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Some notes about Hausdorff u-space
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{Abstraet)

In this paper we define a Hausdorff y-space and study its properties. In section 2, we consider
some properties between the given topology and the g-extention topologv. In section 3, we investi-
gate the necessary condition and the sufficient condition for the Hausdorff u-space. In section 4,
we prove that a locally g-space is a u-space and any closed subspace of p-spaces is a u-space.
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p-space is g-space and every closed subset of a
1. Introduction wSpace is a g-space. Unless otherwise mentioned,
the word “space” is used to meant a Hausdorff

In this paper we are concerned with a Hausd- space.
orff u-space. By a p-space is meant a topological
space which is coherent with its metacompact I. The p-extention of a topology.
closed subsets, i.e. X is a gspace if open
subsets of X are exactly those sets which inter- Let (X..7) be a Hausdorff space, The g-exte-

sect every metacompact closed subset M of X ntion of -~ is defined to be the family .97, of all
in an open subset of M. In section 2, we  subsets U of X such that UNM is open in M

consider some properties between the given for every metacompact closed subset M

topology and the g-extention topology. In section Proposition 2.1. If A is a .Y -metacompact
3, we investigate two topological properties closed subset of X, then the relativization of
which are closely related to p-space. One of them 7 to M is identical with that of .77 ,. Consequen
ensures a space to be a p-space, while the other tly a set is . -metacompact closed subset iff it
proved to be a necessary condition to become a is & y-metacompact closed subset.

p-space. In section 4, we proved that locally Proof. Suppose M is .7 -metacompact closed
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subset. Since M is .9 ,-closed as .97, is finer than
7, asubset A of M is .5 ,closed in the whole
space whenever it is relatively .77 ,-closed in M.
Hence a subset A of M is closed in M with
respect to ./~ ,, then its intersection with any
metacompact closed subset must be U -closed.
A=ANM 1s .7 -closed, and 7" 1s finer than 77,
on M.

Proposition 2.2. The space (X, ,) is a
p-space.

Proposition 2.3. A functionon X is .97 ,-contin-
uous iff it is & -continuous on every metacom
~pact closed subset of X.

Proof. If f is continuous on every metacompact
closed subset, then (fIM)~Y(C)=f1C)NM is
“"-closed for C closed in ¥ whenever M is a
metacompact closed subset. Hence f~1(C) 1s clo-
sed with respect to .27, 1.e. [ is 7 4-continuous.
Since %~ = .77, on every metacompact closed
subset, the converse is true.

Proposition 2. 4. The topology .77, is the largest
topology which agrees with ./~ on metacompact
closed subsets.

Proof. By proposition 2.3, the identity func-
tion of X is continuous of (X, ¥7,) to (X, Ty if

.Y agrees with v~ on metacompact closed subsets.

. Necessary condition and sufficient
condition for y-space.

Proposition 3.1. A space is a wg-space if for
any subset 4 of X having peX as a limit point
there is a metacompact closed subset M of X
such that p is a limit point of ANM.

Proof. Let A be a nonclosed subset of X. We
must show that for some metacompact closed
subset M the intersection A M is not closed.
Suppese p is a limit point of A which does
not belong to A. There is a metacompact closed
subsct M of X such that p is a limit point of
AN M. But the point p cannot be contained in
AN M as p is not contained in A. Hence ANM
is not closed.

Proposition 3.2. If a space X is a p-space,

then for any closed subset C of X having p as
a limit point there is a metacompact closed subset
M of X with p as a limit point of CNM.
Proof. Suppose that the proposition is false,
and let X be a p-space which does not satisfy
the condition that there is a metacompact closed
subset M of X with p as a limit point of CNM
whenever C is a closed subset of X having peX
as a limit point. Then there is a point p and a
closed subset C of X having p as a lmit point
such that p is not a limit point of C M whenever
M is a metacompact closed subset of X. This
implies that (C-{p}) NM=(CNM)-{p} is closed
C-{p} 15 alsoa
closed subset of X and p cannot be a limit

in X. Since X 1s a p-space,

point of C. This contradiction proves the
propositien.

. Locally 1-space and free union of
the spaces.

Let X be a Hausdorff space and p be a
point of X. By a p-neighborhood of p, we
mean a closed neighborhood of p which 1s a
p-space as a subspace of X. We call a space is
a locally p-space iff every point p of X has a
u-neighborhood.

Proposition 4.1. A space is a p-space if and
only if it is a locally p-space.

Proof. For sufficiency, let A be a non-closed
subset of a u-space X, Then there is a point p
of A which is not in A. Let N be a g-neighbor-
hood of p. The intersection ANN has p as a
limit point with pecANN. Thus ANN is not
closed in the g-space and there is 2 metacompact
closed subset M of N such that (ANN)NM 1s
not closed in N. This means that ANM 1s not
closed since ANNNM=ANM. Necessity is
obvious.

Proposition 4.2. The free union of the g-spaces
1s also a u-space.

Proof. The proof is obvious from proposition
4. 1.

Proposition 4.3. Every closed subset of u-space

1S a u-space.
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Proof. Let C be a closed subspace of a g-space,
and let S be a subset of C such that SNM is
closed in M whenever M is a metacompact
closed subset of C. Then, for any metacompact
closed subset N of X, (SNCINN=SNWNNC)
is closed in NNC as NNC must be 2 metacom-
pact closed subset of C. Since NC is closed
in N, (SNCYNN is closed in N. This means

that SNC is closed in X. Therefore 8 is closed
in C.
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