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On Weakly 6-continuous Functions
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{Abstract>

The concept of g-closed sets is due to N.V. Vv

to be #-open sect. Mamta Deb [2}

has studied weakly continuous functions [6)

elicko [12]. Complement of f-closed set is said

and seen that if f:

X——>Y is a function for which the inverse image of every #-open set is open, then f is not

necessary weakly continuous, however, weakly continuous function implies this type of function,

In this note we named thesc type of functions by weakly #-continuous functions

its study.

Weakly 0-od S350 sha}o]

and present

R. Prasad* - #]34] - L ]. Singh*

e
-

31
6_1

3}

(1932.10.30 A <)

'@ o
= [12]s) (21904, o vtel A el Weakly G-l g-olel Weakly Adghbrrt 3 H oo o
o e s gegy

[. Preliminary

For a topological space X and AcCX, the
#-closure[12] of A denoted as clo A, is [ze=X
tevery closed neighbourhood of x meets A},
The A is g-closed[12] if ¢l A=A.
Similary, a subset 4 of a space X is said to

subset

te g-open (2] if for every point x=A therc
exists an open set G such that 1E=GClGC A
(c/ denotes the closure operator). A subset is
regular open if it is the interior of the closure
of itsclf. Complement of a regular open sct is
called regular closed. The concept of weakly
continuity is due to N. Levine[6]. A function
J i1 X—>Y is said to be weakly continuous if
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ol Weakly g-c1 £5lo]l a1gh a1 -0] e},

for each x=X and each neighbourhood V of
J(x), there is a neighbourhood U of x such
that fU)cel V. Fomin[4] defined ¢-continuous
functions on replacing f(U) by f(cl U) in the
definition of weakly continuous functions.

It is known that g-continuity implies weakly
continuity but converse is mnot true. Weakly
#-continuous  functions generalize  weakly
continuous functions. In the prescnt note we
g-continuous funciions and

define weakly

present their study.

I. Properties of weakly 6-continuous
functions

Definition 1.1: A function i1 X—Y issaid

[ndia.
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to be weakly ¢-continuous if and only if
inverse image of each ¢-open set in ¥ is open
in X.

Theorem 1.1, Let f: XY be a function
from a topological space X into a topological
spacc Y. Then the following statements are
equivalent;

(a) f is weakly @-continuous.

(b) For each x=X and each ¢#-open set V
containing f(x) there is an open set U
containing x such that f(U)CV.

() If V is a @-closed subsct of ¥, then
F71(V) is closed subset of X.

Proof. (a)=(b) Let =X and V be a ¢-open
set of Y containing f(x). Then f-Y(V) is an
open set containing x and f(f-Y(V))CV.

(M) (a) If V is a #-open subset of ¥, then
for cach x=f-Y(V), V is a neighbourhood of
f(x). Hence there is an open neighbourhood U
of x such that f(U)cCV. Thus f~(V), being a
neightourhood of each of its points, is open.

(a)=(c) Let KCY be a #-closed set. Then
Y -K is a f-open set and therefore, f-Y(Y —
K)=X-f-(K) is open. So f-Y(K) is closed
in X.

()~ (a) Let VCY be a 6-open set. Then
Y-V is a ¢-closed sct and therefore, f~-1{(Y —
V)=X—fYV) is closed. So f~(V) is open in
X.

Lemma 1.1. A space X is Hausdorff if and
only if {x} is @-closed for all z=X.

Theorem 1.2. Let f: X——Y be a weakly 6-

continuous, If ¥ is

one to one function.
Hausdorff, then X is T,.

Proof. Let x=X. Then by Lemma 1.1, {f
(x)} is g-closed in Y. Hence by Theorem 1.1
(©), fFU(f(x))=1{x} is closed. Therefore X is
T;.

Theorem 1.3, Let f: X—-Y be any funtion,
A and A’ be index sects. Then the following

statements are true;

(a) If fis weakly @-continuous and AcCX.

