(c) Let F be a closed and paracompact su-
bset of Y. Then fU(F)=U{fsY(F):8=N"}
since each f; is p-continuous, each fI(F) is
closed in Fg and hence in X. Again, since
{Fs: 8= A"} is locally finite closed cover of X,
the collection {fs'(F): 3=A’} is a locally fi-
nite collection of closed sets. Thus f~'(F) be-
ing the union of a locally finite collection of
closed sets is closed [4].

Proposition 5. Let f: X——Y be p-continuous
and ACX be such that f(A) is closed in Y,
then f /A : A—f(A) is p-continuous.

Proof. Let F te closed and paracompact in
f(4). Since f(A) is closed in Y, F is closed
in Y. By proposition 1, f~(F) is closed in
X and hence (f/A)"WF)=f(F)NA4 is closed
in A.

Proposition 6. Let f: X--—Y be continuous

and g :Y—Z be a p-continuous, then gof :
X-——>Z is p-continuous,

Proof. Let K be a closed and paracompact
subset of Z. Then g-'(K) is closed and since
S is continuous, (gof ) W(K)=f"'(g (K)) is
closed.

Proposition 7. Let f: X——Y be a quotient
map [4]. Then a function g:Y—n2 is p-
continuous if and only if gof is p-continuous.

Proof: Necessity follows from proposition 6.
To prove sufficiency, let U be an open subset
of Z with paracompact complement. Then
(gof ) {U)=r*(g-'(U)) is open in Y. Since f
Is a quotient map, g '(U) is open in Y. So g

is p-continuous.

functions 3

Il. Comparision of p-continuity

We begin this scction with producing two
examples which suffice to show the relation-
ship of p-continuous function, c-continuous,
H-continuous and continuous functions.

Example 1. Let E be apn infinite sot and f
(B, T )—-(E, Z) be the identity function
with &7, the cofinite topology, and %, the
discrete topology. Then f is c-continuous and
H-continuous but not p-continuous.

Example 2. Let R be the set of reals and
-7~ usual topology on R. Let 7% be the right
ray topology on R. That is, v *={@3, R, {(r, +
o) i 7& R)}. Now define f: (R, 57) -—> (R,
T¥) by f(x)=x if x20 and f(x)=1 if x=0.
Let (—oo,7)=Y be a closed subset of (R, .77*)
and Q={(x,7) : x<{7} be a F y*-open covering
of Y. Then Q is not locally finite at the
point . Since no proper closed subsct of (R,
F*) is paracompact, therefore, by proposition
1, f is p-continuous. But this function is nci-
ther H-continuous nor continuous [6, cxample
4].

One may note that a continuous function is
p-continuous and a p-continuous function is ¢-
continuous. However, Examples 1 and 2 show
that the converse in the both cases may not
be true, and further that p-continujty is in-
dependent of H-continuity,

Proposition 8. Let f: X——Y be p-continuous
function and Y be paracompact. Then # is con-
tinuous.

Proof. Let K be closed subset of Y. Since
closed subspace of paracompact space is para-
compact{2], so K is closed and paracompact.
And hence by proposition 1, f-1(K) is closed
in X.

Proposition 9. Let f be a p-continuous func-
tion from X into Y. If f(X) is a subsct of
some closed paracompact subsct of ¥, then f is

continuous.
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Proof. Let D be a closed paracompact subset
of Y containing f(X) and let U be any open
subsct of ¥. Since D is closed, Y —D is open.
Thus U —D) is open. But complement of
UL (Y —D) is a closed subsel of D and thus it
is paracompact. Now by proposition 1, VAU
L (Y--Dy) is open and cquals to f-'(U). Hence
f is continuous.

Definition 3[1]. A subset M of a topological
space (X,.7 ) is a-paracompact if every open
cover by member of  has an open locally
finitc refinement by member of 9.

Lemma 274). Let (AT A=QF be a locally
finite fumily of subsets, then ¢l[U {4 A<=Q7]
Ul A A=Q).

Definition 4(5i. A function f: X —-Y is
said to be weakly continuous if for cach x=X
and cach ncighbourhood V of f(x) there is a
neighlourhood U of x such that fU)Cel V.
(¢! denotes the closure operator).

Remarik 1. Weakly continuous functions may
not imply p-continuous functions. For,

Let X=fa,b,c}=Y, 9 = (0, X,
e bty and Q—={@,Y.4{b,¢}}. Let f:
(X, 9 ;,— »(Y,Q) be identity function then f

is weaklv continuous but not p-continuous.

Example 3.

{a;, b,

Prososition 10, Let f be a weakly continuous
funciicn on X into a Hausdor{f space Y. Then
f is p-condinuous.

Proot. Let x¢=X and N be an open neighbour-
hood o f{x) having paracompact complement.
l.et ¥~ N=M. Now corresponding to cach
&M, there exist disjoint open sets U,(f(x))
und ¥ () ceniaining f(x) und m respectively,
therciore U (f(x)) el V(im)=@. By construc-
tion, )rl;‘}'ﬂU\;{V(;n),’. Since M is paracompact
it is ce-paracompact [1]. By definiticn of «-
paracompact, {V ()} has a locally finite J~
—open {(F7 I8 a topology defined in Y) retine-

meni GV (m) 2 mic M. Clearly U, (flap el V=

(m)=Q for cach meM. By Lemma 2, cj{.[_{”V*
(M) = U{clV*(m) : m=M}. Now fOael JV™
(m)}. Let Y—le‘{V*(m):U*. Then f(x)=U*
el UACY — U {V* e} CY — M. By definition of
weakly cont'i";:ity there exists an open set O
containing x such that f(O)Ccl U*Y - M=
N. Hence f is p-continuous.

Lemma 3{4]. A metacompact Ti-space is
countably compact if and only if it is compact.

Proposition 11. Let f: X

nuous function. If Y is 7, and countably com-

Y be a c-conti-

pact then f is p-continuous.

Proof. Let x=X and V be an open subsct of
Y containing f(x) having paracompact com-
plement. Since ¥ —V is paracompact it is me-
tacompact {41, And T is a hereditary property,
Y-V is T.. Also Y-V being a

closed subset of countably compact space is

therefore,

countably compact. Hence by Lemma 3, Y-V
is compact. By definition of c-continuity there
exists an open set N containing x such that f
(NHTV.
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