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Ground state of a mass-3 boson system and Superfluid *He
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{Abstract>

Ground state energies of a mass-3 boson system are calculated at various densities by the mass-
difference perturbation theory and Yim-Massey variational method for a binary boson system using
the results of the corresponding liquid ‘He by Schiff and Verlet. These results agree fairly well
with results of Massey, and Schiff and Verlet. The present correlation functions between two
mass-3 hosons corpared with those between two ‘He atoms are qualitatively in agreement with
those 11 Massey theory. Also, we conclude there exist s-pairing states in the hiquid He from the

present results.
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The ground state properties of a mass-3 boson
system have received considerable attention,
theoretically since these properties can be used
for the input information of the liquid 3He pro-
perties.»2 The properties for the mass-3 boson
system can be calculated using a variety of
variational method, !-3 i.e., Integral equation,?
Monte Carlo method® or Molecular dynamics.®
The other
application of the mass-perturbation theories®
(MPT) and Yim-Massey’ (YM) theory for the
3He—4He mixture to 2 mass-3 boson system and
the liquid *He. As pointed by Feenberg,® YM?®
and Baym® the mass-difference perturbation

interesting methods may be an

calculations for a mass-3 boson system using
the results of the liquud ‘He have been some
interests among a few physicists, A few years
ago Baym® remarked explicitly in his paper
these interests in the first order MPT. Here,
we calculate these properties using a MPT and
YM variational method.® Before going into the
details we briefly review the definitions and a
common existing theory for boson systems.

A bulk boson system is defined by the

Hamiltonian
H=2 20 5 v, W

where B,, m and N are the momentum and the
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bare mass of a boson and the total number of
particles of the system obeying Bose statistics:
V(r), the two-body potential, is usually taken
the Lennard-Jones 6—12 potential. The ground
state properties of boson systems, in particular
for the hiquid ‘He, are known to be fairly
accurately described by a Bijil, Dingle and

Jastrow-type wave function,
R = 1 X
oo, Py =exp (-5 T u(r)) . @
1 <7=1

where #(r) measures the correlations between
two bosons; these correlation functions satisfy
the usual boundary conditions,

Im u(r)=—o0 s
=0

and
lim #(r)=0 .

Now, the pair distribution function, g(r.,), is
defined by

N(N—l) f|(/’50|2 d(F:,?,)
o fignle driedry
where # is the number density of this system

and d (7, 7,) denotes d7; ---d7y with d7, d7,

omitted. Using the above equations the ground

gr)= ®);

state energies, £, can be expressed
E(m)=Neo () , @
where eo(#) 15 the ground state energy per a

particle 1in the form

e()= 1 [e(r) Vur)dr

+bn [gVng: . ()
For the numerical calculations #(r) can be over

the wide range chosen fairly accurately in the

form!-3

u(r)= —(i)y , ®)

r
where A4 1s a variational parameter and y
is 5by Schiff and Verlet? (SV) and 10 by
Massey, ! respectively. In the process of minim-
izing eo(#) u(r) and g(r) can be obtained.

The MPT for a N mass-3 boson system are
defined by a Hamiltoman
H=H,+H, , @)

where Ho and H, are the Hamiltonian of the
Iiquid *He and the mass-difference perturbation,

respectively, given by

N 52 N
Hy=3XZ 2 +57 Vr,), ®
=1 2Ml4 . Zy=t
and
v 1 1 52 1 d ﬁ,Z
= ¥ — e=_- v £t
H, Z(Zma 2m4>p’ 5 omy s

