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Abstract of Thesis 

The vehicle platoon can significantly slow down the traffic congestion and improve the traffic 

efficiency, the driving safety and fuel economy. It is an important means to solve traffic safety problems. 

The monocular cameras can be used in the vehicle platoon systems for determining the distance to a front 

vehicle. The distance is used in the vehicle controller to control the vehicle platoon. Removing the 

background is an effective way to improve the accuracy and speed of detecting the vehicle or license 

plates. The cameras are installed on the vehicle, so the object detection algorithms for dynamic scenes is 

crucial. The vison-based front distance measurement method is effective in creating low-cost systems or 

as a failsafe method to provide system reliability under sensor failure. Since vehicle platoon control 

system has uncertain and nonlinear, it is significant to study the cooperative control problem of uncertain 

nonlinear vehicle platoon systems. The consensus and containment are two fundamental problems in 

cooperative control. The main research works of this dissertation are summarized as follows: 

A fast and effective moving object detection method for a moving camera is proposed. The global 

motion is estimated through tracking the grid-based key points using optical flow. After the motion 

compensation, the background model, candidate background model and candidate age are used for the 

background modelling. Then the local pixel difference and the consistency of local changes between the 

current frame and the background model are used for the background subtraction. The lighting influence 

threshold and the local pixel difference between the current frame and two previous aligned frames are 

used to reduce the lighting influences. Finally, Gaussian filter, connected-components analysis, erosion 

and dilation are used to refine the results. The performance evaluation shows that this proposed method 

works very fast in real time and has competitive results compared with others in the public dataset. 

A front vehicle distance measurement method is proposed. It locates the license plate of the front 

vehicle in the moving object area after removing the background. The license plate is positioned by 

extracting the texture in the vertical direction of the license plate area. The front vehicle distance is 

estimated from the observed license plate height by using the logarithmic equation with three fixed 

parameters. 
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An adaptive consensus control method of second-order nonlinear systems with output constraints 

is proposed. It guided by an active leader. Backstepping design combining with fuzzy approximate 

technique is employed in the consensus control design. A command governor is introduced to generate 

an optimal virtual control signal, which is able to balance the virtual control law and the actual velocity 

signal. The optimization problem is solved via a recurrent neural network. A barrier Lyapunov function 

is utilized to guarantee the uniformly ultimately bounded control of the closed-loop systems without 

violating the output constraints.  

A containment control method for uncertain nonlinear multi-agent systems is proposed. The 

followers are governed by nonlinear systems with unknown dynamics while the multiple leaders are 

neighbors of a subset of the followers. Fuzzy logic systems (FLSs) are used to identify the unknown 

dynamics and a distributed state feedback containment control protocol is proposed. This result is 

extended to the output feedback case, where observers are designed to estimate the unmeasurable states. 

Then, an output feedback containment control scheme is presented. The developed state feedback and 

output feedback containment controllers guarantee that the states of all followers converge to the convex 

hull spanned by the dynamic leaders.  
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Chapter 1 Introduction 

1.1 Research Background and Objectives 

The vehicles traveling on the road are not isolated individuals, but are coupled to other vehicles into 

a vehicle group system. In the vehicle group system, the driver, the vehicle, the road and other factors 

are mutually constrained to form a complex generalized dynamic system. The queuing of vehicles can 

significantly slow down the traffic congestion and improve the traffic efficiency, the driving safety and 

fuel economy. It is an important means to solve traffic safety problems. It has a good application prospect. 

The study of vehicle platoon control began in the PATH project [1] in California in the 1980s. Then 

it is developed in the SARTRE project in Europe [2]. “queuing” is the formation of adjacent vehicles in 

a single lane. It automatically adjusts the longitudinal motion state of the vehicle based on the information 

of adjacent vehicles and finally achieves a consistent driving speed and desired formation [3]. 

 

 

Figure 1.1  The road test of the vehicle platoon in PATH project and SARTRE project. 

