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Economic Design of Attribute Control Chart with the
Double Sampling Plan.
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{Abstract’

This paper treats an economic design of an np-control chart introducing the double sampling
plan. It formulates the cost model and proposes an algorithm for determining optimal parameters.
Several examples show that the cost model with double sampling plan gives more economic
optimum than the conventional cost model when the acceptance number in the single sampling
plan is greater than zero especially,
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control charts. The economic design of an
1. Introduction attribute control chart involves the determin-

ation of the parameters that minimize a rele-

Duncan® and Cowden® independently pion-
eered the study of the design of X-charts by
an economic approach. Duncan's model has
received particular attention and a considerable
amount of work has beeén developed from it
since, e.g. Goel, et. al., ®® Duncan, * Gibra, ("
and Chiu and Wetherill, ® A comprehensive
survey of the recent developments in control
chart techniques is given in Gibra. ¥

In recent years, considerable attention has
been devoted to the economic design of attribute

vant cost function. These parameters are the
sample size, the intersample interval, and the
factor that determines the spread of the con-
trol limits.

The attention of a few authors has been
focused on the economic design of attribute
control charts. Ladany®? developed a model
based on Duncan’s model. @ He formulated a
cost function consisting of the cost of samp-
ling, the cost incurred by defective items,
the cost due to false alarms, and the cost of
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adjusting the process after a shift has occurred.
The author suggested minimizing the total cost
function br computer enumeration: however,
Chiu®

modified Duncan's model’® by assuming that

no numerical examples were given.

when the np-control chart signals the presence
of an assignable cause of variation, the process
is stopped and a search is undertaken. Two
average costs were defined. One is associated
with false alarms and the other with real
alarms. The author suggested two methods for
minimization of the formulated cost function:
a two-dimensional Fibonacci search, and a
simplified method based on a prescribed pro-
babilitv of ¢ percent that the number of
defective items found in a sample falls outside
the control limits when the process is out of
control.

Montgomery, Heikes, and Mance® developed
a model for a process subject to the occurrence
of severai assignable causes of variation. They
used the same approach developed by Knapp-
enberger. **’ The proposed cost function consists
of the cost of sampling, the cost of investig-
ating, and possibly correcting the process when

an alarm is signaled by the chart, and the

cost of producing defective product. Direct
computer rescarch techniques were used to
optimize the expected cost function. Gibra®

modified the models developed by Duncan, ¢
Ladany, %* and Chiu®? by developing two models
based on a realistic and more comprehensive
cost function that included all possible costs
that were likely to be incurred in practice.
The first model assumes that the process is
shut down during the search for the assignable
cause. The second assumes that the process in
kept running until the assignable cause is
discovered. With the aid of these two models,
the manufacturer can decide on the appropriate
model to use if the search for the assignable
cause can be undertaken when the process in

either shut down or operative. Recently Jut#

modified the models developed by Gibra® by
using the method of a chain sampling. The
author showed that these cost models were
more economical than Gibra’s by several
examples.

In this paper we introduce the idea of a
double sampling plan into cost models developed
by Gibra. ® A double sampling plan is described
bv the four numbers #,, %, d,, and ds The
plan works as follows: If a first sample of size
n; contains d; or less defective products, no
search will be made for an assignable cause.
If containing more than d; defective products,
the search will be made. If thc number of
defective products is greater than 4, but not
more than d,;, a second sample of size n; i
taken. If in the combined samples there are
d; or less defect products, no search will be
made. Otherwise, the search will be made.

We purpose an algorithm for determining
optimal parameters, and show that these cost
models are more economical than other conve-

ntional models through several examples.

. Assumptions and Operating
Conditions

The assumptions and the nature of the ope-
rating conditions are summarized as follows:

(1) One or more quality characteristics are
under the surveillance of an np-control chart.
The expected fraction defective produced when
the process is in a state of control is p,. where
b, is constant and known. Samples are taken
every ¢ hours. The process is continued with-
out a search for the assignable cause whenever
the number of defective products found in the
first sample #, or in the combined samples #,+-
#; does not exceed an acceptance number d, or
d; respectively.

(2) When a second sampling is necessary, it
is immediately followed by the first sampling
with curtailed inspection. And let the second
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sample size #, be equal to the first one #, i.
e. n;=n,. Let us designate these two notation
n, and #; as »n.

