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Properties of a certain reduced senigroup C*-algebraa
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(Abstract)

We show that the reduced semigroup C*-algebra generated by the left regular rep-
resentation of S = {0,2,3,...} acts irreducibly on >(M), prime and its commutator

ideal is the compact operator subalgebra of B(I2(S)).
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1. INTRODUCTION

Let M denote a semigroup with unit e and 5 be a unital C*-algebra.
Amap W : M — B,z — W, is called an isometric homomorphism
if We =1, W, is an isometry and W, = W, W, for all z,y € M. If
B is the *-algebra B(H) of all bounded linear operators of a non-zero
Hilbert space H, we call (H, W) an isometric representation of M.

If M is left-cancellative, we can have a specific isometric representa-
tion of M as follows: let [*(M, H) denote the Hilbert space of all norm
square-summable maps f from M to H. For each z € M we define a
isometry £, on I2(M, H) by the equation

) if z = { M,
(Lof)(z) = { (J;(y) ;f > ;:Jg\//lor some y €

for each f € I?(M,H). The map £ : M — B(*(M,H)),z — L,
is clearly an isometric representation and we call it the left regular
isometric representation of M. If we define an element £(*) € I12(M, H)

by setting _
Fv(x) — 67 lf y = z’
) { 0, otherwise,

for £ € H and z,y € M, then cy('{(m)) = 5@@ forall z, y € M.

In order to make things explicit let us consider the semigroup N of
all natural numbers, then £; is the unilateral shift of I?(N). As we
can see in the above statement, the left regular isometry is the linear
operator to translate the orthonormal basis of 12(M), which has made
it important for decades.

1Mathematics Subject Classification: 46L05, 47C15, 47TB35
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Properties of a certain reduced senigroup C -algebraa

The C*-algebras generated by isometries have been studied by many
authors, ever since L. A. Coburn proved his well-known theorem, which
asserts that the C*-algebra generated by a non-unitary isometry on a
separable infinite dimensional Hilbert space does not depend on the
particular choice of the isometry [1]. In particular, many authors have
interest in the generalization of Coburn’s theorem called the uniqueness
property of the C'*-algebras generated by isometries. If the C*-algebras
generated by isometries have the uniqueness property, the structures
of those C*-algebras are to some extent independent of the choice of
isometries on a Hilbert space. All the C*-algebras generated by the
isometric representations of the semigroup N of all natural numbers
have the uniqueness property and so are isomorphic to the Toeplitz
algebra by Coburn’s result. In addtion, it was known that the unique-
ness property holds for the C*-algebras generated by one-parameter
semigroups of isometries [5] and the Cuntz algebras [2], but there are
few known C*-algebras with the uniqueness property except these C*-
algebras. And so for the lack of examples of the C*-algebras with the
uniqueness property, the uniqueness property was modified in several
ways [13] and we also have interest in the uniqueness property which is
modified in this paper.

One of the ways to construct the C*-algebras generated by isome-
tries is to consider the isometric representations of the semigroups and
C*-algebras generated by them. Among these the C*-algebras gener-
ated by the left regular isometric representations of the left-cancellative
semigroups have been studied much for decades [1, 2, 3, 4, 5, 9, 11,
13,14, 16]. We are going to call it the reduced semigroup C*-algebra
from the point of the crossed products of C*-algebras by semigroups of
automorphisms and denote it C_,(M) in this paper [8]. As a typical
model of the reduced semigroup C*-algebra we have the Toeplitz alge-
bra C7_;(N) when the semigroup M is the semigroup N of all natural
numbers. Besides the reduced semigroup C*-algebra we can consider
the semigroup C*-algebra introduced by G. J. Murphy [12] which is ob-
tained enveloping all isometric representations of M. Murphy denoted
it by C*(M) and we also intend to use it. Seeing from the definition of
the semigroup C*-algebra, the semigroup C*-algebra has the universal
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property as follows: if we put the canonical isometric homomorphism
V of M to the semigroup C*-algebra C*(M), then for any isometric
homomorphism W of M to a unital C*-algebra B there exists a unique
homomorphism from C*(M) to the unital C*-algebra B sending V, to
W, for each z € M.

Actually, if the reduced semigroup C*-algebra C?,,(M) and the semi-
group C*-algebra C* (M) are isomorphic, the left regular isometric rep-
resentation of M has the universal property of the isometric representa-
tions of M. Many authors have interests in when these two C*-algebras

Cr.q(M) and C*(M) are isomorphic or when C,,(M) has the univer-
sal property of some kinds of isometric representations of M, which are
examples of the modified uniqueness property

In this paper we show that the problem when C? ,(M) and C*(M)
are isomorphic is much dependent on the order structure of M by an-
alyzing the structure of C7,,(S) and C*(S) where S = {0,2,3,...}.

The semigroup & = {0,2,3,...} is the generating subsemigroup of
the integer group Z and the semigroup N = {0,1,2,...} is same. But
the order structure of (z, S) with the positive cone § is different from
that of (z, N). Though it is known that C},,(N) is isomorphic to C*(N)
by Coburn’s result, we show that C,,(.5) is not isomorphic to C*(S) by
using the order structure of S in Proposotion 2.7. Furthermore we can
say that if the order of the semigroup M is not unperforated Cr. (M)
is not isomorphic to C*(M) from the structure of C* ,(S) and C*(S)
in Theorem 2.6.