The vehicle platoon can be regarded as a special multi-agent system which is a dynamic system 

composed of multiple single vehicle nodes. The individual vehicles are controlled through the 

information interaction between the nodes and then couples each other. An individual vehicle makes 

decisions based on the neighborhood information. But it can lead to the synchronization and consistency 

of the overall behavior. The relative state difference between any two agents tends to zero. The vehicle 

platoon control is considered a multi-agent cooperative control. The multi-agent system cooperative 

control designs the distributed control protocol to achieve a common global goal by using a limited local 
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communication and information exchange between the agents. 

The consensus control is one of the basic problems of cooperative control of multi-agent systems. 

The consensus control uses the local communication between the agents. The state or output of the multi-

agent system eventually tends to be consistent. 

The containment control is another basic problem in cooperative control of multi-agent systems. 

The spatially distributed agents eventually gather in a desired target area through local information 

exchange. Multiple leaders in this system determine the desired target area. 

Various vehicle sensing methods have been proposed, such as installing a magnetic reference track 

for the vehicles to follow, utilizing camera-based approaches, lidar rangefinders, and GPS or differential 

GPS to determine absolute position. A fixed lidar module is usually used to determine distance to the 

front vehicle. The monocular cameras also can be used in autonomous systems for determining the 

distance to a front vehicle. The distance is used in the vehicle controller to control the vehicle platoon. 

The monocular detection method relies on vehicle detection, specifically license plate detection, to 

measure the distance to the vehicle.  

Although the video-based distance measurement method does not have better accuracy than the 

radar and lidar, but the cost problem must be considered in practical applications. With the development 

of cameras, its accuracy continues to increase and the price continues to decrease. The video-based 

distance measurement method is easy to operate and install.  This method is effective in creating low-

cost systems or as a failsafe method to provide system reliability under sensor failure. 

For the front vehicle distance measurement, removing the background is an effective way to 

improve the accuracy and speed of detecting the vehicle or license plates. So the moving object detection 

is used to remove the background and extract the moving object area from the background image. The 

cameras are installed on the vehicle, so the object detection algorithms for dynamic scenes is crucial.  

1.2 Related Works 

In this section, some papers related to topics covered in the dissertation are reviewed. 
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1.2.1 Moving Objects Detection 

The common object detection algorithms include inter-frame difference, optical flow and 

background subtraction. The inter-frame difference [4] is simple in calculation and is less sensitive to 

lighting. It can adapt to various dynamic environments and has good stability. But it can’t extract the 

complete area of the object, only the boundaries can be extracted. The optical flow [5] uses each pixel 

vector in each frame to detect the motion area. The pixel vector magnitude and direction of foreground 

and background are different. It can effectively extract and track the moving object, but the calculation 

is more complex and the anti-noise performance is poor. If a few feature points in the image are selected 

to calculate the optical flow information, the complexity can be effectively reduced. The background 

subtraction [6] uses the differences between the current frame and a reference background model for 

foreground segmentation. It needs to establish an efficient background model and resolve the lighting 

change, noise and background update problems. 

The mixed Gaussian model [7] can detect the object in complex scenes, but it is sensitive to the 

noise and has more calculation costs. Although the algorithm based on Codebook has good performance, 

it is sensitive to the change of lighting. Self-Organization Background Subtraction (SOBS) [8] has good 

robustness for the illumination. But if the input image is large, the calculation increases accordingly. For 

the unknown background prior model and foreground objects dynamics, the supervised object detection 

method [9][10] is not suitable for the unknown moving object segmentation. It is mainly used for known 

object detection. It has high computational costs and is not suitable for the mobile platforms with limited 

onboard resources. 

For detecting moving objects for a moving camera, an adaptive motion model based on the camera 

motion pre-information can effectively compensate the camera motion and more accurately detect 

moving objects. But it has more processing time. In [11], the existence of a dominant plane and used 

various constraints to estimate camera motion is assumed. In [12], multiple homography matrices for a 

multi plane representation of 3D scene is used. It is used for freely camera moving in any directions and 

depth. But its computation is very complex. In [13], an adaptive disparity-based multi-homography 
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algorithm is proposed. It compensates for the global background motion over a wide range of 

backgrounds. It generates adaptive multi-homography matrices by motion grouping. In [14], a moving 

object extraction structure based on the motion compensation and hysteresis threshold is proposed, It 

constitutes space and time compensation.  

