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Integrality and Jacobson Radicals of Finite
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{Abstract)

In this paper we consider finite normlizing cxtension rings. We will generalize the integrality

results which are introduced by Martin Lorenz. Using this results we show that the Jacobson

Radicals of R and S are related by J(S)NR where S is a finite normalizing extension ring of R.
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1. Introduction.

Let S be a ring and R be a subring with the
same 1. The extension RCS is called a finite
normalizing extension if there exist finitely
many clements x;, #x;, %, in S ,é Rx, and
x,R=Rx, for all z. This extension theory is
studied at first by Edward Formanek and Ar-
un Vinayak Jategaonkar [3]. Martin Lorenz
showed that S 1s over R with normal 1deal in
the sense of Schelter [7,8]. Here normal ideal
A means that A 1s an ideal of S and Ax,=x,4
for all . In this paper we will treat general

ideal of S 1nstead of normal ideal.

1. Integrality.

We define some terminologies which are def-
ined by Martin Lorenz in some different me-
thod.

Definition 2.1, Let #=1 be a positive integer
and let A=(4,, 4z, ++-A4,) be a fixed segence ofn
right 1deals 4, of B. A metrix a eM.(R) 15
called an A-matrix 1f and only if all entries
i the 7-th row of « belong to A4,.

Definition 2.2. Let D, denote the subring of
M.(R) consisting of those A-matrices which
are diagonal, so that D,~A4, ®AP..... G A,
A subring T D, 1s called an A-transversal if
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and only if T projects onto each component
A,

We give a very important example of these
definitions. Let S be a finite normalizing ex-
tension of R and A be a right ideal of R. For
1=1,2,.-n define

A={re R\ rx, ¢ x A}

Since A,Rx,=Ax,R=x,ARCx,A, A, is a right
ideal of R. Let A=(A,, A>---A,) and let T, de-
note the set of all diagonal matrices a=diag
(71,72, #n) € M, (R) such that there exists
an element @ ¢ A with r,x,=x.a for 1=1,2,.--n.,
Then the elements of T, are clearly A-matrices
and T . 1s even A-transversal. For, if r ¢ A4,
1s given then we can choose @ ¢ A with rx,=
x.a, and then suitable »;, ¢ 4, with 7x,=x.a
(7%0). Clearly, a=diag (P ee¥icts 75 ¥ a1, ¥n)
belong to T4, and o maps to » under the pro-
jective map of T, to 4,. Thus T4 maps onto
each A,, and 1t 1s easily cheked that T, 1s a
subring of Dj.

Definition 2.3. Let A=(4,,4:+A,) be a
fixed n-tuple of right ideals of R and let T
D, be an A-transversal Let ajas.....an be
A-matrices. By a T-monomial 1n a1, @z, ctm
we will mean a product of the form

diot,dottize st ine

where the d,’s belong to T and where some of
the d/’s may be missing but at least one d;
does occur. For example, if d; and d. belong
to T then ditwxzdact; and di are T-monomuals
in o and az; but aixe is not T-monomial.
Any sum of T-monomials will be called a T-
polynomial, and 1ts degree will be the highest
degree of the monomials occuring in the sum
where the degree of such a monomial is the
total degree in the «/’s.

From these definjons Martin Lorenz proved
the following Proposition[7].

Propsition 2.4. Let R be a ring and let M,
(R) be the ring of n by n matrices over R.
Then tlhere ex:sts an integer t=t(n)=1 such
that the following holds:

Let A=(Ay, Az ... A)) be a fixed n-tuple of
right ideals of R and let TC Dy be an A-tran-
svesal. If oy, o0 00 ¢ M.(R) are arbitary
A-matrices then

oy =¥ (o, g, g, e xe)
for a suitable T-polynowmzal ¥ (ay, 00 -ct)) Of
degree at most t-1.

proof. See [7].

From this proposition we get the following
theorem.

Theorem 2.5. (Generalization of Martin Lo-
ren’s result) Les S be a finite normalizing ex-
tension ring of a ring R. Then therve exists an
integer t=1, depending only upor n, such th-
at for any right ideal A of R and avy s, Sz, -
s; ¢ AS we have siSp-5:=¥ (81,52 -S;) where
U(sy,+5) 15 an A-polynomial of degree less
than t.

proff. Set F=R®RZ -
F is a free left R-module of rank x, and let
k2 F—S be the left R-moudule homomorphism

=R (n times) so that

given by

"
h(ri, o, 7= 30 7.X,.
1=1

If K 1s the kernel of %, then E={s ¢ EndgF|
a(K)C K} 15 a subring of EndgF where Endg
F denotes the set of all endomorphism from F
mnto itself. On the other hand we know that
EndgF 1s 1somorpic to M.(R). In this case we
define an endomorphism & ¢ EwndzS which 1s
given by 6(s)=hi(ry, vz 7, Since Ir7x,=0
then #(s)=0, ¢ 1s well difined and this is an
endomorphism of S.