2. REDUCED SEMIGROUP C*-ALGEBRA C%*_,(S)

We can give an order on M as follows: if an element z in M is con-
tained in yM/ for some element y € M, then z and y are comparable and
we denote it by y < z. This relation makes M a pre-order semigroup.
If the unit of M is the only invertible element of M, the above relation
on M becomes a partial order on M. And we can say a maximal and
a minimal element in M in the following sense ; an element ag € M
is maximal if and only if ay < z implies ¢ = a and an element a; is
minimal if and only if x < @; implies a; = z for z € M.
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Properties of a certain reduced senigroup C* -algebraa 5

Let S = {0,2,3,...}, then the ordered group (z,S) is a partially
ordered group and not unperforated, so the order structure of (z,S) is
different from that of (z,N).

Since C4(S) is the closed linear span of {Ln, L%, -+ Ly L5, |
nj € S}, we look at how the left regular isometry £, acts on I2(S) for
each n € S.

If we define a map é,, by the equation for each n € S,

1, m=n,

8um) = {

0, otherwise,

then {6, | n € S} is the canonical orthonormal basis of 1?(S). And we
have £,(6mm) = bp4m for n,m € S.
We put P, = £,L} and Q, =I — P, for each n € P

ProPOSITION 2.1 The projection P, is the orthogonal projection
onto the closed linear span of {6,,8n+2,--.} and @, is the orthogonal
projection onto the closed linear span of {6, é2,8s,...,80n—1}.

ProOOF If m < n for each m,n € S, then
Po(bm) = Lo Ly (6m) = Lyy(bppen = bpy.

Since m < n implies that m —n € &, m < n if and only if m €
{n,n+ 2,n+3,...}. if m is not comparable with n or m > n, then
P,(6m) = 0. Therefore P, is the orthogonal projection onto the closed
linear span of {6,,0n+2,0n+3,...} and O, = I — P, is the orthogonal
projection onto the closed linear span of {ég,8s,...,6,-1}. O

Let B be the C*-subalgebra of C*_ ,(S) generated by P, foralln € P

red

and Z(C},,(S)) the ideal of C},,(S) generated by @, for alln € P.

The group C*-algebra of an abelian group is, of course, it self abelian
and so not very interesting from the point of view of C*-theory. But
the reduced semigroup C*-algebras and the semigroup C*-algebras may
not be abelian and moreover primitive for a large abelian class of semi-

groups.
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We can see there exists no non-trivial reducing subspace of I*( P) for
Cr.;(S) by the following proposition.

PROPOSITION 2.2. C* ,(P) acts irreducibly on {*(S).

PROOF. Assume that the operator 7' in B(I*(S)) commutes with
Cr ,(S). Let [T m] denote the matricial representative with respect to
the canonical orthonormal basis {6,} of I*(S). Then

Tom =< T(6m), b5 >
=< T(bm), Lnbo >
=< LIT(6,),60 >
=< TL(6m), 00 > .

Similarly Ty m =< TLpbo, 6, >=< Ty, £;,6, > . Hence Ty, ;p = 0 if
n is not equal to m, so T is a diagonal operator. Furthermore we can
have that T, , = Tp for all n € S from the following equation

Tm =< TLn(60), Lalbo) >=< LELT(60), 80 >=< T(80),60 > -

It follows that C*,,(S) acts irreducibly on 13(S).
d

PrROPOSITION 2.3. The commutator ideal Z(C7,;(S)) of Cr.y(S)
is the compact operator algebra K(I%(S)).

PRrROOF. Since C},,(S) is generated by £, and L3, it is enough to
see how these operators act on [?(S). The operator I — £5£5 is of
finite rank, so contained in K(I*(S)). Therefore K(I?(S)) and the com-
mutator ideal Z( ,,ed(S)) have non-empty intersection. Since C7,;(S)
acts irreducibly on [?(S) by the Proposition 2.2, Z(C¥_,(S)) acts also
irreducibly on 1%(S). Therefore the commutator ideal Z(C?,;(S)) con-
tains the compact operator algebra K(I2(S)) because Z(C},;(S)) and
K(1?(S)) have non-empty intersection [15].

Furthermore C* ;(S)/K(I1?(S)) is abelian because I — L3£} and I —
L3 L% are contained in K(12(S)). Hence Z(C},,(S)) is equal to K(I*(S)).
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A C*-algebra A is simple if A has no non-trivial closed ideal of A and
prime if any two non-zero closed ideals of 4 have non-zero intersection.
The prime C*-algebras and the simple C*-algebras play an important
role in the theory of the structure of the C*-algebras because the prime
C*-algebras and the simple C*-algebras are the analogs of factors in
the theory of von Neumann algebras.

Though there are many interesting simple group C*-algebras, the
reduced semigroup C*-algebras are rarely simple for a large and natural
class of semigroups. The facts which we have interest in are that there
are abundantly prime reduced semigroup C*-algebras and that it is still
open when the reduced semigroup C*-algebra is prime.

PROPOSITION 2.4. C7,,(S) is prime

PRroOOF. Let J be a non-zero ideal of C ,;(S). If x is a non-zero
element in J, zk is a compact operator for each k € K(1%(S)). Since J
is also irreducible because of the irreducibility of C7,,(S), K(I*(P)) is
contained in J. Therefore, if I and J are non-zero ideals in C7 ,(S5),
then I and J have a non-zero intersection. So C7,,(5) is prime. O

PropPOSITION 2.5. C}_,(S) is primitive.

PrOOF. Since CF,,(S) acts irreducibly on [2(S), we can see the
identity map from C?*,,(S) to B(I*(S)) as a faithful irreducible repre-
sentation of C_,(S). ' o
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