Then f/A: A—>Y is weakly #-continuous.

(b) If {Us:as=A} is an open cover of X
and if for each a, fo=f/U. is weakly 6-
continuous, then f is weakly #-continuous.

(c) If {Fs;:8=A"} is a locally finite closed
cover of X and if for cach 8, fs=f/F;is
weakly @#-continuous, then f is weakly ¢-
continuous.

Proof. (a) Let U be a #-open subset of Y.
Then f~1(U) is open and hence (f/A)'(U)=
I UYNA is an open subset of A.

(b) Let U be a #-open subset of Y. Then
S =U{f ) t a=A} and since each f,
is weakly #-continuous, cach f,~1(U) is open
in X and so f~Y(U) is open in X.

(c) Let F be a ¢-closed subset of Y. Then
FUF)=U{fs(F):B=A"}. Since each fp is
weakly #-continuous, by theorem 1.1(c), each
S Y(F) is closed in Fg and hence in X. Again,
since {Fg: 3=’} is locally finite closed cover
of X, the collection {fs'(F):3=A"} is a
Jlocally finite collection of closed sets. Thus
f-YF) being the union of a locally finite
collection of closed sets is closed.

Definition 1.2. Completely separable, H-
closed spaces are called #-bicompacta. A space
is completely separable if every two distinct
points have nonintersecting closed neighbour-
hoods.

Lemma 1.2. Let Y be an open subspace of
a space X. If UCY is regular open in ¥V, then
U=YNInt ¢! U.

operator).

(Int denotes the interior

Lemma 1.3. In a #-bicompacta each regular
closed set is #-closed.

Remark 1.1. A weakly #-continuous function
f i X—Y need not have the restriction f/A :
A—->f(A) to be weakly ¢#-continuous. For,

Example 1.1. Let X={a,b,¢}=Y and J =
{3, X} and Q={@, Y, {a}, {b}, {a,b}}. Let f:
(X, 9 )— (¥, Q) beidentity function and A
={a,b}. Then f is weakly @-continuous but
f/A: A—>f(A) is not weakly #-continuous.
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Theorem 1.4. Let f be a weakly #-continuous
function from a space X into a #-bicompacta
Y and ACX be such that f(A4) is open in Y.
Then f/A: A—f(A) is weakly §-continuous.

Proof. Let x=A and U be #-open in f(A)
containing f(x). By definition of ¢-open sets,
there exists an open set V in f(A) such that
fevoel, wWVal. Let Intray clyasV=W,
Then W is regular open in f(4) and by Lemma
L2, W=f(A)NInt ¢/ W. By Lemma 1.3, Y —
Int ¢/ W is 6-closed, therefore Int ¢l W is g-
open in Y. Now,

fIAYW)Y=F /AN fCANTInt ¢l W)

=f /AN SANNS /A Int el W)
=ANSf /A Int ¢l W)
=ANS(Int ¢l W).

Since f is weakly 6@-continuous, f~'(Int cl
W) is open in X and hence f /A (W) is open
in the subspace A and x=f/A"Y(W). And f/A
(f/A W))W cU. Hence by Theorem 1.1(b),
f/A: A—f(A) is weakly #-continuous.

Theorem 1.5. If f:X—-Y is continuous
and g:Y——Z is weakly @-continuous, then
gof : X—>Z is weakly ¢-continuous.

Proof. Let U be a #-open subset of Z. Then
g~ '(U) is open in Y and since f is continuous,
(gof )'UH=F"'(g"'(U)) is open in X.

Theorem 1.6. If f:X—->Y is weakly 6-
continuous and g:Y-——2Z is #-continuous,
then gof : X—Z is weakly #-continuous.

Proof. Let U ke a 6-open subset of Z. If
x&=g~'(U) then g(x)esU. By definition of -
open sets, there exists an open set V in Z such
that g(x)CVCel VCU. By 6-continuity of g
there exists an open set W in ¥ such that
x=W and g(cl W)cel V. Therefore x&W el
Wcg(U). Hence g~'(U) is #-open in Y and
since f is weakly 6-continuous, (gof)~WU)=
[ YWg(U)) is open in X.

