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Derivation of the Tensor-Products of C*-algebras

Jang, Sun-Young
Dept. of Mathematics
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{Abstract)

Let A and B be C*-algebras. If A or B has outer derivations, AXB has outer derivations.

Among the case of A and B with only mnner derivations, we are going to show that if A is a

Von Ncuman algebra and B is a commutative algebra, then every derivation of ARB is inner.
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1. Introduction

A derivation of a C¥-algebras A 1s a linear
map D on A satisfying D(ab)=D(adb--aD(b)
for all @, b=A. Every derivation of 4 is
norm continuous ((1]) and ultra weakly conlinu-
ous in any representation of the C*-algebra.
Fach norm continuous onc paramcter group of
automorphism of A is of the form

A=a--- —exp (¢D)(a)
where D 13 a derivation of 4.

If there cxists an element b=A that IHa)-=-
ab—ba for all e=A4, then D is called an inner
derivation. The question of which C*-algchbras
have only mmner derivation has been considered
by many authors. Sakai showed that W¥-alg-

ebra, uniformly hyperfinitc C*-algebra and

simple C*-algebras with unit have only inner
derivations ((5), (6}, {7)). The case of sepa-
rable C*-algebra has been completely by G, A.
Elliot, Pederson and Kadison (2], [31).

This note represents the derivation of the
C#*-tensor product of C*-algebras.

1. Derivations on the von
Neumann algebras

Let L(A) be the Banach space of the bonuded
linear operators on a C*-algecbra A and 4(A)
be the space of derivations on A. Hence 4(A4)
i1s the subset of L(4).

Definition 2.1. Let D, be the inner deriva-
tion of A. We define the norm of D, as
follows;

I D, =sup{llxa—ax|:a=A and |al=1}.
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Lemma 2.2, Let A be a von Neumann algebra
and X a point-norm compact subset of 4(A).
Then X 18 norm compact in L(A).

Proof. Suppose that 4 has a von Neumann
subalgebra mvariant under X with a countable
weak®* dense subset. We assume that X i3 not
norm compact. By the point-norm compactness
of X, the pomntwise norm sequence of X is
uniformly convergent, Hence X is norm closed
in L(A) and by the completeness of L(A4), 1t
is complete. Since X 13 not norm compact, X
can’t be totally bounded. So therc exist an &0
and a sequence of derwations {D,}JCX such
that |D,—D,||7e for all i#j. We may choose
an element a,,=4 satisfying |, | <1 and|D,~
Dpa,| e for cach ¢, j=1, 2,--(F#f). Let C
be the *-algebra over the rationals of all
polynomials 1n the variables {D,*(a,,)}, where
i,7,n=1,2, --(¢#j) and £=0,1--, Cleary, C is
countable and invariant under each D, Let C
be the von Neumann subalgebra of A generate-
d by C. Then D,(8)cC for all D, and C has

countable weak* dense subset. This contradicls
WD, —D)a.,)>e for all i34,

Theorem 2.3. Let A be a von Neumann
algebra and B be a commulative C* algebra
with unit. Then A®RB has only inner deriva-
iions.

Proof. We may regard A®B as C(&, 4),

the space of continuous A-valued function
on the spectrum space @ of B, Let D be a
derivation of A®B. It determines a derivation
D (a)=D(a)(w), the constant
function in C(Q, A) whose value 1s a. We

consider the map #:w—D, on . By the norm

where o Is

comnuty of derivations, @ 18 continuous ior

the point-norm topology on L(A). Sine £ is
compact, {D.}wo 15 point norm compact. And
by Lemma 2.2, {D,}we is norm compact, s0
poini-norm and norm topology agree on {D.}uc.

Futher, we represent the map Q:e——ad(a)
from A/Z(A) to 4(A), whose Z(A) is the
center of A. Since every derivation of von
Neumann algcbra 1s inner ((41), it 1s onto.
By (8, theorem 5) @ 13 hicontinuous, so it 1s
homeomorphism. Hence @14 is a continuous map
¥ on Q to A/Z(A). By selection thearcem [3),
¥ has a selection I in C(R., A) and dleary D
—=ad(I).
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