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NON COMMUTATIVE TOEPLITZ ALGEBRA
OF A CERTAIN SEMIGROUP

SUN YOUNG JANG

Department of Mathematics

<Abstract>

We analyze the structure of a non-commutative Toeplitz algebra of a semigroup
S={0, 3,4, 6,- -}
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1. Introduction

The theory of the Toeplitz algebra is one of the motivations of de-
velop the theory of C*-algebras generated by semigroups of isometries.
The C*-algebra generated by the left regular isometric representation
of a left cancellative semigroup is the most appropriate analogue of the
Toeplitz algebra among the C*-algebras generated by isometric repre-
sentations of semigroups and many of the important results concerning
the C*-algebras generated by semigroups of isometries have been re-
sults with the left regular isometric representations of left cancellative
semigroups and the C'*-algebras generated by the left regular isometric
representations [4,5,7,8, etc].

Though the C*-algebra which is generated by the left regular rep-
resentation of a left cancellative semigroup M, a C*-algebra like the
Toeplitz algebra, has been named in the several ways, we prefer to call
it the reduced semigroup C*-algebra and denote it by C}, ;(M).

Besides the reduced semigroup C*-algebra C7, (M) we are interested
in another C*-algebra generated by the semigroup of isometries, which
is called the semigroup C*-algebra and denoted by C*(M). The semi-
group C*-algebra C*(M) is obtained by enveloping all isometric rep-
resentations of M, and so it is the universal object of the C*-algebras
generated by isometric representations of M (cf.[9]).

Ever since L. A. Coburn proved his well-known theorem [1], which as-
serts that C*-algebras generated by a non-unitary isometry on a Hilbert
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space do not depend on the particular choice of the isometry, many au-
thors have contributed to development of generalization of Coburn’s
result, that is, the uniqueness property [1, 2, 4].

We show that if M is the subsemigroup of the integer group Z
and generates the integer group Z, then C7}_,(M) is isomorphic to the
Toeplit'? algebra. However, we also obtain an example which shows that
(M) is not isomorphic to C*(M) even when M is a subsemigroup

red

of Z.

2. Generalized Toeplitz Algebra
for a semigroup S = {0,3,4,6,7,...}

In this paper M denotes the countable, left-cancellative semigroup
with unit e.

We can give an order on M as follows: if an element z in M is
contained in yM for some element y € M, then x and y are comparable
and we denote this by y < z. This relation makes M a pre-ordered
semigroup. If the unit of M is the only invertible element of M, the
above relation on M becomes a partial order on M. If M is a positive
cone of a partially ordered abelian group G and if the condition that
n € N and z € G with nz € M implies that x € M, then a partially
ordered abelain group (G, M) is unperforated.

The left regular isometric representation £ of M acts on the Hilbert
space I2(M) by L£,(6,) = b, for z,y € M where {6, | z € M} is the
canonical orthonormal basis of I2(M). Actually, the reduced semigroup
C*-algebra, which is generated by the left regular isometric represen-
tation of M, is the closed linear span of {L;, Lo, Lo Layy 41 ]

z;; € M}. We will consider the reduced group C’* a.lgebea. for a semi-
group S = {0,3,4,6,7,. } It is well known that the reduced semi-
group C* ,(N) and the semigroup C*(N) for the natural number N are
isomorphic to the Toeplitz algebra. The semigroup S generates the
integer group Z as the natural number semigroup N generates the in-
teger group Z. But we show that the the reduced semigroup C},_,(S)
is isomorphic to the Toeplitz algebra and the semigroup C*(S) is not
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isomorphic to the Toeplitz algebra.

Lemma 2.1. C?,,(S) acts irreducibly on 12(S).

red

Proof. Let T be a bounded operator on ?(S) commuting with
* (S) and [Tn m]n,mes be the matrix operator of T' with respect to

red

the canonical basis {6, | n € S} of I*(S). We have
Tom = <T(6m),6a > = < TLLGm), 60 > = < T(S0), LE(62) > .

So Tnm # 0 only when n € m + .5 and m € n+ S. Since the unit of
M is the only invertible element, it follows that T, ,, # 0 only when
m = n. Furthermore, isometries £,’s make T;, , scalar operators. So
Cr,,(S) acts irreducibly on I2(S). o

Theorem 2.2. C* ,(S) is isomorphic to the Toeplitz algebra.

red
Proof.. We define a compact operator Ky
53, n= 0,

Ko(b,) =
o(8») {0, otherwise.

And then we define a compact operator F; such as

66, n=4,

Fi(6,) = {

0, otherwise.
Let £ be the left regular isometric representation on [%(S) and put
U = L3L4 + Ko + F1. The compact operator algebra K(I1?(S)) is con-
tained in C},4(S) because C},,(S) acts irreducibly on 12(S), and thus
U is contained in C7,,(S). We can see that
U(bo) = L35L4(60) + Ko(b0) + F1(60) = b3.

Similiarly we have that

U(83) = 65, U(6s) = &s.
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Furthermore, since K¢(6,) = 0 and F;(6,) = 0 for n > 4, we have that
U(én) = 6n+1.

Therefore the operator U translates the elements of the canonical
orthonormal basis {6, | n € S} of I2(S) to the left, one by one. If we
put the C*-algebra U of C,;(S) generated by U, then U is isomorphic
to the Toeplitz algebra.

Eventually, £3 and £4 generates C_,(S), so it is enough to show
that £3 and £4 can be written as U + {suitable operators in U} in
order to say that U generates C},,(S). So we consider U? and U*.
Since the terms of U® containing Ky are removed,

UP = (L3£4)° + D (L3La)" FY*(L3L0)™ - F}®

where s; +--- 4+ s, = 3 and s; may be zero. In order to make up the
gaps of (£3L4)3
we define compact operators M, as follows;

L3(6n), n=3,

0, otherwise.

Ma(6,) = {
Due to the compact operators Ms, we have
La=UP+ M =) (L5L)"F{2(L3Lg)% - Fyo.
Similarly, £4 = U*+T for a suitable compact operator T'. Therefore,

U generates C7, 4(S) and C},,(S) is isomorphic to the Toeplitz algebra
T.
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