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Lateral Vibration Analysis of Cantilever
Rectangular Plates by the Method of Superposition
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School of Transportation Systems Engineering

<Abstract>

It is well known that some difficulties have been encountered when attempting to
analyze the_ vibration of plates that do not have at least one pair of opposite edges simply
supported. But the Superposition Method provides solutions which satisfy the governing
equation exactly throughout the entire domain of the plate.
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In this paper, the superposition method is utilized to analyze the free vibration
frequencies of cantilever rectangular plates. The method is found to work extremely well
and excellent agreement is obtained when comparison is made between computed results
and earlier reliable published data. And, it is well agreement between theory and
experiment. Accurate eignvalues are tabulated for a wide range of plate geometries(value
of aspect raito vary from 1/3 to 3).
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Fig.2.1 Rectangular plate showing a typical coordinate system and
a differential plate element subjected to an inertial force.
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Fig.2.2 The cantilever plate
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Fig.2.3 Curve y(£€) with symmetric distribution about &==1/2
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Fig.2.4 Building block for analyzing the symmetric modes of
cantilever plate
] E . it n P E
b7 W(E,n) = 0(g,n) oo 4 W(E,n) <P° 4 2 WE1) oo
4 nnn R o P oMo
a TIITIT I ) 0
M%)
] | | 1

Fig.2.5 Building block for analyzing the antisymmetric modes of
cantilever plate
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2
+ Zk: s (A, coshfB,n+ D, coshr,n) sm'm—zm-‘“ (26)

NA, B = 9JA2 + (mm 12)*
Y =0A = (m12)? me ¥, =0J(mm/2)? - 22

gle) AL A2y (mx/2)? 4 AL okd A% F 7N Fejo] Jo Yehtd "ok
AN, A2 (mr/2)? 4 ASol dsted AWuE, 7=14 verical edge reaction°] 0
olgte WS dIYstA ol AAZRAAE dA "t
Vo#b® _ [a WEN) , ey 83W(5,n)] o
n

+vp
D an? anoE? | Q2.7)

H@26)ANA vA AF A, D, 277 A84 QN4E 29 933 2o ¥
g+ U4

3
L_?, [ (A,,coshfB,n+ D, cosrmn) sinﬂzﬁ ]

* 2 3° . mnré _
+ v ¢ 377652[(AMCOSth”+ D,, cos 7,, 7) sin ) ']r;=1 0 (2.8)

(2822 Aestd 8 ofdo Aoz e
Ap{ B [Bn? — V' 6% (ma/2)%]}sinh B,
+ Dp{ Ym [ vm® + V' 6% (mn/2)*]}sin 7,, = 0 (29)

A (mr/2)?Y ASE A% AN Z B9 oo Nez Uy o
Ap{Bn[Bn? =V ¢2(m7r/2)2]}sinh,8m
+ Dp{ Y [ 7m® — V" ¢ 2 (mn/2)?]} sinh 7,, = 0 (2.10)

2 (299 210 AAZAE AL/ A& 26)9 Fe2 uiHFH
Yu(7) = A,(coshB,7+ 01 COS ¥m7) (2.11)
ze Y,(7) = A,(cosh B, 7+ 8,, cosh y,,7)
Bu[ V' 92 (mn/2)* — B,,°]sinh 8,
Ym[V 82 (mr/2)2 + 7,2 ]sin 7,
Bum[ V' 8% (mx/2)?— B,,%]sinh 8,
Y| Tm 2 — V" 62 (mx/2)?]sinh 7y,

ANM, Oy =

T= 02,,, =

- 116 -



FAYE ol 4 48y AAYP U] YA FHY 9
tgezt TAUSY FYLAENS oY FF ANFoR EIY & Utk
T

szl(E) . N . mnré
D - mglsEmsm 9 (2.12)

Fadstd FYRNEAT 4(212)9 $¥E o FI oA AH2lsteq EHsE of
#o} A go] F4o] drh

m_27r£] +vé? ai;z‘ [ Y. (n) Sin_’%ﬁ]n=l

mer

= —F, sin 9 (2.13)

A@IDd ddsty ¥ E,9 S 78 & Uk
Ay (maf2) 4 A%
En=—Au{[Bn’— v82(mn/2)?]cosh By — Oim[7m® + v 2(mn/2)?] coS 7.}

