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The Solution of Certain Singular Integral Equations

Kim, Yong In
Dept. of General Education

(Abstract)
The singular integral equation of the form

FEEL srd2= MO0+

can also be solved by a more elementary method not only by a standard procedure (reducing to
the Riemann-Hilbert boundary value problem) provided K(z, &) and k() are required to satisfy

certain analyticity condition,

Here, according to the Peters’ method, the solution of the singular integral equations of the

form

¢ (z)dz
Je (2—80)(28-1)

=1Ag(0)+F(0)

where kernels have two singular points(poles) on the unit circle is explicitly given in closed

form.
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I. Introduction

It is well known that the solution of the

singular integral equation

$ 22 da=n90) 41O

can reduced to the Riemann boundary value
problem which is explained in the texts by Mus-
khelishvili {1}, Gakhov [2}, and others. This
reduction is now regared as a standard method
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for soiving singular integral equations with
Cauchy kernels.
Recently, Peters (3] has given a method to
solve the integral equation of the more general

form

¢ K(i s/¢(‘) dz=h(0)¢(L)+f(O

where 72({) and K(z,%) are required to satisfy
certain analyticity condition.

He has made two claims.

(1) Under these analyticity conditions, the
introduction of a Riemann-Hilbert boundary
value problem 1s not necesary.

(1) The method can be extended and used to
solve other types of integral cquation whose
kernels have singular parts which are simple
poles.

However., K.M.Case [4] in the criticism of
Peters’ paper has pointed out that the standard
method dees indeed yield an exact solution for
the equations discussed by Peters. He also has
shown that 1t is not the method which yields
a simplie result but rather the very stringent
conditions of analyticity which are imposed on
the given functions.

In this
equation cf

paper, we consider an exteneded
the form

4, $o(2)dz irareN e
ﬁ T DA,

1

where the kernel K(z, C)—-—-—— has a sing-
\

ularitz on C. We here solve the equation by
Peters’ method without reducing to the Riemann
boundry --alue problem.

The given equation is obtained from the

equation
2~ 4 N
I CAT YV
-fo CosY—cosw =21¢(w) +fi(w)

by using the substitution e®=z and e**=¢{.

Since K(z, w)= wa_ is analytic in each

1
variable 1if 1z[{<{1 and {@|<l, by using only the
Plemelj formulas and the theory of residues,

we obtamed the solution in closed form.

II. Solution by Peters’ Method

We consider the equation for the unknown
function ¢
Ly
e (z=0)(=E-1
Here:
(i) C s the unit crele jz|l=1 dividing the

dz;z?;S O+ ¢y

complex plane into an interior region D~ and
an exterior region D~. The integration 1s taken
such that D* always lis to the Iift of C and the
integral 1s understood in the sense of Cauchy
principal value.

(1) Each of f() and ¢(¢) satisfies a uniform
Holder condition on C

(ii1) Z#+1 on C and 7 is rea:

Fig.1

We introduce a function
)
P =f s @
analyuc for w in D*
Using the partial fraction decomposition
w __w {_1 I }
(-w)(zw—1)  w—1 | z2—w 1

Z—;”‘—

(2) becomes

¢(<—) dz— % {-{’(‘- dz]

F(w)= 102 1 . 2—w

The limit value of F(w) as w approaches a

point £ on C 1n a nontangential direction from
D*(and so JuT tends to % from D) (See Fig

1.) 1s given by the Plemelj formulas
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@ =g wig@+ § 92 da+rig (+)

_(ﬁ ¢(7«’.) dz]

- Sl Hlf S

Since equation (1) is to be satisfied, this limit
value is

. (S 0 S N P
PO =5 [ 80 +4 1) | 28D +AD(3)
On the other hand, we notc that eq. (1) has
much symmetey in { with respect to the unit
circle C. In fact, replacing { by —é— in eqg. (1)
we obtain

f’ ¢(z)a'z
‘(z-**)(z \-)

Comparing with the original form of eq. (1)

