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{Abstract)

I.et M be an n-dimensional CR-submanifold of a quaternionic space form,

Then we shall

investigate the relations of parallel f-three-structure tensors on M induced from ihe qualernionic

siruciure and characterize the submanifold M.
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I. Infroduction

The quatcrnionic projective space, its non-
compacl dual and the quaternion number space
Q* arc three importanl examples of quaternionic
Kaehlerian manifold. Let M be a quaternionic
CR-submanitold in a quaternionic Kaehlerian
manifold M(see II). Then M is
QR-product if locally M is the Riemannian
product of an invariant submanifold and a

called a

totally real submanifold of M®,

In this paper, we shall find some partial
answers in order {or such a submanifold to be
a QR-product.

I[. CR-submanifolds of quaternionic
Kaehlerian manifolds

Let M* be a 4m-dimensional quaternionic
Kaehlerian manifold and its quaternionic Kae-
hlerian structure be denoted by(<(,>,V). Then
there is a canonical local basis{Z, J, K} of
3-dimensional vector bundle V' consisting of
tensors of type (1,1) over M such that

(2.1) IP=J=K°=-Id, I]=~JI=K,

JK - -KJ=I, KI=—IK=],
where Id is the identity tensor f{ield of type
(1,1) on M,
tields I, J, K are almost Hermitian with

Morcover the local tensor
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respect to ¢,» and the equations
22 V=X -aK

Va] = —r(XI+p(OK

VeH =q(X)I-p(X)]
are valid for any vector field X on M, V
being the Riemannian connection determined
by {,>, where p, g and » are local 1-forms®.
As is well known, every quaternionic projective
space QP of real dimension 4 is a quaternionic
space form with constant Q-sectional curvature
4 by a suitable normalization.

let M be an n-dimensional submanifold
isometrically immersed in a d4m-dimensional
quaternionic Kaehlerian manifold M=,

We denote by the same symbol {,> the
Riemannian metric tensor field induced from
that of M,

For any vector field X tangentio M, we put

(2.3 ¢ X P.X+F. X, (r=1,2,3).
where ¢:=1, ¢=J, ¢:=K and P.X are the
tangential parts and F,X the normal parts of
¢, X respectively. Then P, is an endomorphism
on the tangent bundle TM and F, is a normal
bundle valued 1-form on TM. Similarly, [lor
any vector field » normal 1o M, we pul

(2.4) ¢ é=tb+f,¢ (r=1,2,3),
where #,£ are the tangential parts and f,¢ the
normal parts of ¢,& respectively.

For any vector field Y tangent to M, we
have from (2.3)

(2.5) P.X, Yy=-(P)Y, X>,(r=1,23).
Similarly, for any vector field normal to M,
we have from (2,4)

(2.6) 6o =S,

We have also from (2.3) and (2.4)
2.7 (F.X, &+hE XH=0.
A distribution D :x-D,=T,M is called an
invariant digtribution if we have ¢,(D)<D,
»=1,2,3, A submanifold M in a quaternionic
Kaehlerian manifold M is called a quaternionic
CR-submanifold if it admits a differentiable
invariant distribution I such that its orthogonal

complementary distribution D+ is totally real,

ie, ¢, (DEHSTIM, r=1,2,3. for any x in M,
where T+M denotes the normal space of M in
M at x.

A submanifold M in a qualernionic Kaehl-
erian manifold M is called an invariant
subamanifold(respectively, a totally real subm-
anifold if dim D}=0 (respectively, dim D,: 0).
A quaternionic CR-submanifold is said to be
proper if it is neither totally real nor invariani.

A submanifold M of a quaternionic Kachlerian
manifold M4 to be a quaternianic CR-subma-
nifold, it is necessary and sefficient that P,—
PyPy::— PyPy, Py=P3Pi=—— P, Py, Py=P Py - —
PP, and F,P,=0, (r=1,2,3) hold on M
Moreover, {P,, Ps Ps} is an f-lhree-structure
in M and {f., fa fa} isan f-three-structure in
the normal bundle (seet®).