Some background subtraction methods need a background model with the scene provided in 

advance, but it is not suitable for the tasks that process a new scene. Some background subtraction 

methods with high accuracy also do not work in real time. In [15], an adaptive background model 

registration algorithm by estimating homography motion is proposed. It can detect objects in moving 

cameras with complex backgrounds. In [16], a planar homography is used to compensate the camera 

motions. It can create a panorama background for whole video frames. In [17], a motion-compensated 

local to global background model is proposed. It detected the foreground regions using the moving 

cameras. GMM is used for superpixel-level background to refine the foreground area. In [18], a scene 

conditional background updating method is proposed, it adaptively established the background according 

to the scene change. 

1.2.2 Vehicle Distance Measurement 

The front vehicle distance measurement based on the monocular camera usually has two methods. 

The first method is based on the angle and trigonometric function to calculate the distance. It needs to 

detect the angle between the vertical line from the camera to the ground and the line from the camera to 

the light or bottom of the front vehicle. Then the distance from the front vehicle is detected according to 

the height from the camera to the ground and the internal parameter of the camera. This method requires 

the vehicle to be in the same horizontal plane. The measurement of the angle usually has error, so the 

detection result is not ideal. The second method is based on the principle of camera imaging. It calculates 

the relation function between the actual front vehicle distance with the pixel distance of the front vehicle 

distance, the pixel distance between the front vehicle lights [19], the pixel width of the license plate on 

the front vehicle [20].  This method has less computational complexity, because this method only needs 

calculate the fixed function parameters in advance. 
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In this dissertation, the front vehicle distance measurement is achieved by locating the license plate 

of the front vehicle in the moving object area after removing the background. The license plate locating 

is usually based on unique license plate features, such as edges, shapes, textures, colors, etc. The shape 

of the license plate is usually a rectangle with a fixed aspect ratio. To find the rectangle in the image, the 

edge in the image is first extracted. In [21], the Sobel filter is used to detect the edge. The adjacent pixels 

in the horizontal and vertical direction are subtracted. The edge contour is highlighted. The texture of 

other regions is weakened. At this time, the license plate area presents a rectangle. Then the rectangle 

with a specific aspect ratio is found to complete the locating of the license plate. In [22], the connected 

component analysis method based on the global information is used. After scanning the binary image of 

the vehicle, each pixel is marked in different regions based on the connectivity of the pixel. Then the 

aspect ratio of the license plate is used to filter the connected area and locating the license plate. This 

method has some limitations. It is usually used in the low-resolution image.  

In [23], the texture feature of the license plate area is used for license plate locating. Since there are 

characters in the license plate area, the color difference between the character color and the license plate 

background color is obvious. After the scan line is set, the pixel value change in the binary image passing 

through the scan line is recorded. It used to determine whether the number of changes matches the 

number of characters in the license plate area. Then the license plate is located. In [24], a method with 

sliding concentric window is proposed. The license plate area is regarded as an irregular texture area. 

When the scanning window is located in an area where the texture changes significantly, this area is 

regarded as a license plate area. Each country’s license plate has some fixed colors. In [25], all the pixels 

of the image are classified into 13 categories according to the HLS spatial features. The pixels that match 

the license plate color are classified into the license plate area pixels.  

The locating method of the license plate should be determined according to the different 

environments and different image resolutions. For example, when the image is blurred, the connected 

component analysis has a good result. When the image is clear, the method of using the texture to locate 

the license plate has a better result. In actual license plate locating, most methods combine several 

features to improve the accuracy of locating. 
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1.2.3 Consensus Control 

Consensus is a fundamental problem in coordination of multi-agent systems, whose aim is to drive 

all agents to reach an agreement using the local information exchanged among individuals. Most of the 

consensus approaches can be categorized into leaderless consensus and leader-following consensus. As 

a pioneering work, the reference [26] proposed an average consensus algorithm for networked first-order 

integrators using graph theory and frequency domain analysis method. Since then, some seminal works 

on consensus of multi-agent systems have been established [27][28][29].  