In the above equations m; and sy are the
masses of a mass-3 boson and a “He-atom,
respectively. To the second crder perturbation
theory using eigenfunctions of Hy at dcnsity,
1, the ground state energy ¢f the mass-3 hoson

system, FEgo, is expressed

N =3 Iy
Exn=Ea+—32¢0| Lot o o

| 2m, 9 T
<01p.%Y (2my) | 52<s| 5,2/ (2ms) D>
E4O‘_‘E45
+higher orders, (10)

where Ey and E4 are the ground state and the
excitation energies of N *He atoms, respectively,
and |{0> and |s) are the ground siate and the
intermediate states of the liquid He, respectively.
YDM used the paired phonon analysis to calculate
the partial remamning terms bevond the first
order perturbation instead of calculating the
third term in Eq. (10), while Baym® used an
intelhgent method for the *He—‘He nuxture.
(Aso refer to Ref.7.) The results by MPT are
Table: The ground state energy of a mass-3

boson, es(n). MPT and YM are the present

results using the mass-difference perturba-

tion theory and Yim-Massey variational me-

thod, respectively. In this calculation we use
no=0.01962A -3,

T T . VR
0.722 | —2.563 —2.92  —2.97 —
0.7778 —2.565 — | = —2.921 —
0.814| — - - —2.59
0.8333 —2.59 | — ~2.685 —
0.889 | —2.56 | — —2.608 -
0.944 | —2.428 — —~2.471 -
L —2.218 — —-2.151 | —2.155
1.0555 —2.00 | — ~1.745 | —1.798
L1y — — | —1L208 |-L311
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shown in Table and compared with the results
of Massey,! SV2 and YM variational method®
to be given below.

In YM variational method for N mass-3
bosons the trial ground-state wave function of
Fq. (7, H,

system® as follows,

is chosen as in a binary boson

x
PPos(F1, -, 7)== Pou(Pr, e, 7m)€%%‘=f(r”) ,
an
where ¢%s and ¢%, are the ground-state wave
functions of N mass-3 bosons and N ‘He atoms
at the number density, #, respectively, and
£4(r) is the correlation-difference between (3,3)
particle pairs and (4,4) particle pairs at the
number density, », in the form
b
(L)

As in the binary boson system due to YM® the
mass-3 boson pair distribution function, gi(7),
can be expressed in terms of £(r) and the hquid
g:(r), at the
same number density as the mass-3 number

4He-pair distribution function,

density in the form
= t(r) R S (O O
gs(N=gure (1 + [ dke=1 7(2(Si (k)

D THTR) Hg®) . (1)

where Sq(%) 15 the He liquid structure function
defined by

SiBy=14n[(gi(n—De* 7 a7,
Ti=n [ 2i(N e —De* 7 g7, 13)

and the contribution of 4gs(r) to the ground
state energy 1s negligible in the previous
experience.’ Using Egs. (6), (12) and (13) 1n the
process of minimizing eo(n) in Eg. (4) eo(n),
#(r) and gs(r) are calculated. The present

results using #(r) and gs(r) of SV? are shown

in the same Table as the above. In the
Table es(#) 1n the results of Massey! are
normalized such as eo(n.,) is equal to be

—2.59 °K at #.,=0.0163A-3, where n, 15 the

equilibrium density of the mass-3 boson system.

The present results by YM variational method?®
above n=0.01597A-2
function in the form
eo(n/no) = AP (n/no)+B(PY(n,/n0)2, (14)
where P is the pressure of the mass-3 boson

can be fitted wusing a

system, #o 1S the equilibrium density of the liquid
‘He and A(P2), B(P?) and eo(n.,) are given by
A(0)=-1.295 °K ,
B(0)=-0.3567°K ,

and
eD(ﬂeq) Jl’?’leq 0827(27'2:;) P: ~2,59 °K
at #e,=0. 81dno. (15)

The present results are in good agreement
with the previous resultsi3 above #=0.0163 A-3
and also the correlation functions in the present
calculation agree qualitatively with those of
Massey! rather than SV2since #{r) 1s a negative
function. We believe these disagreements arise
from the determinations of the liquid “He-pair
distribution functions.® Also, from the present
results by YM variational method® the long-
wavelength effective interactions between two
SHe atoms up to 20 atm are negative(e.g.,
—0.5807°K/no at zero pressure) and indicate s-
pairing states in the hquid *He.%(Refer to Refs.
4 and 5 for the detail procedures.)
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. For examrle, the effective interaction, V (&),

between two °He atoms in pure hqu:d 3He at
zero pressure 18 (2/3) (i../no)* V.,.(k), where
Va.(k) 18 the eifective interaction between
two *He guasiparticles in the mixture at zero
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