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AnstrACT. Let (M,g),(N,h) be quaternionic Kaehler manifolds of
dimensions 4m, 4n with almost Hermitian structures {I, J, K}, {F, G, H},
and local 1-forms {p,q,7}, {p,q, 7}, respectively. Suppose that

¢xl = Fopu, s = Gopx,
P=9¢"p,q=9¢"q,T=¢"r

If there exists an m-dimensional submanifold S of M such that the
restriction of ¢ to S is harmonic, then the map ¢ : M — N is harmonic.

1.INTRODUCTION

Let (M, g) and (N, h) be Riemannian manifolds of dimension m and
n respectively. For a smooth map ¢ : (M, g) — (N, h) and the energy
density e(¢) and the energy E(¢) of ¢ are respectively defined by

e($) = 31dd),
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E(¢) = /M e(¢) dug,

where | - | denotes the Hilbert-Schmidt norm of the differential d¢ = ¢,
of ¢ which is the differential 1-form with values in the induced vector
bundle f~'TN(TN = the tangent bundle of N) over M, and dvg the
volume element of M. A smooth map ¢ is said to be harmonic if it is
a critical point of the energy functional, that is,

t=0

for any one-parameter family of maps ¢: : M — N with ¢9 = ¢.
We denote by V and V'V the Levi-Civita connections of M and N
respectively. Let V denotes the induced connection on the induced
vector bundle ¢~1T'N from ¥V and ¢. For a local orthonormal frame
field {e;}>, on M, we define the tension field 7(¢) of ¢ by

Ve, (dé(es)) — dd(Ve,e:)]

NE

() :=

1

W

(1.1)

(Ve,dg)(e.),

.

il
A

K

where V is the induced connection on the vector bundle T*M® ¢~ 'T'N.

A smooth map ¢ : M — N is harmonic if and only if the tension
field 7(¢) = 0. If a smooth map ¢ : (M,J) — (N, J’) between Kaehler
manifolds M, N with almost complex structures J, J’, respectively, is
holomorphic( ie., ¢.J = J'¢P.), then ¢ is a harmonic map. In this
situation, our purpose is to find certain conditions for a smooth map
between quaternionic Kaehler manifolds to be harmonic. In this article
we shall prove the following theorem.
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Main Theorem. Let (M,g),(N,h) be quaternionic Kaehler mani-
folds of dimensions 4m, 4n with almost Hermitian structures {I, J, K},
{F,G,H}, and local 1-forms {p,q,7},{p,q,7}, respectively. Suppose
that

(1.2) 6T = Fu, 6] = G,
(13) p= ¢*p>q = ¢*q7'F = ¢*T'

If there exists an m-dimensional submanifold S of M such that the
restriction of ¢ to S is harmonic, then the map ¢ : M — N is harmonic.

2. PRELIMINARIES AND PROOF

Let (M, g) be a 4m-dimensional quaternionjc Kaehler manifold [1,2]
with a canonical local basis {I, J, K} of a 3-dimensional vector bundle
V consisting of tensors of type (1,1) over M . Then there exists a 3-
dimensional vector bundle V' of tensors of type (1,1) such that in any
coordinate neighborhood U of M, there exists a local basis of almost
Hermitian structures I, J, K of V satisfying

(2.1) I? = J* = K? = —I(the identity tranformation),
1J=-JI=K,JK=-KJ=1,KI=-IK =J.

and there exist local 1-forms p, ¢, 7 on U satisfying

(2.2) VxI=7(X)J—-gX)K,
VxJ =-7(X)I +p(X)K,
VxK =q(X)I -p(X)J

for any vector field X on M.
Let (N, k) be another 4n-dimensional quaternionic Kaehler manifold
with a canonical local basis {F, G, H} of a 3-dimensional vector bundle

- 63 -



TAE HO KANG

consisting of tensors of type (1,1) over N and local 1-forms p, g, on a
coordinate neighborhood of N satisfying the equations

(2.3)
F? = G? = H? = —I(the identity transformation),
FG=-GF=H,GH=-HG=F,HF = -FH = G,
(2.4) NVyF =r(Y)G - ¢(Y)H,

NVyG = —r(Y)F + p(Y)H,
NVyH = g(Y)F - p(Y)G

for any vector field Y on N.