The above-mentioned results mainly focus on the consensus control of networked first-order 

systems. In reality, many mechanical systems are governed by both position and velocity states, such as 

robots, autonomous surface vehicles and aircrafts. Therefore, it is significant to take the consensus 

control of networked second-order systems into consideration. From the existing results on consensus, it 

can be seen that the research of multi-agent systems with second-order dynamics has gained an extensive 

attention. In [30], leader-following consensus algorithms based on distributed observers were presented 

under a switching interconnection topology. In [31], some necessary and sufficient conditions, which 

were associated with the eigenvalues of the Laplacian matrix, were provided for consensus of networked 

second-order systems under a directed topology containing a spanning tree. In [32], the quantized 

consensus problem was studied for networked second-order systems via a sampled data method. In [33], 

a finite-time leader-following consensus control was designed for multi-agent systems with second-order 

dynamics. In [34], robust leader-following consensus control schemes were designed for second-order 

systems with non-identical nonlinearities in the presence of external disturbances. Furthermore, adaptive 

control technique was utilized to deal with the consensus control problem of second-order systems, which 

was used to identify the nonlinear dynamics of agents or control gains [35][36]. 

 In particular, fuzzy logic systems (FLSs) or neural networks (NNs) based adaptive control 

technique has been widely applied to handle the nonlinear dynamics of the control systems [37][38][39]. 

The function approximation based adaptive control technique has been successfully extended to the 

consensus control of multi-agent systems with unknown dynamics [40][41]. An NN based adaptive 
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leaderless consensus approach and an NN based adaptive leader-following consensus approach were 

respectively, proposed for first-order systems in the presence of unknown dynamics and external 

disturbances [27][28]. Then, some adaptive FLS or NN based consensus control methods were developed 

for various classes of nonlinear multi-agent systems with unknown dynamics, such as second-order 

systems, high-order systems and strict-feedback systems [42][43]. It is worth pointing out that the 

existing consensus control approaches were developed without considering the constraints of the multi-

agent systems.  

Note the fact that many practical control systems are subject to constraints in the form of physical 

stoppages, saturation, or performance and safety specifications. The control performance might be 

influenced if the effect of the constraints is omitted [44]. Consensus control for multi-agent systems 

subject to constraints was addressed in [45]-[50]. In [45], the model predictive control was applied to 

deal with the consensus control problem of linear multi-agent systems subject to input constraints. In 

[46], consensus control based on the low gain feedback technique was developed for linear multi-agent 

systems with input constraints. In [47], finite-time consensus algorithms were proposed for multi-agent 

systems with double-integrator dynamics in the presence of input constraints. Furthermore, some results 

were extended to consensus control of multi-agent systems considering input constraints as well as 

actuator faults [48]. However, these approaches cannot solve the consensus control problem of multi-

agent systems with output constraints. Output constraints exist in some practical systems, such as robotic 

system, marine surface vessel, flexible crane system, and so on [51][52][53]. In [49], a discarded 

consensus algorithm was designed for consensus of linear systems which can ensure the state estimate 

of each agent within a convex set. In [50], an adaptive consensus control algorithm was designed for 

first-order nonlinear systems with output constraints. Therefore, the consensus control problem for 

nonlinear multi-agent systems considering output constraints should be further investigated. 

1.2.4 Containment Control 

In many practical systems, multiple leaders are universal and have extensive applications. In the 

multi-agent systems, some agents are denoted as leaders, and the others are denoted as followers. 
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Moreover, the leaders only send information to some of the followers, and the followers can get at least 

one leader’s information from a directed path. Containment control aims at guiding the states or outputs 

of the followers to converge to a convex hull formed by the multiple leaders using a distributed control 

protocol. Containment control problem has many applications. For example, a large amount of robots 

have a movement to a target while only a few of them equipped with necessary sensors are able to detect 

the obstacle. In this scenario, these robots are labeled as leaders, whereas others are marked as followers. 