Definition 1.3, Let f:X—Y be any
function. Then the function g:X—XXY,
defined by g(x)=(x,f(x)) is called the graph
function with respect to f.

Lemma 1.4. If f: X—>Y is a continuous
function, then inverse image of 6-open set is
¢-open.

Proof. Let ¥V be #-open subset of Y. Then
for each x=f-Y(V), f(x)=V and since V is #-
open there exists an open set 7 such that f(x)
eUcc UcV. f-Y(U) is open and cl ¢ /p]en
S el U f~Y(V). Therefore e fFYU)Cel [
WHCf(V). Hence f-'(V) is 6-open in X.

Theorem 1.7, If f: X
such that the graph function g is weakly 6~

Y is a function

continuous, then f is weakly #-continuous.

FProof. Let x¢:X and V be a 6-open set
containing f(x). Since projection map py is
continuous, by Lemma 1.4, p,-Y(V) is g-open
in XXY. Therefore, by Theorem 1.1(b),
therc exists an open set U containing x such
that g(U)Cp1 (V). It follows that by(gU))
=fU)CV, so that f is weakly @-continuous.

Lemma 1.5. A compact subset of a Hausdor{f
spacc is #-closed.

Theorem 1.8. Let f:X-—Y be a weakly
¢-continuous function from a compact space X
in a Hausdorff space ¥. Then inverse image
of compact set is compact.

Proof. Let K be a compact subset of Y.
Then by Lemma 1.5, K is @-closed in Y. By
Theorem 1.1(¢c), F-Y(K) is closed in X and
since X is compact, f~'(X) is compact.

Theorem 1.9. Let f:X—Y be a weakly
¢-continuous onto function. If X is connected
so is Y.

Proof. Suppose Y is disconnected, then there
exists a proper closed open sct K in ¥. Then
K is both ¢-open and §-closed. And by Theorem
1.1, f~Y(K) is open and closed. Also SYK) is
proper subset of X. This gives a contradiction.

. Comparision

Definition 2.1.

an H-set if every cover of A by sets open in

A subset A of a space X is

X has a finite subfamily whose closures in X
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cover A. H-sets are cquivalent to H-closed[9]
sets.

Lemma 2.1. A function f:X—Y is ¢-
continuous if and only if for cach closed and
compact subset V of ¥, f~1(V) is closed in X.

Lemma 2.2. A function f:X—Y is H-
continuous if and only if for each closed and
H-closed subset V of ¥, f~1(V) is closed in X.

Lemma 2.3. A function f: X—Y is almost
continuous if and only if inverse image of
regular open subset of Y is open in X.

Definition 2.2. A function f: X—Y is said
to be @-compact if fYK) is H-set in X

whenever K is H-set in Y.

Remark 2.1. Continuity——>almost continuity
—>@-continuity—>wecakly continuity.

We know that weakly continuity implies
weakly @-continuity, however, converse is not
true. It follows from Remark 2.1 that
continuity and almost continuity imply weakly
@-continuity, however, the converse in both
cases may not be true.

Also, the function defined in Example 1.1
is weakly #-continuous but neither c-continuous
nor H-continuous.

Thus by Examples 2.2 and 1.1 weakly 4-
continuous function is independent of c-cont-
inuous function and of H-continuous functions.
And by Examples 2.1 and 2.2 weakly ¢-conti-
nuous function is independent of #-compact
function.

Example 2.1, Let f : (R, Z)—> (R, T ) be the
identity function with 7, the cofinite topolo-
gy and &, the discrete topology. Then f is
weakly #-continuous but not #-compact.

Example 2.2. Let f: (R, I )—(R, Z) be the
identity function with 7, the cofinite topol-
ogy and 2, the discrete topology. Then f is
c-continuous, H-continuous and #-compact but
not weakly #-continuous.