. Some results

Let : : M->M be an isometric immersion of
an n-dimensional Riemannian manifold M into
an (# | p)~-dimensional Riemannian manifold M,
Denote by ¢, > the inner product induced from
the Riemannian metric of M. Let V and V be
the connections on M and M, respectively.
The second fundamental form H of Llhe 1mme-
rsion ¢ is given by

(3.1) H(X, Y)-=V;Y-V,Y,
where ¥ and Y are vector fields tangent to M.
For a vector field & normal to M and X
tangent 1o M, we put

(3.2 Vige— AeX+VEE,
where —.4;X and V% denote the tangential
and normal components of V&, respectively.
Then, we have

(3.3 CH(X, ¥), &--(4X.Y).

For the second fundamental form H, the
vector H(X, X) is called a normal curvature
vector in the direction of a unit vector X, If
every normal curvature vector has the same
length for any unit vector X at xe=M, the
immersion is said to be isotropic at x. If the

—A44 —
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jmmersion ¢ is isotropic at any point on M,
then the immersion 7 is said to be isotropic®,

Now, differentiating covariantly (2.3) and
(2,4) and using (3.1), (8.2), (2.3) and (2.4),
we obtain

Lemma 1. Let M be a submanifold in @
quaternionic Kaehlerian manifold M. Then
the following equations are valid.
(VyPOX=ArzY |-r(Y)P.X

—g(Y)P X+HH(X,Y),
(Ve P)X = ArxY +p(Y )P X
—r(Y)P X LH(X,Y),
(VyP) X =ArxY +¢(Y)P, X
—p(Y)P,X+t,H(X,Y),
(VeF )X =r(YIF. X -q(Y)F.X
+HH(X, Y)-H(PX, Y),
(VyF)X - p(YF,X—r(YIF. X
L H(X,Y)—H(P.X,Y),
(VG F)X . :q(Y)F X —p(Y)F. X
+fH(X, Y)-H(P:X, 1),
/ (UV3t)3 AreX--PAXA-r(XDE,8
| - g(XD4E,
| OVatD3=Are X — oA X +p(XO0E
—r(XDh3,
(’vxtﬁ)‘::AI;EX—PSAEX+[1(X)t15
— (X038,
(Vifé=—F. 4 X -H(X, t:£)
+r(XDf e —q(XDf £,
(VifDé=—F A X —H(X, t:5)
FH(XDf ok —r(XDf 6,
(v)'?fa)f = —F;;AeX—H(X, t:£)
+a(XDf 16— p(X)f 5.

Lemma 2 ([1]). Let M be a qualernionic
CR-submanifold of e quaternionic projective
space QPr(¢) with coustant Q-sectional curva-
ture c-=4. Then M is a QR-product if and

only if

G4

Ap, D+D=0 (r=1,2,3).

Theorem 3. Let M be a quaternionic CR-
submanifold of a quaternionic projective space
QP~(c) with constant Q-sectional curvature
¢=4. If the f-three-sitructure {P, P, P} is
parallel on M, then the submanifold M is a
QR-product.

Proof. From the first ecquation in Lemma 1,

we have
Ap Y +r(Y)PX —g(Y )P X+, H(X,Y) =0

for any X,Y=TM, If we take X in D+, then
ArxY+1,H(X, Y)--0. Using (2.7), we obtain

{ArsY, Z>={H(X,Y),F.Z)
for any tangent vector field Z. Again, putting
Ze D, the equation gives

(HY,Z), F.X>=0,

which is equivalent io

{ArxZ, ¥>=0, i.e., AsD-D=0.
have AuDtD=0.
Thercfore, by Lemma 2, the submanifold M is
a QR-product.

Remark. In[5], the one of present author and
J.S. Pak proved that there does not exist
proper QR-products in a quaternionic projeclive
space if the i; M-QP"{¢) is
constant isotropic.

In the similar way, we

immersion

Combining this fact with Theorem 3, we get

Theorem 4. Let i : M—QPm(c) be a constant
isotropic immersion and M be a quaternionic
CR-submanifold of QP»(c). If the f-three-stru-
cture {P,, P, Ps} on M is parallel, then
the immersion i is necessarily invariant or
totally real.