(3) The process is subject to the occurrence
of a single asignable cause that takes the form
of a shift in the process fraction defective to
a value py, (p.>-p.), where p, is constant and
known.

(4) The time occurrence of the assignable
cause exponentially distributed with parameter
2 per unit of operating time,

(5) A study of many industrial operations
reveals that two following situations are co-
mmon in practice:

(a) the process is shut down during the
search for the assignable cause and during
necessary repair.

(b) the process continues in operation during
the search for the assignable cause but is
shut down during repair.

Let these two situations be designated as

Model 1 and Model I respectively.

M. Formulation of a Cast Function

Before we proceed to formulate the cost
function, the following characteristics shall
be derived:

(1) If the assignable cause occurs between
the 7 th and j+1st interval, then the average
time of occurrence of the assignable cause

within a sampling interval(#) is given by
(+1)v . {i+1)»
= t—jv)Ae~*dt/ Ae gt
e=[ "= jnrera f ) d

-1 v
= ¢

Tetv 1
(2) For double sampling plan(#,, #s, d,, d2)
with curtailed inspection the average sample
size 7 is

A=t 52 P(ny k)[mP"(n, Cda— k)
k=dibl
+——4—’:}’5i-1—«P’(m+1 S dy— k- 2)]
€3]

where

P(n:x): probability of exactly x defective
products out of #,

P’(n . x): probability of x or more defective
products out of .

P”(n . 2): probability of x or less defective
produets out of .

p: proportion of defective products.

Also under the same condition let a be the
probability of a false alarm when the process
is in control, and let P be the probability that
the assignable cause is detected when the
process is out of control.

a=P(X:=drt11p)4, S P(Xi=k1p)
P(X3z>dys—k+11p0) 3
P=P(X:2dr+11p)4 S P(Xi=R1p)

P(Xy2ds—k+11p1) @
where
X, number of defective products found in
the ¢ th sample, =1 or 2.

P(X,=kip)=(} ) pa-p)m
for i=0 or 1.
P(X ZkIp)= S P(X = mip)
(3) The expected number of sampling inter-

vals to detect the assignable cause on the j th
inspected sample is

SjP(1- Py =1/P ©)
w1

where P is given by equation(4).

Therefore, the expected time that the process
is out of control before the search for the
assignable cause is instituted is given by

v/P—t+7g
where g is the expected inspection and charting
time per unit sampled.

(4) The total expected search time for false
alarms prior to the occurrence or an assignable
cause(=T, time the expected number of false
alarms) is

<2 flte., aT
rt — 1
aT,,}z::;‘j;_ JRe di=

elr—1

—— 201_



4 Ju, Sang-Yoon

STQ\RL)

1

X-=some big value
dy=rdy=

\ ot

W -:some big value

/,==some big value
P=:0.80

Find n for given P,
d, and d,

A

Compute «, P, v, and Y

Ya=Y
n=n+1 or 2

W=X
dy=d;+1
2=0
YES.
Fig.1. Flow Chart for Search Procedure
—aT(1/A—7)/v, (6) and
since from equation(l), (er*—1)'=(1/A-T)/v. Ly=1/2+v/P—c+7ig+Th1+Te
(5) We deiine the expected quality cycle (Model 1) (8)
time, dencied by L;, as the expected interval As the cost function under these assumptions
Detween two successive periods of statistical is the same expression as Gibra cxcept the
stability. Thereiore, samplc size #, we omit the procedure formula-
L,=1i— P—crig+aT (1/A-T)/v ting the cost function. The notations used in
—7.—7- (Model 1) (7, the cost function arc as follows:
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#: production rate per unit time

C.: cost of search for the assignable cause
per unit time '

C,: cost of downtime per unit time

Cy:

%: penalty incurred per defective item

cost of repair per unit time

b: cost of inspection and charting per unit

sampled

k: overhead cost for maintaining the control

chart per inspected sample.