A (mrf2) A A
En=—Au{[Bul— vé (mn/2)*]cosh By + Oom[7m? — v 6 *(mn/2)?] cosh 7.}
(2.14)

g9 HAAA TAAGL A, AA7 Gz, AAAFE RHENC BAY E,wol
47 9m HQIDe HEHoT go ge ¥y YA

. E,, )
W, (& n)= mgm B (cosh Bm7 + Oy COS 7, 7) sin ﬂzﬂ—g

( cosh B,,7 + 85, cosh 7,,7) sin mxl (2.15)

ma B +2 922m 2

7] A,
Oum = [v 8% (mn/2)? — ] cosh B + O1m| v 6 2(mm)2)% + 7] COS Vm
O = [ v 82 (mn/2)? — B ]cosh B + Oom[ v (mm/2)? = Ym>]cOSh 7,

5 WA R A A THESH BANE R WS FAW PHoz HE TR & AT

gz fiel Al A FHEYC] e e HyuPe HF Fao
Hol A 7@ AYue SN W W (&, 9), W(E, 7)) W(E, 9) & B3] A
FRAe DEHnz A4S FHT A WE, 1) 9N ANEEAL BEAUke]

nixgte 2 HFH Z2IYPE o4 iHH} R R=FE FIU A iR dEL

- 117 -



10 AA Y - B

2R3 WE, p) 7t 429 74898 AAZA Bt FHAE 9= AQaA A7) 2
Agche Az 78+ Ao

AgHE AAZAL £=0 A W AAFF 712717 09 B, €21, 9=19 @ FR
439 FYAES} 0ol F kA Agolnt.

WA, £=0 A A4S Aoz mdY ohdst 2ok

LA VAGE) oW (&,
l;g 2 | e=o + za:: Z | e=0 T ““—33—‘?—”)” | e=0 =0 (2.16)
o714 & &S AMEt FH3H
dW (€&, E, 9
_1a(§ 7 | e=o = —_(;ﬁn/ ) ( cosh B,,7 + 61, cosh 7,,7)
o7 —E'"(orfz—“”m (cosh B+ Gym cOSh 77)
dW, (€, E, 2
za(g 77) I =0 = (;nu”/ ) (Bn+ elnyn) cosnrny
or. = E”(ZZ_I/Z) (B, + 02,7,) coSnTy

| o= n B, cos 7,
R £=0

D . .
nh
(7,2 + B,%)cos 7, (rpsiny, + = och 3, S B,) cos pry

EP
(7,5 — B,%)cos 7,

) coshy, .
(— 7,siny, + ﬁf:osh—ﬂ,,z sinh B,) cos pzy

or =

7t Ao

ggor £=1, 7=19 9 FAAstd FYRAEIN 0 4 B5E A2 PP olefs} #rh

B2 M, (£) b My (€) B2 M, (&)

aID I 0=1 + aZD I 7]=l +a—3D | r,=1 = O (217)
M (Da My(n)a M;(n)a
IT [ e=1 + —ZD— | ez + S—D— | e=1 =10 (2.18)

A9 A7 WYe) FAZAL ol gk S FASH Bk
39 g FH Azte] Az w2t R AYWAAo] BES) A=, & A AW
B2g BE 4 glon, ool nA+E e Ut Yelolth ol U¥ AUMAALHA

Yo A E,, E,, E,& 78 4 Jdvh ol nfgk A% e Fol Axwrt

- 118 -



FTHYE 01 8¥ Y AAAYY DY YAFAY 11

Em En EP
m=]1] 3 5n=0 1 2 p=0 1 2
R N e
o I --=1---
o0 1| -==|--=
- - - I 0 0| - 0 O

- ——-]lo0o 1 0|0 -
- —-——-lo o1 |0 o0~
- - = - 0 ©° - 0 O
- —_—}0-0]0 -0

- - - o o6 — O O

Fig.2.6 Format of the coefficient matrix used in the analysis of the symmetric modes of
- the cantilever plate.
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Fig. 2.7 Flow chart for eignvalue calculation
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Fig.3.1 Rectangular plates and dimension(mm)

~ Table 3.1 Geometry and material property of vibration test model

Model Whole Size Test Size Thickness Young's Modulus
(mm X mm) (mm X mm) (mm) ( N/ mm?)
CFFF-1 555X 200 500X 200 5 . 210000
CFFF-2 355X 200 300200 5 210000
CFFF-3 255200 200X 200 5 210000
CFFF-4 188200 133x 200 5 210000

Table 312 A&l AH3Q 47F2] W@ 24 4 A5 54& ez glon, 1A
#HE F 6749 BEEZ 75 £ UA=F ARHN LY B9 AFE 200mm X 55mmeo] .