=i JHA)

gives
g +FO =il -+ ) A )

or (£ =60 ~F[r0-A+)] @
The substitution of (4) into C3) yields

@)= BB O s [ £
~fF )]
-2 50
72 FO-A(F ) race-nr@
PIGESY

or, writing for ¢({) we obtain
. (E-1DFT()
o=
s £ -A(F ) [+ A 17
EA{ACR+2n — A)
The subsitution of (5) into (1) gives

@-DF(2) 4.
f[Az5+2r2— 4]

(5

§ g
¢ (Z"'C)(ZC"‘]-)

T‘E“‘(‘z-—mgz‘c—-x)
nz[f(z) f(—l—ﬂ 2(2“«1)f(z)
1A[A%+2nz— 4]

= - Ig=iAg(0) +f(O) (6)
Let Cy be an indented counterclockwise path

in D* shown in Fig 2. and let z, and 2z be

Fig.2

(azi{l2el) of Az2+27z—2=0 Since
z12g==~1, 21 is inside Co and z: is outside Cy, The
deformation of C into C, in the first integral
I, of (6) gives, from the residue calcalus

e (1 (F-DFT(2)
Ii= C’-—-lf}%( =, é /‘z[Rzz-luzm«l] dz

the roots

e i S DE Q)
§7—-1 (43420 —4)

(Fe() 1
:(2-15—-1—23—*—-/{)

(@E-DF(2) 7
+ﬁ.{ (z-—C)(zC—l) i(Az2+27z—4) sz

=] ]TSH j ¢z @

Now, to calculate the bracket-term | 1,
we use the expression (5) for ¢({).

e~ ¢(~F)
-va(C)"f-—L .,'_)‘(-2__1))‘-’_]_.,_
[ el o)

[ FO—(F) A= D7E
T TiAALE 2t —-A]
From the relation(4) and after some rearra-

—f .

ngement we have

(F)-r© 1 AF)r©
=l =

oo (LY 220D
~af O+ ) T —1Y = A7)

22— D O+ )]
A1 —4n?]

ol I
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Substituting this into (7) and using residue

calculus for ﬁ we have
coy

- - (1 \3
o me TRE-DRIAO-A )]
=y 1A [A3(C2—1)2—4r%C?]

(Z2—-1DF(2)
(222 (amze) P

B
20 SO +A( )]

g /72((2 1)2—47%2

P 4 (2:2—1)F (z21)
P (=0 (2l —-1) iA(21—22)

203 FO+(F )| Kt
pE (v (SR (R RCY

—2x(z:*—DF(21)
Az1(21—22)

constant. Now we need only to calculate the

where K= 1s an unknown

second 1ntegra1 I: n (6)

r=f @Y
w2 f@—f( )| - 4@~ DF @)
il 22— 1] dz

g S (A(E-D+zz]f(2) .
e (z—=0)(E-1) 22[2224—212 — ]

nz <—z->dz
A o= &

changing the

Y _
FoaoHGEEED
In the second 1ntegral in (9),

variable z by *'12—- we obtain

- . r——f\Z)d< i :)
T R

A ¢ _ zzf(2)dz
:fc‘(z —(E—1)  iA[Az2—2rz—A]

Inserting this into (9) gives

_ 9i0) _[2(22—1)*32
.}{ A2(z=0(I—-1) L 4z2+2rz—2

21:2 2 ]dz
5 Cf(2)2%(22—1)%z ~ (10)

=D

A=) EE=D) [22(z2 =] 1)2—4n%?]

Therefore, substituting (8) and (10) into (6)
and solving the result for ¢({), we obtamn the
solution of the given eq. (1)

FO+A)
il A1) -4

*# Ci(zE-1)¥f(2)dz
Je (=0 -1) (B2 -1)2—4r%?]

. Conclusion

The singular integral equation of the form

: “@‘;g%sj(%di‘n =i2g(L)+f(O)

can be solved in closed form by introducing an

wo(z)dz
¢ (z—w)(zw—1)

using Plemelj formulas and the theory of resid

analytic function F(w)= and

ues, without reducing to the Riemann problem.
The solution of the given equation 1s

A1
O e TOHA(E)
T E— D

[ {22 —-1)%f(2)dz
. G=OGER-D 2GE=)e— 4%

which is in accordance with Peters’.
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