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An Algorithm for Minimization of The Multi-Output
Switching Function
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I. Introduction

A large number of the established problems in
logic design have multioutput switching function.
One of the approaching methods would be to
implement each function completely indepently
by the techniquel5] already developed. For many
of the simpler logic networks, such approach is
a realistic solution to the problem. But, as the
function becomes more complex, we frequently
wish to implement a number of different func-
tions of the same set of input variables.

This sharing of hardware bhetween various
functions affects the overall cost of the network
design, so there have been other techniques [1]-
[4], [6] to share as many logic circuit elements
as possible, {Goal of each techniques are the
minimization of switching functions with the
optimal cost by retaining as much commonality
as possible between switching functions.) in this

paper an application from the Simple table and

the DA table [5] is generated, A criterion for
minimality is introduced in Chapter II. From the
Intersection table defined in Chapter ¥, the
commonality of minterms between functions are
found in Chapter II of this work easily. The
generation of PI’s is treated in Chapter T as
the previous work of this author [5].> The
optimal set of prime implicants which cover the
function is selected from the cyclic chart by
using the Cost Table defined in Chapter Tl of
this work.

I. Cost Table

1. Criterion for Minimality

Before developing a minimization procedure for
multiple-output switching circuits, it is necessary
to introduce a criterion to measure the network
cost. In this work, a criterion for the Minim-
ality among various criteria [6] is selected as
follows:

Let F1, F2, -, Fm be the set of normal switch-
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ing expressions describing a multiple-output
switching circuuit and let #1, £2,+.+, tp be the
set of all distinct terms appearing in the m
output expres sions. The cost of the multiple
output switching circuit is p, the number of
distinct terms in the representation. In the case
of that two switching circuits have the same
number of distinct terms but different realiza-
tions, the number of literals in the term ¢; is

also considered in the cost evaluation.
2. Cost Consideration

Considerable savings often be achieved by the
sharing of hardware among the multi-output
functions.

It is clear that minimum total number of gates

are required. For the minimum sum of products

(a) Two different output function

realization of the given switching function, it is
considered that how many gates are eliminated
by minimization of the functions.

For example, if two different output functions
have a same 2-cube PI(prime implicant) which
is reduced one minterm from four minterms, 8
AND gates can be realized to 1 AND gate,
therefore 7 AND gates can be saved as shown
in Fig.1. In other words, if we don’t restrict
the number of inputs of any gate and multi-
output functions have w-commonality of the #u-
cube PI, (2*}Xm—1) AND gates can be saved in
comparison to the logic circuit that realized
separately. From the above description, we can
constuct the Cost Table as shown in Fig.2, where
the cost means the number of AND gates that
can be reduced to one AND gate.
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(b) In the case of F1. and F2.
in (a) have 2-cube PI relation
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(¢) In the case of two functions
in (h) have common 2-cube PI

Fig.1. The reduction of a multi-output function that
have 2-cube PI and 2-commonality relation.
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(a) Original circuit of a Multi-output function
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(b) Reduced circuit when F1 of (a)
has 1-cube PIL
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(c) Reduced circuit when F1 and F2 of (a)
have 0-cube that is common to the two
functions.

Fig.8. An Example of the reduction of multioutput functions that
have different hardware, but same cost

\ Commonality
No. of Minterms That\ | 4| 3| 2|1
can be Reduced to 1 PI
8 32| 24| 16 8
4 16| 12 8| 4
2 8 6 4] 2
1 4 3 2|11

Fig.2. The Cost Table of a multi-output fune-
tion that has four outputs and 8-cube
relation of the highest.

In the cost table, we can see that if output
function F1 has a 1-cube PI that is not included
in Function F2, and the output functions F1 and

F2 have the O-cube PI that is common in two
functions, they have differnt hardware realiza-
tions, but the costs of the two realized circuits
are same,

In other words, 1 AND gate and 1 input can
be eliminated in the former case, and only 1
AND gate can be eliminated in the latter case
as shown in Fig. 3.

