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(1) Karnaugh Mapping Method

(2) Consensus
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(4) ToPological Method

(5) Quine-Mccluskey (Q.M) Method

(6) MASK Method
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2. Identification of the Prime Implicants

Almost all of the procedures in references
treat the minimization process as two seperate
parts. First, all of the prime implicants are
generated from the given minterms. This is PL
identification. Then the set of prime implicants
that best cover the switching function is chosen
from the larger set of all prime implicants.
This is PI selection.

In this section, the identification process for
the prime implicants is discussed. There are
several computer algorthms for the minimization
of the switching function, but the basic idea is.
According to the Boolean theorem
AB+B=A(B+B)=A; all the prime implicants

the same.
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are generated from the combinable minterms.
Conversely, the Boolean canonical form of min-
terms are directly obtained from the following
property of the prime implicant.

{Definition:)

Let F(x1, %3,+*, %s) be a Boolean canonic
minterm of n variables x1, Xz -, 2, The partial

derivative of F with respect to %1, 1=i=n, is
defined as
dF

dxi
@F(xli LN FPRLLH xn)

Theorem 1:(Property of the prime implicant)
If the prime implicant has the n eliminated

=F (%1, Kar 0+ Biy o0 X)

literals and the number of the input variables

is m, Boolean canonic minterms whose number

is 'Z’;J; +Cr(=2%) satisfy the following equation,
ZE' dF(G(Xm. Xz, ooes Xptm-w)y X1, X, o, X))

=1 dX;

=0
where G(Xp, X2y Xpim-w) denotes the
prime implicant and X; in dicate the eliminated

bit positions and 2§ is the partial derivative
(or Boolean difference) of F with respect to
X; (see Reference [24]).
Proof:
First, for #=1, there exists an eliminated bit
X, satisfying,
AF(GCX 1, X2+, Xptm-1))s X1)

X\
=F(G(X 1, X 2o+, X piw-11)s X1)
@F(G(Xpl, sz; "ty Xﬁ(m—l))’ Xl)
=F(G(X p1, X2 s X pin-1))> X1)
@F(G(Xpb sz: *tty Xp(m-l): O)
=1P1=0
Thus the equality holds for n=1.

Now assume that the equality holds for =%
b AF(G( Xy Xp2yo20s Xptmn ) X1y Xy o Xp)

i=1 i

=0,
To prove that it holds for n=k+1, the partial
derivative can be applied.
| GF(G(Xp1, Xporvor, X yoy Xptm-t-1))s

s 1s <22y **% A gy k+1.)

i=l dX,

pat AF(G(X p1, X2y -0 X piw=t-1))>
=Z ktly A1y A2y °°° k)

= ng

Let [G(X 1, Xypas -o's Xptm-k-11) Xp11] and
[G(X p1, Xp2o s Xptm-t-11), X1, Xz, 0, Xi] e
HCXpl, Xz, oo, Xp(m-h)) and P(Xpln Xpas oo,
Xpm-11), respectively. Thus it yields,

E”, dF(H(X p1, Xpoo oo, Xpim-)s X1y X, o0, Xp)

i= dx;

i=1

n AF(P(Xp1, Xpz, ot Xptm-1)y X))
dapn
=0+0=0 (from equation (1) and (2))
Q.E.D.

Example 1:

Consider the Boolean canonic minterms from
the prime implicant, X:1X2Xs, whose eliminated
bits are X3 and X5°*

From the above theorem,

PF(X\ X2 X4, X3, X5)
dX;
=F(X1X2Xs X0, X)DF (X1 X2 X3 X4, X5)
dF(X1szXaX4. Xs)

g
=F(X1 X2 X3 X1 Xs)DF (X1 X2 X3X 1 X5)

dF(X1 X3 X X1, X5)
dXs

=F(X1 X3 X3 X1 X5)DF (X1 X2 XX 1X5)
Hence, the canonic minterms are X1 X2Xs XX,
X1 XX X1 X5, X1X2XsXXs, X1 XoX3X: X5 and
X1 Xo X3 X1 Xs.
And note that the number of the generated

minterms is 2%, where # is number of the
eliminated bits.

From the above discussion, the prime implicant.
can be obtained by using the following theorem.
2 derived from theorem 1.