Therefore, the followers can enter into the safe region which is spanned by the leaders and safely reach 

a target. Recently, distributed containment control problem has been investigated and obtained numerous 

research results [54]-[62]. Containment control strategies were proposed for multi-agent systems with 

single-integrator [54][55], double-integrator [56][57] or general linear dynamics [58]. However, the 

reported methods can only deal with the containment control problem of linear multi-agent systems. By 

now, there have been some results on containment control for nonlinear multi-agent systems in [59]-[62]. 

It should be noted that the proposed containment controllers required each agent satisfying Lagrangian 

dynamics with known nonlinearities [59][60], linearly parameterized nonlinearities [61] or unknown 

nonlinearities [62]. Therefore, containment control problem for uncertain nonlinear multi-agent systems 

needs to be further investigated. 

1.3 Thesis Contributions 

 The dissertation offers the following contributions: 

1. A background modelling method is proposed based on the background model, candidate 

background model and candidate age. The adaptive threshold is used for the age of the candidate 

background. This adaptive background model can remove more noise and extract more complete objects 

for the moving camera. A background subtraction method is proposed based on the local pixel difference 

and the consistency of local changes between the current frame and the background model. It can 

effectively reduce the influences of the hole and shadow. 

2.  A front vehicle distance measurement method is proposed. It locates the license plate of the front 

vehicle in the moving object area after removing the background. The license plate is positioned by 
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extracting the texture in the vertical direction of the license plate area. The front vehicle distance is 

estimated from the observed license plate height by using the logarithmic equation with three fixed 

parameters. 

3. A novel adaptive fuzzy leader following consensus control method for output-constrained second-

order nonlinear systems is proposed. It focusses on the multi-agent systems subject to output constraints. 

A barrier Lyapunov function is utilized in the control design, which grows rapidly when system outputs 

approach the boundaries of the constrained region. A neurodynamic optimization method is applied to 

consensus control of multi-agent systems.  

4. A containment control method for the nonlinear multiagent systems is proposed to drive all 

followers to converge to a convex hull formed by the multiple leaders. A state feedback containment 

control scheme for more general nonlinear multi-agent systems with unknown dynamics is designed. 

Besides, considering that some states in the systems are unmeasurable in practice, an output feedback 

containment control scheme is proposed. 

1.4 Main Contents and Organization 

The remainder of this dissertation is organized as follows.  

Chapter 2 proposes a moving camera based moving object detection method. It is based on global 

motion compensation and adaptive background model. After removing the background, the moving 

object areas are used for the vehicle distance measurement. 

Chapter 3 proposes a front vehicle distance measurement method. The license plate is positioned 

by extracting the texture in the vertical direction of the license plate area. The front vehicle distance is 

estimated from the observed license plate height by using the logarithmic equation with three fixed 

parameters.  

Chapter 4 describes the dynamics modelling of the vehicle platoon. It includes the vehicle 

longitudinal dynamics modelling, the communication information flow, the vehicle platoon geometry 

and the distributed controller. 

Chapter 5 proposes a novel adaptive fuzzy leader following consensus control method for output-
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constrained second-order nonlinear systems. 

Chapter 6 proposes a containment control method for the nonlinear multiagent systems to drive all 

followers to converge to a convex hull formed by the multiple leaders. 

Chapter 7 concludes our works and discuss several ideas and suggestion for future works. 
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Chapter 2 Moving Object Detection 

A moving object detection method is proposed in this chapter. It is based on global motion 

compensation and adaptive background model. The results are the candidate vehicle areas. In these areas, 

the license plate can be detected and be used to calculate the inter-vehicle distance in chaper 3. This 

distance is the longitudinal control inputs in vehicle platoon system. 

The background model is defined by two consecutive frames. First the grid-based key points are 

selected in the previous frame. Then the optical flow of each key point is calculated to obtain the 

corresponding point in the current frame. Using the corresponding key points in the current frame and 

the previous frame, the homography matrix (global motion) between two consecutive frames is 

calculated by Random Sampling Consistency (RANSAC [63]) which estimate the best transformation 

of two corresponding key points. It is used to align two previous frames and the background models with 

the current frame. Then the background model, candidate background model and candidate age are used 

for the background modelling. The local pixel difference and the consistency of local changes between 

the current frame and the background model are used for the background subtraction. Finally, some 

object segmentation methods are used to refine the results. The framework of the moving object detection 

method is shown in Figure 2.1. 