Defintion 2.3. A space in which every clo-
sed subset is an H-set is called C-compact.

Lemma 2.4, Each H-set in a completely

separable space is ¢-closed.

Proof. Let P be an H-set in a completely
separable space X. Let x=(X-P). For each
point y=P there exists a closed neighbourhood
W, not intersecting with some closed neighb-
ourhood W: of the point x. There exist finitc
number of sets W, ;7=1,2,---» which cover
P. The neighbourhood W.= ‘(i Wx; of the
point x is closed and does r;c;t interscct P.
Therefore X-—P is @-open.
closed.

Theorem 2.1. Let f:X—Y be a weakly

Hence P is #-

f-continuous function. If Y is completely
separable and C-compact, then f is continuous.

Proof. Let F be clesed subset of ¥, then by
definition of C-compactness, F is an H-set in
Y. By Lemma 2.4. F is 6-closed. And by
Theorem 1.1(c), f~1(F) is closed in X.

Theorem 2.2. Let f:X—Y be a weakly
g-continuous function. If Y is #-bicompacta
then f is almost continuous.

Proof. Let U be regular open subset of Y,
then Y ~U is regular closed and by Lemma
1.3, U is #-open. Hence f~'(U) is open. Ther-
efore, by Lemma 2.3, f is almost continuous.

Definition 2.4. A space X is said to be
almost regular if for every regular closed sct
F and a point x&£F, there exist disjoint opcn
sets U and V such that FCU and z=V.

Theorem 2.3. Let f: X——Y be a wcakly
¢-continuous function.If ¥ is almost regular
then f is almost continuous.

Proof. Let U be a regular open subset of ¥
and z=U. Since Y is almost regular therc
exist disjoint open sets M and N containing x
and Y —U respectively. And so Y—N is closed
and (Y -N)CU. Therefore s&McC cl M (Y —
N)cU. Hence U is ¢-open and so fYU) is
open. By Lemma 2.3, f is almost continuous.

Theorem 2.4, Let f:X—>Y be weakly ¢-
continuous function. If ¥ is Hausdorff, then f
is c-continuous.

Proof. Let F be closed and compact subsct
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of Y. By Lemma 1.5, F is #-closed. And so
by Theorem 1.1(¢), f-3(F) is closcd. Therefore
by Lemma 2.1, f is c-continuous.

Theorem 2.5, Let f: X— Y be weakly ¢-
continuous function.If ¥ is completely separable
then f is H-continuous.

Proof. Let F be closed and H-closed subsct
of Y. Since H-scts are equivalent to H-closed
subsets, by Lemma 2.4, F is f-closed. And by
Theorem 1.1(e), f~YF) is closed. Hence by
Lemma 2.2, f is H-continuous.

Lemma 2.5, A #-closed subsct of an H-closed
space is an H-set.

Theorem 2.6, Let f:X—-Y he an H-
continuous function. If ¥ is H-closcd, then f
is weakly #-continuous.

Proof. Let F be 6-closed subset of Y. By
Lemma 2.5, F is H-closed subset of Y. And
by Lemma 2.2, f-1 (F) is closed in X.

Theorem 2.7. Let f be a #-compact function
from a Hausdorff space X into an H-closed
space Y. Then f is weakly @-continuous.

Proof. Lect F be a 6-closed subset of Y. Then
by Lemma 2.5, F is an H-sct in Y. By
definition of ¢-compact function, f~}(F) is an
H-sct in X. Since H-sets[9] in a Hausdorff space
are closed, therefore, f~1(F) is closed. And so
by Theorem 1.1(c), f is weakly #-continuous.

Theorem 2,8, let f be a weakly @-continuous
function from a C-compact space into a
completely scparable space Y. Then f is #-
compact.

Proof. Let F be an H-set in Y. Then by
Lemma 2.4, f is 6-closed. By Thcorem 1.1(¢),
S (F) is closed. And by definition of C-
compactness, f~U(F) is an H-sct in X. Hence
f is #-compact.
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