Definition:

If the given set of minterms are arranged in
ascending order, the lowest minterm is called.
LM and the highest minterm is said to be HM.
Example 2:

Extract the prime implicant from the following
minterms by the theorem above, called the
MASK method,

0000—LM
0010
0101
1000



4 30

1010—~HM
Step 1 : Check if the relation 1 is satisfied.
0000 . AND. 1010=0000
Step 2 : Check if the relation 2 is satisfied.
MASK=0000 .EX-OR. 1010=1010
And then perform the OR operation with
the given set of minterms.
0000 .OR, 1010=1010*
0010 . OR, 1010=1010*
0101 .OR, 1010=1111
1000 . OR. 1010=1010*
1100 .OR. 1010=1010%
Check if the number of the same values
which are equal to HM is 27,
the number of 1’ 2
the number of the same values: - 4
Step 3: If the given set of minterms satisfies
‘ step 1 and step 2, ‘the prime implicant
is obtained by eliminating the bits(whose
positions are shown in MASK) of LM

or HM,
LM eeereree 0000
MASK ---1010

Hence, the prime implicant is X0XO.,

Fr a switching function, its prime implioants
can be generated by this MASK cmethod.
Because of its testing betwee LM and HM, the
smaller cost-of a pnime implicant is generated
rapidly by the MASK method. The essential
advattages of the MASK method are the rnpid
generation of the prime implicant and a less
amount of run time and memory capacity of its
computer program,

The logical operations used in the MASK
method cannot be simply performed manually
because of the inability of man to handle too
many bits, but they can be performed very
the MASK

method is well suited for the computer program-

easily by digital computer. Hence,

ming of the prime implicants generation.
Theorem 2 : (Computer algorithm for finding the
prime implicant)

The prime implicant can be generated from

the given set of minterms if and only if the

following relations hold.

Relation 1: Let the lowest minterm of the
selected set of the given minterms
be LM and the highest minterm
HM.

LM .AND. HM=LM
where . AND. denotes the bit opera-
tion.

Relation 2 : Let the result of LM ,EX-OR. HM
be MASK which shows the position
of the eliminated bits. After perfor-
ming the OR operation (OR mas-
king) with MASK all through the
selected set of minterms, the num-
ber of the same result equal to HM
is 2%,

Proof: From the property of the prime implicant

(Theorem 1), there exists a prime impli-

cant which satisfies the following equa-

tion,
Z”v dF(G<-Xﬂ1’ Xﬂ’ e Xp(m—ﬂ)); -XI; X2; Tty Xﬂ)
=1 dxX;

=0

where the lowest minterm and the highest
minterm of the given set of minterms is

F(G(Xp1, Xpo2, s Xptnem ), 0,0,+--,0) and

F(G(X 1, Xpo, s Xpem )y 1, 1,00, 1)
respectively.

Since each minterm(LM and HM) has the same
prime implicant term, without loss of generality
relation 1 holds for these two minterms.

F(G(Xp1, Xp, s Xpim-m), 0,0, ++,0) . AND,
F(G(X p1, Xpay s Xpuw-m )y 1, 1, +041)

=F(G(X 1, Xy X ptu-11)5 0, 0, +++, 0)

And to find the position of the eliminated bits,
the EXCLUSIVE-OR operation is applied to
these two minterms satisfying relation 1.

F(G(X 1, X po, - X ptu-n)), 0,0, -+, 0). EX-OR.
F(G(Xp1, Xpas s Xpom-m), 1, 1,00, 1)
=F(G(0,0,+,0),1,1,++,1)

From this result, the eliminated bit positions
which are set to 1 are obtained.

Next, the 2" minterms are checked by setting

— 26 —
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the eliminated bit positions, since they have the
same term, G(Xp1, Xy s Xptm-m)e
To computerize this, OR masking method is
used for the purpose of setting the eliminated
bit positions to 1. And then, there will be 27
terms which are equal to HM if the given set
of the minterms has the prime implicant.
Q.E.D.

. PI selection precess

] @.¢. PI identification o] 4 T Prime
Implicant® o 4 =&l g+E W  dv 3
&34 Prime Implioant(PDE A9 st #HA ik
RE PI5-& MASK Methoddl] o] 4552 2
commonality(F-%4])-& Intersection Table®F-¥]

T 2 et
1. The Mask Method

Boolean Algebras] A& o]&shs dldA
MASK ko] vrevh, Feixl 871¢] Mintermo]
#}1}9] Prime Implicant® 74" = $013 Boo-
lean Algebras A A Fols A}s & EZES

Z5 ok
The Mask Method
ABCD
1000 N~ 2]
1001/.100X‘——"
1001\—————/\10XX_
FEED T G
001
1100NT T 2]
1101/'110X1\——~
\11><><}
1110\‘111><
11117 \
1><><><l