 

 

Figure 2.1  The framework of the moving object detection method. 
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2.1 Motion Compensation 

The motion compensation estimates the homography matrix between two consecutive frames. The 

key points in the previous frame are obtained through manual selection, which uses less processing time. 

The grid-based key points instead of the key point detector, such as SUSAN [64], FAST [65], or Harris 

angle [66]. For the example in Figure 2.2, 16 16  key points are selected with evenly distributed in each 

row and each column. The number of key points is based on the accuracy of the homography matrix and 

the speed of calculation. 

 

 

Figure 2.2  An example of optical flow result. 

The optical flow of each key point in the previous frame 1tx    is calculated to obtain the 

corresponding point in the current frame tx . Some feature similarity methods such as BRIEF [67], SURF 

[68], and SIFT [69] can be used to instead of the optical flow from 1tx   to tx . But the pyramidal Lucas-

Kanade optical flow [70] has less processing time than the feature-based approach in this case, so it is 

used to solve the key points matching problem. 

This algorithm estimates the key points displacement by using the neighborhood of key points to 

solve an over-constrained equations system. It can detect larger motions by neighborhood window at 

larger scales of the image Gaussian pyramid. It tracks the key points at larger scales of the pyramid, and 

refines the motion displacement at its lower levels iteratively based on least square minimization. So, it 

can minimize the violations of assumptions and track faster and larger motions. 
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As shown in Figure 2.2, the green lines are the optical flow between two consecutive frames. All 

key point pixel in the previous frame are transformed into the location in current frame by the 

homography matrix. The magnitude and direction of the optical flow are indicated by the length and 

direction of the line respectively. 

1 1t t tx H x                                                                            (2.1) 

The homography matrix 1tH   is the transformation matrix from 1tx  to tx . It is defined by (2.1) and 

can be solved by a minimum of 6 pairs of key points. Since the point may be selected by mistake, the 

global motion may not be represented by the calculated homography matrix. The wrong estimation of 

1tH   can be avoided by RANSAC. A few key-points are used to calculate a candidate homography matrix 

1
ˆ

tH  . Then ˆtx  is obtained by using 1
ˆ

tH   to transform the key points. If the error in (2.2) is sufficiently 

small, 1
ˆ

tH   can be set as the best matrix 1tH  . Otherwise, the process is repeated using another set of key 

points. 

ˆ 2;
ˆ

t tx x x x
e x x

 
  

                                                                (2.2) 

The image in previous frame 1tI    can be aligned with tI   by the homography matrix 1tH   . This 

transformation is shown in (2.3).  

   1 1 1t t t t tI x I H x  
                                                                  (2.3) 

The combined image with previous frame and current frame is shown in Fig. 3, the green box 

indicates the current frame, the opaque pixel indicates the overlapping area between the current frame 

and the compensated image in the previous frame. The semi-transparent area located outside the green 

box area indicates the non-overlapped area of the previous frame. After the frames are aligned, a part of 

the moving object in the scene can be shown by the frame difference between the two frames. The 

background models are transferred from the previous frame to the current frame by this motion 

compensation process. 
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Figure 2.3  The combined image with previous frame and current frame. 

2.2 Background Modeling 

Two background models are presented. The true background model M  is used for the background 

subtraction. The candidate background model C   is used to define a sufficiently stable pixel as a 

background model by the candidate age  . The background modeling strategy is shown in Figure 2.4. 

 

 

Figure 2.4  The background modelling strategy. 
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The background pixels in the candidate background model and the background model are set to 

uninitialized. The homography matrix 1tH   can be calculated by pyramidal Lucas-Kanade optical flow 

based on the key point of the current frame and the previous frame. Then the background model and 

candidate background model are transferred from the previous frame to the current frame and are updated 

by the background modeling strategy. 