For Mode! | and Model 1| the expected
total costs per unit time, ¥, and ¥, respective-
ly, are

Yi=[{h~bR) (1/2+v/P~z~0g)/v
+(C+Co)aT (1/A—7)/v+(Ci+C)T,
+(Ca+-CT o +ur(pr~po)(iig
+u/P-7)i/Li (Model 1) (9

and

You= [(h+87)(1/A+0/P~=+7g+T)/v
+CaT (1A~ )/ +C T+ (Cat+Cs)T:
Hur(p,—p)Gig+o/P—c+T /L,

(Medel B) (10
where Z, and I is given by equation(7) and(8)

7. Determination of Optimal
Parameters

Now we will develope a procedure for the
optimal determination of parameters #, d,, da,
and #. Fortunately, among these parameters
the optimal intersample interval can be obta-

Table 1. Values of Cost and Risk Parameters Used in Examples

Y
dv
ified valyes of (m,dy dz), cost, and risk par-

ameters. Then the root iz found to be wel!
approximated by

UE[ (hdm)+aTy(CiCo) ]5
Arulp—p)(1/P~1/2)
(Model 1) (1D
and
" T
vs[ Are(p.~—po)(1/P~ 11’2)—‘]
(Model 1) (12)

The search procedure can be performed with

ined by solving the equation =0 for spec-

(k"‘bﬂ)‘*‘C;TULE

~ the aid of a personal or mini computer. But it

is not as cumbersome as it might appear.
Figure 1 shows a flow chart for the search
procedure. Now we shall compare this cost
model using double sampling plan with the one
using single sampling play by several numeric
Notice that the

single sampling plan can be regarded as the

examples given on Table 1.

special double sampling plan with d,=d.

The comparisons of the optimal parameters
and cost to the examples on Table 1 lie in
Table 2.
cost model is more economical than the optimum

They show that the optimum of this
of the conventional cost model when the
acceptance number d in the single sampling
plan is greater than zero. For many other

numeric examples we could get the same

conclusion.

! f ! i | :
gzﬁg!rc‘ e “h 2 ¥ T, T, E g C, 1 C; ; C, l k {; b } u
: i : : i i
1 .02 .10].0125/hr] 2,500/hr  .2hr | 2.0hr| .005hr $10.0/8 15.0§ 20. o!$2.0 i$.10 133.0
2 .00.10.0125 {2,500/ ¢ .2 20 | .005 10,0 90.00 20.00 2.0 .01! .5
5 1.02].10 0125 | 2,800/ | .2 | 20 | .005 10.0 90.0 20,0 20 .01! .5
4 .02 .05 .0125 | 2,500/ .2 2,0 L0065 10,0 0. 01 20,00 %0 .01 .5
5 -.02.10.0125 | 2,500/ .2 | 20 | .005 10,0 900 200 20 10| 30
6 .01 .c‘rs; L0125 | 2,500/ 2 2.0 | .005 10.0; 90. o; 20,0, 2.0 .01{ 3.0
7 .01 .05 L0125 | 2,500/ .2 2.0 | .00 10,0, 90.0 20.0, 20} .01] 3.0

1) These values of parameters are the same as in Example 1 of Gibra®™
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Table 2. Optimal Design for Numerical Examples of Table 1.
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Conventional Optumum

f
i

Optimum using Double Sampling

Example i f

Number ] n ‘ d v }‘ cost ¥ n ‘ d, ; d ‘ v ! Cost YV
R i 16 o .9 } 10.9610 | 16| ol ol .6 | 10910

2 53 2 | 1.84 6. 2108 ] 48 / 1 } 4 1.80 5.9813
3T 4 | 2,02 | 6.3199 | 58 2 . 6| 193 6.0338

Model 1 | 4 181 6 & 3.89 5. 7266 122 3 8 | 3.54 5. 4897
5 27 1| 106 15.8564 | 22 0 2 | 1.02 15. 0944

6 80 2 | L12 | 10.6752 5 43 0 2 | Lo | 10.173

7 3| 127 0.2 | 97 1 ( 5 1 1.24 8. 7440

g 1 16 0 .87 12.1272 | 16 0 0 | .87 12,1272

L2 26 0| 184 59610 | 27 0 1| 175 5. 8850

3 41 1| 197 5.8977 1 30 0 2 | 1.9 5.8312

Model 1| 4 48 0 | 3.66 4.7616 48 | o0 0 | 3.66 4,7616
5 16 0 .87 13.9363 | 6 0 0 .87 13. 9363

6 39 0| 111 9.3903 | 39 ‘ 0 0 | 1.11 9.3903

7 50 0 | 123 8. 7780 i 51| 0 1| 117 8.7048

Irwin, Inc., Homewood, Illinois, 1974.
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