7] 4 &% Prime Implicant® =%~ $91A
ezt 7o Operationo] #shed &l ek

A B C D

1 0 0 01

1 0 0 1 2 OR-MASK

1 0 1 0 3 WITHO111
1 0 1 1 4

1 1 0 0 5

1 1 0 1 6
1 1 1 0 7
1 1 1 1 8 <(Figd

1. LM3} HM~} AND Operation®]
+ LMo et
wheg ol vt
M(1) . AND. M(8)=M(1)

1 0 0 Q0
1111

Ae 2 st
s17¢] MASK 72%el 34

1 000
2. Fig 4
M(1). AND. M(8)=M(1)
1000
1111

1 000
M(1) .EX-OR. M(8)=MASK({0 1 1 1)
<{Fig 4

2, MASK Bit positiong ZFoll& FE{ vk 4

7] 4+ Bit By Bit operationg 7 k. =

dwl, AHE Fol3] 671 mintermo] A 1+

Prime Implicant® 49 (select)stE 2-Bitr} gl

X+ Mol FA4& B g

2-Bit7} golx+= 4l

A B CDEF
i 0 0o 1 0 O
1 0 0 0o 1 O
i 0 0 1 1 0
1 0 1 0 0 1
1 0 1 1 0 0
1 0 1 1 1 0
(1) LM} HM¢- AND operation s+# LM~} =+
100100
101110
100100

(2) AulH ze] 9k~ = Fo] EX-OR opera-
ASK-positiong- #old

tiong A Fe e M

'/’: }}\T/}"
100100
101110
001010
2 AFE JFA 3 &8 F012 minterme] =
s OR-Maskinge &4 3wl ohg Tabledt 3o}
ok
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* OR-MASK

L e T e

SO DO O

bt ped bk ke

—_ o D O

O e e

OO OO0
*

1 0 X 1 X 0

mlAl et o 2 Check 8] Rolek & & »o A
2} MASK Bite] =23 Bit(eliminated®] #A)%
Check 3§t

MASK Bite] #235] Bite] A<t nolebx 744
s 24 (¥ 4EsHE minterm-d 277 ¢ tt.
A A «o] At 29 o Hgly] S «2
%3 Minterm thg3} 2-& Prime Implicant
2 F49E & = dEHh

1 0 X 1 X 0
=] 2747 o] MASK Method® A sl us &
7

MASK Method ; Provided that given minterms
are reduced to one prime implicant they must
satisly the following conditions:

LM: the lowest minterm

HM: the highest minterm
(@ LM .AND. HM=LM
@ Let the result of LM .EX-OR. HM be

MASK, and then Count the number of I’s in

MASK and let at be N. M(X) .OR, MASK
=M(2+N) for K=1,2,-,2«xN where M(1)=
1M and M(2++N)=HM

2. Construetion of Interseetion table

RE o] e design sFmAFEE 349 T
9} 7+ Functions] 013 Minterme] &3 &
#) intersection Table-& oF& =9 -g1th

Construction of Intersection Table
F.(A, B, C, D)=X,00, 2, 8 10)
Fs(A, B, C, D)=2,(0, 1, 2, 1)
Fy(A, B, C, D):Em(ly 4: 8)
o 1‘2|4{8{10)11\
Fo1] 1] |1l {
Fe|1]1 \ 1| | ’ 1
F| 1] el ] (Fig &

Ju
For example, Fyo wis] 4bsdxd, Mintermo]
1, 4, 8°]7] @ &d] Intersection Tables]A 1, 4,
8 Apelel kg3 o] 77 Lo] = f
sintersection Table2] £Ei-> 24 commonality

CREAYE ol § Yrkedl g
3. Cost Table & Subeost Table

Cost Table-¢ prime Implicant chart gwxl¢] 4
2%} Prime Implicants] & covered(3] =)=
check®] #o¥ WEE5He FH2EA TR

Optimal selection =z W% -& Prime Implicant®]
highest costz} € 5 3 sybcost tableo] T4 %tk

sub cost table-& Prime Implicant selection®] F
WA Fe4E shAlch

V. Intersection Table

o] Intersection table-& ZHijje]l e A+ MA
SK H#:at zho] A4 ek, AFARS ke 2
Z+2] functiono] o8] A Prime Implicant® %
2 design (44 )5 ==k, Intersection Tabled
A-gste] gAde] A functions] A sEm 9l
X Prime Implicant® F% 4 glehe 3ol vt

Intersection Table

(1) Intersection Table represents the commona-
lity of minterms and is used in order to ge-
nerate the multi-output prime implicants.

(2) Cost Table

Cost is defined as the number of the covered

minterms in the Intersection Table for any
prime implicant or minterm.

