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(Abstract

A fixed ring R¢ of a fully right idempotent ring is fully right idempotent where G is a finite
group of automorphism and G is a bijection on R. Moreover, if R is strongly semi-prime ring,
then R¢ is strongly semi-prime ring and a finite direct sum of simple rings with identity.
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J. Osterburg showed that the fixed ring R¢
of R is a direct sum of simple rings. We will
prove that by using another method in this
paper.

A ring R is said to be fully right idempotent
if every right ideal of R is idempotent, or
equivalently, if e=(aR)? for every a<R. Let
G be a group which acts on R. The skew
group ring R*G is defined by R*G={rg|geG,
r&R} with addition given component wise and
multiplication given as follows; if », s&=R and
g, he=G, then (rg)(sh)=rstgh. If x=Nr,g is
an element of R*G then the support of x is
the set Supp (x)=:{g=G|r’#0}

Let G be a finite group of automorphisms
acting on the ring K. The fixed ring R of R
is defined by Ré= (r&R|r#==r for every ré=R}.
For any integer =, we will say that » is a
bijection on R if nR=R and nx=0 implies x=0

for any x&R. If # is a bijection, then for any
¥&R there exists a unigue y&R such that
y=x/n. For any x&R, define the trace of x
to be tr(x)=2Xr¢, Then clearly #r(x)e=Re.

Lemma 1. Let G be group which acts on R.
If R is a fully right idempotent ring with
identity, then R*G/I is a flat left R-module
for every ideal I of R*G.

Proof. It is sufficient to prove that e(R*GN
Ncal for every es=R(1. Corollary 11.23.).
By induction with respect to #, we shall show
that if e (r.g.+-~rg.osl, r&=R, g,GCG,
then a (r.g,+-+r.g.)=al. Since R is fully

o
right idempotent, ar,=ar I b,ar,c; with some
=l
"
b, ¢;=R, and therefore ar,g.=ar, };l biar.c.g:

=an X b(ar.g)c¥ <=al, which proves the
i=i

case n=1. Now, assume that #>1. As above,

o

there exists a,, b, =R such that ar.,=aer"3

iml
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b.ar,c,. If we set y:rﬂg_dl' bia(r,\ g t7ugn)
c# " =I, we sce that v=a(r,g.-¢-+r.g.—y)=I
and the cardinality of Supp (#) is less than #,
there cxists then
some z=1 such that v=eaz. It follows therefore
that e(rig:=-+reg.)=a(y+z)=al.
By using this lemma we will

by induction hypothesis,

prove the
following theorem.

Theorem 2. Let R hec a fully right idempotent
ring with identity and G a f{inite group acts
on R. If |G| is a bijection on R, then R*G is
fully right idemgotent.

Proof. Since |G| is a bijection on R it suffices
to show that S/7 is a flat left S-module for
cach idcal 7 of S where S is R*G (4). By
lemma 1 S/I is a flat left R-module. Hence
for any a<7I, therc exists an R-homomorphism
g: S—I such that 6(ga)=ge for all g=G
(1. Proposition 11.27.). As is easily verified,
the map 6: S—7 defined by 6(s)- 'G! Nieog™!
6(gs) is an S-homomorphism with 6(a)=a.
Hence S/I
11.27). Consequently S is fullvy right idem-
potent.

is flat again by (2. Proposition

Cororally 3. Let R be a fully right idem-

potent ring with identity and G a ({inite
group of automorphisms of R such that G is
a bijection on R. Then the {ixed subring R¢
is fully right idempotent.
Proof. Since R¢=e(R*G)e
Yiecg (4. Lemma 1.2). It is obvious that R¢

is fully right idempotent.

where e=|G|™!

To prove our main theorem we now introduce
right strongly semiprime ring and give some
lemma. A ring R is called a right strongly
semiprime ring provided if 7 is an ideal of R
and is essential as a right ideal then there
exists a f{inite subset F of X with »(F)=0.
where 7(F)={r&R|rf=0 for any f=F}. On
the other hand we know that if R is a semi-
prime ring, then an ideal 7 of R is essential
as a right ideal iff »(J)=0. Therefore we see

that a ring R is a right strongly semiprime

ring iff R is a semiprime ring and #{(J)=0
implies »(F)=0 for some FC/.

Lemma 4. The following conditions are equi-
valent.

(1) R is o finite dircct sum of simple rings
with identity.

(2) R is a right strongly semiprime, {ully
right idempotent ring.

Proof. (1)=(2) It is clear that R is a right
stronly semiprime ring. In order to see that R
is fully right idempotent it suffices to show
that every simple ring with identity is fully
right idempotent. In fact, if S is a simple
ring with identity and 7 is a right ideal of
S, then I?=(IS)J==I(SI)==IS=1I. (2)<=(1) Let
I be an arbitrary ridcal of R, and choose an
ideal K of R which is maximal with respect
to the property that 7{UK 0. We set L=T& K.
Since R is semiprime and (LUr(L))*=0, »(L)
has to be 0 by the choice of K. Hence, there
exists a finite subset F of L with »(F)=0.
Since the ideals gencrated by F is a right
s-unital ring, there cxists an e=S such taht
ze=x for all x&F (5. Theorem 1) Since ¢—ea
er(F)=0 {for all ec’R, e is a left identity of
R. Now, let & be an arbitrary element of R,
and choose an element f such taht (be—8)f==
be—b. Since (be—b)f=bef ~bf =bf—bf=0, we
obtain de=5, which means that e is the identity
of R. Since e belongs 10 Z, we readily obtain
R=L=J&K. We therefore have seen that R
is a finite direct sum ol simple rings with
identity.

Using that lemma we can prove the following
theorem.

Theorem 5. If R is a finite direct sum of
simple rings with identity, then RC¢ is a {inite
direct sum of simple rings with identity.

Proof. Since R is a fully right idempotent
and strongly right semiprime ring, R€¢ is fully
right idempotent by Cororally 3. And if »(I)=0
where I is an essential ideal of R®, then there
exists some ideal J of R such that #(J)=0
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where I=R6\J. Since R is strongly semiprime
there exists a finite subset F of R such that
r(F)=0. FNR<I is finite and r(FNRS)=0.
Thus R? is strongly semiprime, Hence R¢ is a
finite direct sum of simple rings with identity.
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