. Generation of Prime Implicants

For the generation of PI, the application of
the Simple table and DA table [5] to the multi-
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output function is quite similar to the single
output function.

A little difference between the single output
funotion and multioutput function is to he in
the selection of PI's. In the case of single out-
put function, this procedure is satisfied by only
generating PI’s, butin the multi-output function
the subsets of a PI should be considered, because
of the cost consideration. If any subset of a PI
has higher commonality than the PI. it should
be listed in PI chart.

Let us assume that we wish to find a minimal

Minterm | X1 X2 X3 X4 1[ F1 F2 F3
0 0 0 o ol o o 1
1 0 0 0 1 0 0 0
2 0 0 1 04 0 0 0
3 o o0 1 1] 1 0 o0
4 o 1 0 o0 0 0 1
5 o 1 0 1 1 1 0
6 0o 1 1 0 0 0 0
7 o 1 1 1] 110
8 1 0 0 0| 0 0 0
9 1 0 o0 1] 0 0 0
10 1 0 1 0] 0o 1 1
11 100 1 1 0 0 0
12 1 1 o0 ol 0 0 o0
13 1 1 0 1 1 1 0
14 1 1 1 0 11 1
15 1 1 1 1 11 1

Fig.4. An Example of truth-table for three
output logic network.

SIMPLE TABLE

DA TABLE
TEST MINIERMS
3057 3palsl 8taialn
g , 5
AR 1
¥ 5 o|2]s 0 [0
= 0 8 o|b1 (ks
E 13 0 2 1 0
o
=14 0f1 [ L—o
15 0 1 11

Fig.5. The Simple table and the DA table of
functionF1 for the generating PI's.

sum of products realization for three functions
represented in Fig.4 as an example. This exam-
ple is taken from (4], pl152—155.

At first, draw the Simple table and DA table
for a function F1 of the multi-output function
Fig. 5.

We can generate all the PI's of F1 from the
above table. And now all that we must do is to
choose the minimum number of PI's that can
cover the entire function F1. Same procedures
for the rest functions F2 and F3 must be done
similary.

. Intersection Table and Selection
of the Prime Implicants

As described previously, we can find the mi-
nimal set of sum of products by selécting the
larger cost PI earlier. To find the commonality
of each PI, we draw the Intersection table (as
shown in Fig.6.) of given functions from the

truth-table shown in Fig. 4.

Minterms [ F1 ; F2 ’ F3
0 A%
3 A%
4 \Y%
5 v \'%
7 A% \%
10 A% \Y%
13 A\ \%
14 v A% A%
15 A% A% A%

Fig.6. Intersection table of An Example in
Fig. 4.

By locating this Intersection table betwcen DA
table and cyclic chart, we can casily know the
commonality of the minterms that can be reduced
to one minterm{or the selected prime implicants),
Now, for the selection of PI's that cover the
entire function F1 draw the cyclic chart as shown

in Fig.7 as an Example

—18 —



An algorithnu for MInlmlzation of the Muit Output Switching Function 5

5
2ok
BIR[B|~|alw 3
— w0
< <|l<| 3 &
o8
<< ] o8
< 3 5
P.1 I\L%'ng, eg/[gl;eg}ls Commonality Cost
PI (1) 5,7,13,15(2,8) |V VIV |V 4 F1,F2 6*
PI (2) 3,7(4) v \% 2 F1 2
PI(3) | 14150 | |V|V 2 F1,F2,F3 6
PI (4 5,7(2) ViV 2 F1,F2 4
PI (5) 13, 15(2) Vv Vv 2 F1,F2 4
PI (6) 5,13(8) » \' \' 2 F1,F2 4
PI (D 7,15(8) A% \Y 2 F1,F2 4
PI (8) 3 A% 1 F1 1
PI (9 5 \Y 1 F1,F2 2
PI(10) 7 A% 1 F1,F2 2
PI(11) 13 v 1 F1, F2 2
PI(12) 14 v 1 F1,F2,F3 3
PI(13) 15 v 1 F1,F2,F3 2
‘ A% V| VIV
*PI chosen in the Cyclic chart.
**Minterms covered by the function F1.
Fig.7. Cyeclic chart (first step) for the selection of PI's of F1.
N‘ 15({14 |13 7 | 5| 3 I\Iﬂ(;.m(;firrlré(iinterms Commonality Cost **
PI (1 5,7,13,15(2,8) | V V|IVIV
PI (@ 3,7(4) A A% 1 Fl1 1
PI (3) 14,15(1) V|V 1 F1,F2,F3 3 *
PIL&)| 5792 VIV
PI (5) 13,15(2) A% v
PI (& 5,13(8) A% A%
PI (D 7,15(8) A% v
PI (8) -3 \' 1 F1 1
Pl (® 5 vV
PI(10) 7 v
PI(1D) 13 Vv :
PI(12) 14 v 1. F1,F2,F3 3
PI(13) 15 v
VIiVIVIV)|V