A Costt 37Hx12 A Hol Ev] AR
A= gate Cost24] A& ¢ ¢ line Cost®
3o gkeh, zefwl Cost Tableo] @A T4 5=
ehol® af,

o] 7] 4] o155 Costzl Prime Minterme]] ¢
A cover 3+ minterm®] AFE vieb i 9l
ot

zele] k9] Intersection Tableo] chg3f ko)
Foi& W MASK Fikdl e b3 22 34
¢] Prime Implicant”} generating (\}.eA> Huitok
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ol1l2|4|8]w0]u
Fa| 1] 1, 1)1
Fol1|1]1] 1
AIREEEEE
A|B|c|D] «| 8|7 |
x|o|x|o| |1 1 11 L] 4]
00X 0 1 ! | L ! 110
0lo0fo0|x 1]1 | |1 010
‘[ 1
22|z |2]1]1]1|—] Cost Table |
ojojofofolo]o | subcost Table |
o| %7 Prime Implicante] Cost& <+ % Subcost Table

A5kl $19 2

A @z A4 TFdx Prime Implicante] A
Costs F3h= Fi& wsbwl minterm 0, 2, 8, 10
< Cover s+ g -9 4792 mintermg cover 3}
B2 cost7} 47} -t}

% F95] Prime Implicanto] A+ minterms 0,
1€ cover 3 § v Fa, Fgol T3kn o=
=2 cover 3 mintermss] A& 47} 5 EE cost
+ 4t "k

2.8 3 mintermse]] ] g}ed costE TR In-
tersection Tablesl] A Z2+¢] minterme] 3 Y+
A A =Heh $9F e wger
cost Tablee] =A%},

(3) Subcost Table

1¢] A48}

Subcost is defined as the number of the re-
maining minterms which are not covered by the
selected prime implicant' or minterm

2#)%] Subcost Table fizgke] ojs) s 4= FA vk
Al Awls] prime implicant subcost®] & A
(Eysl 2A-§ v}, minterms 0, 2, 8 10& cover
7F S3%, = minterm®] columnd] 4] cover sl
Aol 3A ol glek. o] g(AF)e] Subcostd] F
olt}, BB R, Subcost®] & 3°] H i o]g}
2 Fke] =z v X|d] A&,

.
ey 3 FAE EFAh
Selection of the Prime Implicants and Min-

terms

Selection of the Prime Implicants and Minterms

o|1|2]4]s|w0|u

1| 1] |11

[Fel 1|11 1

Pl 11| |
la|B|c|p| la|s|r]
dxlolxfo| Ja| o] Jo|2] |1 la|s|fe]1]|]o]s
dololx|o TN 11| |a]o|jofo| o]0
olo|o|x| |1]1] 1] ele]|t]1]|1]1
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{Realization of Multi-output Switching Function)
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Advantage
1. Due to the Cost Criteria, minimal gates are
required.
2. By the MASK method, mluti-output prime
implicants are easily generated.
3. To reduce the number of connections, included
commonality is eliminated from the list of
selected terms,

4. Will suited for computer program.
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Appendix The Computer Program for the Minimization of the
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Cost Criteria®} MASK Fikel o8 % fygtae] # 48 19

sewrnperar MULTIPLE FUNCTION MINIMIZATION PROGRAM  w#ofbgnusers

THIS IS MULTIPLE FUNCTION MINIMIZATION PROGRAM WHICH MINIMIZES
THE COST CRITERIA (NOWOF GATES) OF THE TOTAL FUNCTION USING DA
TABLE AND COST TABLE METHOD. ’ ’

THIS MULTIPLE FUNCTIOM CONTAINS 3 FUNCTIONS
NAMELY

MINTERM  FA Fg FC
0 0 0 1
3 1 0 0
G 0 0 1
5 1 1 )
7 1 1 0
10 0 1 1
13 1 1 0
14 1 1 1
15 1 1 1

AND EACH FUNCTION CONTAINS 4 VARIABLES

THE FOLLOWING IS  THE LIST OF THE PRIME IMPLICANTS OBTAINED FROM
DA TABLE WHERE PRIME IMPLICANTS SELECTED FROM COST TABLE ARE.
LABLED AS SELECTED B o S

Bawee FUNCTION #w 1 #usus FA

NO. cosT A B C u
120 X 1 1 SELECTED = X, XyXa
2 2 0o 1 1 1
3 8 X 1L X 1SELECTED —> ¥2Xa
4 3 1 1 1 1
5 3 1 1 1 1
6 6 1 1 1 x SELECTED —> X, X2 X3
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