Now let t=1(n) be the integer g.ven by pr-
oposition 2.4, and let s; s, ¢ AS be given,
with s= 2;? a;®x,, a;*:A. Then xa®,=5,®
x; for suijt;ilble elements 5,,® ¢ A, ={r ¢ Rirx,

¢ x. A} and hence
L ” n
2,85, =5_x,a, P x, =30, Wax;=3 1" 1,
j=1 i=1 7=1

for suitable 7,;%¥ ¢ R. Since b,%® ¢ A. and A,
is a right 1deal of R, 7,; ¥ ¢ A,. Let ax=(®)
e M,(R) for £=1,2,---t. and set A=(4y, 4z -
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A,). Then each a; 1s an 4A-matrix. Moreover,
for any f=(ry, 7y, =~ 74) ¢ F we have the fol-

lowings

n n "
k(fak>:h(z:;rtrd(b)’ —)_—14171’12(”'“);7‘171”(”)
1= 1= h=

]

n n
}:l'(-‘:lrzr,z"”)x;
i= 1=

” ”

=X, Py

P
=1 g-1

=(Z ra)s
:h(f)sk

Hence we see that «; ¢ E and that the en-
domorphism &; of S is right multiplication by
S

Let T, denotes the set of all diagonal matr-
ices d=(ry,-7) eM.(R) such that »,x,=x,a for
a suitable @ ¢ A. As we have seen carlier, T,
is an A4-transversal 1n M,(R). Morcover, as
in the preceding paragraph, we see that 1f d
e T4 then for all f ¢ F we have

h(fd)<=n(f)a.
for a suitable ¢ ¢ E and d 1s right multiplica-
tion by @ ¢ A. Since ecach «, is an A-matrix,
we conclude from proposition 2.4, that oo -
«; can be expressed as a T ,-polymomial € («,
azct;) of degree less than ¢. Note that each
factor in ajoea, =% (a1, s, ;) belongs to E,
since v, ¢ E and T\« E. Therfore, we apply
the homomorphism &, to this expression, and
letting the resulting homomorphism of S act.
on 1l e S. We see that

16618ep -+ ey = §1830+- Sy
Hence

13,3 ,:82+-d,r d,s1=a151825,,8,+1 where 0=z
<t and a@;,=d; ¢ A and at least one @, ¢ A oc-
curs. In other words s:5,--s; can be expressed
as an A-polynomial 1n sy, 8., s of degree less
than £, The theorem is proved.

. Jacobson Radical

In this paper the Jacobson Radical of a ring
R is denoted by J(R) and means that J(R) is

the set of all elements of R which annthilate
all the irreducible R-modules. At first we

know the following theorem from theorm 2.5.

Theorem 3.1. Let RCS= 1 Rx, xR=Rr,
be a finite normaling extenston of rings. If A
is a proper right ideal of R, then AS is a pr-
oper right ideal of S.

Proof, Clearly AS is a :deal of S. Assume
that 1 ¢ AS. By theorem 2.5. 1=1'=¥(1,1,-
1), thus 1 is a sum of monomials 1n suitable
elements of A. Consequently 1 ¢ 4.

Corollary 3.2, If S ts a fintte normalizing
exenston of R and S is ¢ diwision ring, then
R is division ring.

Proof. If R has an proper right ideal A4,
then AS is a proper right ideal of S. This 1s
contradiction. Hence R 1s a division ring.

Corollary 3.3. Any trreducible r:ght R-mo-
dule V can be embedded 1n a suttable irreduc-
tble right S-moduie W.

Proof. We can wriite V=R/A with Ao max-
imal right ideal of R. Choose a maxumal 1.ght
ideal B of S with ASTZB. This 15 pas=1>le by
theorem 3.1. Then W=S§/B 1s 1rrelacihic and
contains V since BOAR-=A.

Now we will get the main thoerm tnnt 1s
J(RY=J(SNR.

Theorem 3.4, If S t¢s a finite normalizing
extension of R then J(R)=J{S)NR.

Proof. Let r ¢ J(S)NR and let ¥V he an ir-
reducible right R-module. Then, as we have
observed above we can [ind an 1rretuzible ri-
ght S-module W with VCWe. Since Wr=0,
it follows that Vr=0. Thus » annih.l«te cach
irreducible right R-module and hence belongs
to J(R).

Conversesly, let » ¢ J(R) arnd let W le an
irreducible right S-module, then by a result
of Formanek and Jategaonkar, the restricted
module Wz is completely reducible [31. Since
r annihilates the irreducible components of
Wk, we conclude that Wr=0. Thus » ¢ J(S),

and the thorem is proved.
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