1 1 1
T
t t tM H M                                                                          (2.4) 

1 1 1
T
t t tC H C                                                                            (2.5) 

The pixel similarity between the input frame and two background models are defined by the local 

difference ( LD ). It is used for defining which model is updated. The local difference between two frames 

is calculated by the difference average of 9-neighborhood of the corresponding pixels (𝑥, 𝑦). It can 

effectively reduce the noise in object detection process without using much additional time.  

        
11

1 1

1
, , , , ,

9

j yi x

L
i x j y

D I x y M x y I i j M i j
  

   

  
                                       (2.6) 

When the local difference between  tI x   and  1
T
tM x   is less than a given threshold m  , and 

 1
T
tM x  is in an initialized state, the background model  M x will updated with the learning rate  . 

       11 T
t t tM x M x I x                                                          (2.7) 

Otherwise, the second condition is checked. When the local difference between  tI x  and  1
T
tC x  

is less than a given threshold c  or  1
T
tC x  is in an uninitialized state,  C x  and  x  will be updated. 

The candidate background and the age are used to check whether the pixel is sufficiently stable. If the 

pixel is sufficiently stable, the pixel has a high chance to be a background pixel. When the candidate 

background age is greater than a given threshold  , the background model is updated by the candidate 

background model.  x   is also set to zero and the candidate background model can accept a new 

candidate background. If neither of the above conditions are satisfied,  C x  is updated by  tI x , so the 

pixel is treated as a fluctuating point and a candidate background. 

The adaptive threshold is used for the age of the candidate background. The threshold is defined as 

the exponentially decayed value according to the average magnitude of optical flow. This process needs 
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to accommodate the movement speed of the camera. The faster update rate provides many noises since 

the background model is not stable. However, if the update rate is slow, it will not be able to deal with 

the fast movement of the camera. 

2

2

f fe if e

otherwise

 


 

   


                                                            (2.8) 

  is the maximum value,   is the exponentially decaying speed, f  is the average optical flow. 

The average optical flow is shown in Figure 2.5. 

 

 

Figure 2.5  Illustration of the average optical flow. 

The example of the comparison for without adaptive threshold and using adaptive threshold are 

shown in Figure 2.6 and Figure 2.7. The original frame and the corresponding segmentation results are 

shown in (a) and (b). The background model and the detected moving object are shown in (c) and (d). In 

this scene, the camera movement is quite fast. Without adaptive threshold, there are many parts of the 

moving object that cannot be detected. But using the adaptive threshold, most of the parts of the vehicle 

are correctly detected. 

 

        

(a)                                                            (b) 
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(c)                                                                (d) 

Figure 2.6  The example results without adaptive threshold. 

 

        

(a)                                                                    (b) 

        

(c)                                                                    (d) 

Figure 2.7  The example results using adaptive threshold.  

2.3 Background Subtraction 

Using two previous homography matrixes ( 1tH   and 2tH  ), the previous two frames are aligned 

with the current frame. Then the local difference is calculated between them. The local difference 

between previous aligned frame and the current frame is also calculated. The frame difference can 

effectively adapt to the changes of lighting and other environments. The registration error in motion 

compensation can be minimized by aligning the previous two frames with the independent current frame. 

1 1 1
T
t t tI H I                                                                         (2.9) 

2 1 2 2
T
t t t tI H H I                                                                    (2.10) 

The local difference between the current frame and the background model is calculated. The 

background difference method does not exist "double shadow" and "hole" phenomenon. So, these two 
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kinds of local differences can make up for each other and can get more accurate and complete results. 

The shadow area lacks illumination, its pixel change values between the current frame and the 

background model are generally consistent locally. But the pixel change values of the moving object are 

inconsistent locally. So, LS  is used to define the consistency of local changes between the current frame 

and background model. It is used to eliminate the shadow areas during the background subtraction. 