Proposition 5. Let M be a submanifold of a
quaternionic Kaehlerian manifold M. Then F,,
F3; and F; are parallel if and only if #, % and
t; are parallel respectively.

Proof, ¢, is parallel if and only if, [or any
X, Y tangent to M, £ normal to M

CAre X, Yo—(PAX, YO+ (XO0E, YD
={g( XD, ¥+ 0,
ie.,
{H(X, Y).fi&) FH(X, PY)6
+r(XOtE, Y)—{q(Xt:g, Y)=0,
which is equivalent 1o
—(fH(X, V), &+CH(X, PY), &
—{&, r(XDFY)+<§, ¢(XDF:Y»=0
with the aid of (2.6) and (2.7), i.e.,
—NHH(X, YD+H(X, P,Y)-r(X)F;Y
+g(XH)F X =0,
which is equivalent to the fact that F, is
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parallel, The others are obtained by the same
method.

Now, we denote by v the subbundle of the
normal bundle T+M which is the orthogonal
complement of IDY@QJD*DKDY, ie., T+M-
2Dy, (v, ¢D5: 0, where p=@¢, D0,

Proposition 6. Let M be a quraternionic CR-
submanifold in a quaternionic Kaehler manifold
M. If F,, F;and F; are parallel, then (H(X,
Y), v)=0, for any X,Y=TM.

Proof. By lemma 1, 'V,F,=0 if and only if,
for any X&TM, Y=D4,

r(X)FY - q(X)F,Y--f{H(X, Y)--0.
Henee fLH(X, Y)E:'(j}:qb,D-'-. By the quite similar
way, f.H(X, Y)GEt)qb,DL for any X&T'M,
Y=Dt. %o, {¢.H(X, Y), vy=0, which means
that <H(X, Y), v>=0, i.e.,

(3.6) <(H(D, D),v>=0, <H(D, D), v -0.
On the other hand,{rom (2.2) and (3,1), we
have

CH(X, Y),8.6)=CVx¥, §,6)-

=—<H(X, ¢&Y) &
for any vector fields X, ¥ in D, Zin D*and

~(Vx($Y), £

¢ in v, Hence we have
(H(.X, ¢.Y), &=C(H(X, V), ¢.4:5
=H(X, Y), ¢:9.6), 775,
Since ¢,¢, - —¢,p,, this impliss <H(D, D),
>=0. From which and (3.6), we have comp-
leted our proof,
The structures fi, f: and f, are parallel in
the normal bundle of M in M= if
(Ve fOE=r(XDf6 — g(XDf o€,
(Vi fE=p(XDf 5 —r(XDf:€,
(VEfDE=a(XDfi§—p(XDf 5,
(see@,®),
Preposition 7. let M be a qualernionic
CR-submanifold of a quaternionic Kaehlerian
manifold of M.
parallel in the normal bundle, then (H(X, ¥),
2>=0 for any X, Y= TM.
Proof. It follows from Lemma 1and assump-

If the f-three structure is

tion that
F A:X- —~H(X, t.£),
which implies
TAX=P,A:X- H(X, t5).
Applying I to the above equation, we easily
obtain
—AX=PAX -t H(X, t.£)~ fiH(X,1.£)

with the aid of F,P,=0(r=1,2,3). Comparing
the tangential and normal parts of both sides,
we get

— A X-=PiA:X -t H(X, t:8), f{H(X, t.£)=0.
The last equation implies that TH(X, $,§)=HLH
(X, t:8). It follows {rom which and (3.3) that

0={JH(X, t.8), 7=—<{H(X, t.&), iy
—~—{Ar. X, L& =(F\AruX, &
i.e.,
Fi1ApyX=0, n=THM

which means that As, XD for any X=TM,
7=TLM. Thus, it is clear that A;.,Xe=D, So,
A,DL=0. From which and the proof of Propo-
sition 6, we have completed our proof.
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