32 A92A
APFXNE A48 247 AT AZ 7A4H Aok AHELL AdA dHE A™

£¢ Figd2s 2ol #9g 1AEBL ol&ste] FHaE Y2 TAHoIUT BY 1
3e 98 270l 10mme 6718 FUALE AFE BT
)
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Signal Analyzer(FFT)

-— Impact Hammer

— — {1 5
Y Accelerometer, 60

- / fal 9

ch.a [chB]
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Fig.3.2 Experimental set-up
334347

4742 FRulo] #Bste] BYPR FHANNE ol4F RIHHE FYF AFf:
Table 3.29} o}

Table 3.2 Experimental results of the plate modal analysis

Model
Mode
CFFF-1(Hz) CFFF-2(Hz) CFFF-3(Hz) CFFF-4(Hz)
1 16 46 100 214
2 80 150 238 398
3 100 282 620 920
4 260 520 800 1395
5 288 684 832 1610

4. AZ AT @ nF

HFEHE o]&F At glol, TEF dojut g UAg+E Tsades MATLAB
Aoz IR At FH3ATHBIIL.
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Fig.4.1 Eigenvalue versus the number of terms in expansions

Figdle 38 #dste 2822 ¢=1, 2, 3o dstq F33tr
2 2% BAZE AT ke U 9@ FEHE BE gto) £}, vy U
A34g 7317 A k=152 ZAstd Z2aRMY AMge] A5 syt

41 1HA5S

Table 4.1 F&H] 2/3, 1, 15, 250 W3t AP 3HAEFE Gorman[2]9 39}
ANSYS(frgtaam)el 98 FX3, 48235 FR4936ld THIFSF 53 7AAE A
2 va RS st £Fd g dAYL ulste ax €30 diste MyIYL
om gt 7| »=033308 Fi AABIHC).

Table 41 2 Egulo) @2 249 283 A% wim, A°= wa®V /D

Z 34 (a/2b), ¢=25
A Add#s | 4843 | Gorman ANSYS 2z
1 3.407 3.31 3.406 341 s
2 17.58 16,52 1758 17.62 a
3 21.24 20.66 21.24 21.28 s
4 56.13 53.72 56.14 56.19 a
5 53.71 59.50 59.72 59.75 s
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Table 4.1 (continued)

$=15
24 AMAs | 4423 | Gorman ANSYS rcd
1 3437 342 3.438 3.440 s
2 11.43 11.15 11.43 11.49 a
3 21.32 20.98 21.32 21.38 s
4 38.71 38.68 38.70 38.76 a
5 53.07 50.88 53.06 53.10 s
#=10
24 ANAs | 4843 | Gorman ANSYS 5cy
1 3.46 3.305 3.459 3.463 s
2 8.356 7.87 8.356 8.359 a
3 21.12 20.42 21.09 21.12 S
4 27.08 26.45 27.06 2707 s
5 30.54 29.15 30.55 30.56 a
¢ =2/3
2} ANEds | 48237 | Gorman ANSYS nc-y
1 3477 3.14 3477 3.478 S
2 6.287 5.786 6.288 6.292 a
3 14.26 1351 14.26 14.30 s
4 21.85 20.48 21.88 2191 s
5 25.54 23.64 25.59 25.62 a

15

Table 41914 & & Axol Z4 FHvlo W Fad IFHE 2 23 AMZY

9} Gormane| AFaE AT 22 ANSYS 9% A9 e 1%u¢e 2LaE&
Holx glo] MZ ZAgrt & dAFS & + Utk 482} vug AR ¢=2/34A
£ 9 53~97%Atel9) 2 E AT HF 7% LXE Holm Ux, g=dlHE o 2
3~59%Atol 2] o zt9t Hit 4% LAE HAT F=15d0E HT 2%HETY HL
g Holn =259 Mt HFF 4%AEY 2xE molm Ul olyF NFATFA ¢
A AvHE AAZAN Qo] BEZ nAHE AAY F4£9 BAAA, AFE HHo
7tEA My 2 ASFAY YT S 2 YA ALY + Atk 9714 accelermeterd]
EAAZase @e] FAC vls 1/100 vivty @& 7HABR RrlE e ade FAE®
g At}