Remark. The conditions ¢./ = F¢, and ¢.J = G¢, implies ¢, K =
H¢,. In fact, ¢.K = ¢, IJ = Fop.J = FGp, = H¢,, where we have
used (2.1) and (2.3).

To begin with, we prepare the following lemma.

Lemma [3]. For a smooth map ¢ : M — N between Riemannian
manifolds M and N the equation

Vx¢.Y —Vy¢. X — ¢.([X,Y]) =0

holds for any vector fields X, Y on M

Proof of Main Theorem.

Choose alocal orthonormal frame field {e;, Ie;, Je;, Ke; : i = 1,2, --- .
m} of M such that {e; : 1 =1,2,--- ,m} is a local orthonormal frame
field of S. Then the tension field 7(¢) of ¢ is given by
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(2.5) (@) =Y (Ve.puts — Ve el)

i

'Ms 'Ms

(vlelqb*jez ¢*v1e1I€i)

«
i
—

(vJe ¢ Jez ¢*vJe1Jei)

,,
Il
—

'Pﬁs

(er ¢*K61 ¢*VK€1KGZ)'

ﬁ
i
—

.qu

Using (1.2), (1.3), (2.1), (2.2), Remark and Lemma, we obtain from the
second line of (2.5)

D
-

2.

(Vie,@ulei — ¢ Ve Ie,)

NE

b,
i
s

(<7I61F¢*ei - ¢*vIe1[ei)

I
NE

(ﬁ.

{T(¢*Iez)G(¢*ez) — q(pule,)H(pues) + Fvleﬂs*ei - QS*vIeiIel}

NIE

I
L

{r(Fé.e)G(due:) — q(Fo.e,)H(pue,) + Fﬁle1 pre; — P Ve I}

.

i
i

I
NE

[T(F¢*6i)G(¢*61) - Q(F¢*61)H(¢*ei)

I
)

+ F{ﬁeﬁ*l—@z + ¢*([I€“ 61])} - ¢*Vle1-[61]

I
NE

[T(F¢*61)G<q§*€l) ~ q(Fd.e.) H(pue;)

i

+ F{Ve Fo.e, + ¢ (Viee. — Ve Ie)} — ¢V e, Ie,]
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Z F¢*ez ¢*61) - Q(F¢*61)H(¢*ez)

+ F{(velF)(ﬁ*ei + F@eiﬁb*ei + ¢*erte7;}
- F¢*{(Velf)ez + Ivelei} — ¢*VI61_[81]

= {r(F¢ue.)G(pre:) — q(Fpues) E (pees)

+ T(¢*ei)H(¢*ei) + Q(¢*61)G(¢*ei)
— Ve, dui + F§u(Vie,ei)

— () H(dxes) — q(e:i) G(gues)

+ ¢«(Ve.e) — 7(Ie;)G(duei)
+q(Ies)H(¢se:) — Fpu(Vre i)}

—Z{ Ve, dus + ¢ (Ve €:)}.

Similarly, the thlrd and forth lines of (2.5) yield (2.7) and (2.8), respec
tively.

(2.7) Z (Viededei = 6.V 5, Jes)

{—r(Goeei)F(pue;) + p(Goue)H(pues)

+ r(peei) H(dse:) + p(pxei) F(pee,)
— Ve, buti + Gu(Vye )

— (&) H(dvei) — p(e:) F(nen)

+ (Ve €:) + F(Jei) F(dye,)
—p(Je)H(pue,) — GV je,e0)}

= Z{—€761¢*61 + (ﬁ*(velel)})
i=1

'Ms I

I
s

(3
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(2.8) D (Vie$uKei — $.V e, Key)
=1
= {g(Heue.)F(¢ue:) — p(Hpue))G(gre,)
i=1

+ q(@.e:)G(Puer) + p(due) F(Pue;)
— Ve, bs€; + Hp(Vge,e:)

— q(e)G(gsei) — ples) F(pues)

+ ¢ (Ve,€:) — G(Kei) F(pue;)

+ p(Ke.)G(¢e) — Hpu (Ve €)}

= Z{—@el(b*ei + ¢*(veiei)}'
=1

Substituting (2.6), (2.7) and (2.8) into (2.5), we have

7(6) = =2 (Ve pues ~ ¢ Vere;)

1=1

= 0.
This completes the proof.[]
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