*PI chosen in the Cyclic chart.

**Minterms covered by the function F1.

Fig.8. Cyeclic chart (second step) for the selection of PI's of F1. (continued from Fig.7.)
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In this cyclic chart, all the PI’'s of F1 are
listed and their cost are also computed from the
Cost Table and recorded. From this cyclic chart,
at first we choose the largest cost Pl and elimi-
nated the corresponding minterms as shown in
Fig.7.

Next, compute the cost again for the remaining
PI's and choose the largest PI and eliminate the
corresppnding minterms as shown in Fig.8 This
procedure continues until the entire function is
covered. The minimized result for a function F1
F1=X,X3X4+X1X2X3+X2X4

Similarly, the minimized results for the F2 and

is as follows.

F3 are obtained as follows:
F2=X2X4+X1X3X4
F3=X1X2X3+X1X3X4+X1X3X4

The realization of the three functions given in

Fig. 4 is shown in Fig. 9.

STARY

READF], F2, F3

|_LMAKE INTERS CTION TABLE

MAKE DA TABLE
GENERATION OF PI

[LIST THE PI IN CYCLIC CHART]

[FIND A SUBSET OF THE PI|

No

E ALL THE
]}SSE’FS FUUND?

Al
SuU

ARE ALLTHE
PI'S GENERATED?

MAKE COST TABLE

[CHOOSE LARGEST COST Fi] °

HICHER COMMONALETY?
LIST THIS S8UBSET

IN CYCLE CHART

Xl
X&E‘D - ‘r_:*:)‘i_}"' F

Fig.9. Reduced multi-output logic network
realization.

It is clear that as this procedure treats all the
functions and cost numerically and the selection
step is also straightforword, this procedure is
suitable for the minimization by using the com-
puter. Therefore, this procedure is implemented
computer, and the overall flow chart is shown
in Fig. 10.

e
ARE ALL THE MINTERMS
CONVERED?

IS THE ENTIRE FUNCTION
COVERED?

PRINT oUTPUT

Fig.10. The overall flow chart for the computer program.
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V. Conclusion

This paper is concerned with the minimization
of the multi-output switching functions by the
Intersection Table and the Cost Table presented
here. Owing to the Simple algorithm of both
generating and selecting the PI's and numerically
treated cost, it can be easily programmed on the
digital computer. This computer algorithm de-
pends on the constraint given by the cost table,
which is useful for the two level (AND/OR)
realization regardless of fan-in of gate. But, this
disadvantage will overcomes if we use PLA chips.

In general, the conclusions of this work can be

summarized as follows:

1) Because of the simplicity of table and Inter-
section Table, the minimization of the multi-
output function under the given criterion
becomes easier evidently then ealiers works
(11-[4] and [6].

2) This method will be extended to the minimi-
zation of the multi-output function under other
criteria.

3) In Geneating the multi-output function prime
Implicants is obtained easily from the DA
table as ealier work [5] done by this author.

4) The experiments with the various examples
showed that the intersection table and the
cost table method is efficient.
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