- 123 -



16

AA % - A

Table 4.2 Calculated eigenvalues for cantilever rectangular plate

Aspect ratio (a/2b), 4 = 3 ¢ =25
Mode Eigenvalue Mode shape Mode Eigenvalue Mode shape
1 3.394 s 1 3.407 S
2 20.68 a 2 17.58 a
3 21.22 s 3 21.24 S
4 59.61 s 4 56.13 a
5 65.10 a 5 59.71 S
6 1174 s 6 104.3 a
7 118.1 a 7 1170 S
8 183.8 a 8 1435 S
9 192.0 s 9 166.8 a
$ =2 $ =15
Mode Eigenvalue Mode shape Mode Eigenvalue Mode shape
1 3421 .S 1 3.437 s
2 14.49 a 2 11.43 a
3 21.29 ] 3 21.32 s
4 47.32 a 4 38.71 a
5 59.77 s 5 53.07 S
6 91.23 - a 6 61.55 )
7 92.68 s 7 79.29 a
8 117.8 s 8 84.50 S
9 151.3 a 9 1355 a
¢=125 4 =1
Mode Eigenvalue Mode shape Mode Eigenvalue Mode shape
1 3.449 s 1 3.46 s
2 9.896 a 2 8.356 a
3 21.33 s 3 21.12 $
4 34.54 a 4 27.08 S
5 38.95 S 5 30.54 a
6 61.03 S 6 53.55 s
7 68.23 s 7 61.14 S
8 73.69 a 8 63.62 a
9 99.04 a 9 70.65 a
(continued)
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Table 4.2 (continued)
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¢ =1/1.25 ¢ =2/3

Mode Eigenvalue Mode shape Mode Eigenvalue Mode shape
1 3471 s 1 3477 s
2 7.115 a 2 6.287 a
3 18.18 ) 3 14.26 s
4 22.23 s 4 21.58 s
5 2759 a 5 25.54 a
6 42.78 a 6 31.30 a
7 43.82 s 7 37.96 s
8 60.94 s 8 56.04 s
9 66.08 a 9 56.15 a

4 =172 ¢ =1/25

Mode Eigenvalue Mode shape Mode Eigenvalue Mode shape
1 3.486 ] 1 3.494 s
2 5.278 a 2 4.711 a
3 10.01 S 3 7.948 s
4 18.84 a 4 13.65 a
5 21.79 s 5 21.36 s
6 24.56 a 6 22.95 s
7 31.08 s 7 23.45 a
8 31.88 X 8 28.54 s
9 4267 a 9 34.37 a

$=1/3

Mode Eigenvalue Mode shape
1 3.497 s
2 4.369 a
3 6.738 s
4 10.74 a
5 16.74 s
6 21.93 s
7 22.68 a
8 25.43 a
9 26.53 S
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Table42E 1/391A 37419 F2 11748 F¥ud w2} eigenvaluest EFEF4S 4
gatgdtt 2 23 BE F349 dFAAM Adgo] Gormand &% 1%WTY 23 B
ol AT AAYS ¥& F AN F, dAY 2= vdAA RE EF HHE @&
4 molxn gt HolEZ AHUB F2 11/ S B FAd 1/ FAPALA
F&3A AHEE F A& Aolth

5 48

2 =RdAE FHYS olfstd B¥ny ANZHY ¥ .
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ol

(D) S8 o8 Add FAL 2/AFFEL & 2dAs E FE284d JF
3 v A, Aoz 1%HRe o)z F& dAE B wHA o HY W
e ALY Hue] AFHHA o] F&F WHAS FAFA

(2) AFEE 0] &d FAAMNAN FaAdall= FFAMGe] 157) o]dHEH FHS 33
on, T REFAME up3stA] ZFHE B olF T 4¥HE A, 2 AT0A
AHE-E TS ol &3stn, AFEHE AHEstd AMSE FHe] M2, 439 Al
wet Adae o 23 & de ALMUeE I {F&EE FAdgg e, dukEA
RE BBy BAZHN HEol 7@ FHl &S A

(3) AuATH Astghe] LAE UF 2~10%HEE HPom BFHo2E o 5% A
59 948 Byt ot UYEUe] BLAW AA2A T4 R AYARY AFA Y
o3 $o] 7 9do] rkx 4zEch nYEES A5E wUn, Fo ALY AUL A
3@ 3 estE Bol ol Aoz AV,

dEHoE, H9 FEYE ©l 8 TUAEA ATE EUE o doprt opi g ne
s e sdsted 7127 @ R22 Asdo.
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