         
11 2

1 1

1
, , , , ,

9

j yi x

L L
i x j y

S I i j M i j D I x y M x y
  

   

                                            (2.11) 

The mask of foreground F   is calculated by the given thresholds s   and the lighting influence 

threshold l  in (2.12). 
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                                                          (2.12) 

     1 2 1 2 3 1, , ,L t t L
T T T

L t t tL tD I M DL S I I ID I                                                   (2.13) 
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                                                              (2.14) 

AN   is the total number of pixels in the area A  .    is the inhibition coefficient of lighting. The 

lighting influence threshold l  expresses the change of lighting in the entire frame. If the lighting in the 

scene changes significantly, this threshold will increase significantly. This effectively suppresses the 

influence of light changes on the detection results of moving objects. 

Two kinds of thresholds are used to define the foreground with high confidence which means the 

difference between the background model and current frame is high, and foreground with lower 

confidence which means the difference is not too big. Usually, the foreground with low confidence is 

detected at the border and the shadow regions. It is shown with gray color in the results. It can be 

effectively refined by the subsequent methods. The foreground with high confidence is shown with white 

color in the results. The background subtraction strategy is shown in Figure 2.8. 
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Figure 2.8  The background subtraction strategy. 

The background subtraction results in the moving camera is shown in Fig. 9. The vehicle is moving 

from the left to the right in the scene and the camera is tracking its movements. Three captured frames 

are shown in Figure 2.9. (a), (c) and (e). The corresponding segmentation results are shown in Fig. Figure 

2.9. (b), (d) and (f). The background model and the detected moving object are shown in (g) and (h). The 

lower threshold is used for the weak foreground. The higher threshold is used for the strong foreground. 

 

       

(a)                                                               (b) 

       

(c)                                                              (d) 
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(e)                                                            (f) 

       

(g)                                                           (h) 

Figure 2.9  The background subtraction results in the moving camera.  

The background model in the last frame is shown in Figure 2.9. (g). The result shows that the right 

area of the background model is black, this area is not available because of the moving camera. When 

the candidate background is sufficiently stable, the background model will be updated by the candidate 

background. The detected moving object is shown in Figure 2.9. (h). The result shows that the non-

occluded part of the vehicle is detected.  

Multiple independently moving objects are segmented by 3 3  median filter and a 5 5  Gaussian 

filter. The edge can be refined to improve algorithm performance. The kernel size must be large enough 

to cover most of the segmented blobs and small enough to avoid multiple blobs overlap. The connected-

components analysis is used to improve the background elimination and cluster the closely moving 

foreground regions to a unified object. Then the erosion and dilation are used to reduce the separate 

noises and fill the holes in the segmented blobs, respectively. 

2.4 Experiment Results 

The experiment uses Matlab on Intel i7 processor with 8G RAM. The grid size used for key point 

is set as 32 32 . The input image is post-processed by a 5 5  Gaussian filter and a 3 3  median filter. 

The public dataset from ChangeDetection [71] website is used for the performance evaluation of this 

method. The following 4 sequences in the category PTZ dataset are used for the moving camera, 

zoomInZoomOut, intermittentPan, continuousPan and twoPositionPTZCam. The detection results on the 

PTZ dataset are shown in Figure 2.10. The scene from continuousPan is shown in the first row, the scene 

from intermittentPan is shown in the second row, and the scene from twoPositionPTZCam is shown in 
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the third row. 

 

         

(a)                                                               (b) 

         

(c)                                                              (d) 

        

(e)                                                              (f) 

Figure 2.10  The detection results on the PTZ dataset.  

The detection results on the zoomInZoomOut sequence are shown in Figure 2.11. The scene when 

the camera zooms out is shown in the first row. The scene when the camera zooms in is shown in the 

second row. 
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(a)                                                        (b) 

       

(c)                                                       (d) 

Figure 2.11  The detection results on the zoomInZoomOut sequence.  

The continuousPan sequence has some scenes from consecutive pan cameras on one side of the 

road. The camera alternately turns left and right at low speed. The intermittentPan sequence has some 

scenes from a camera mounted at the top of a road. The camera is still for a while and then pans in a slow 

motion to capture another road view. The twoPositionPTZCam sequence has some scenes from a camera 

that monitors the traffic of road. The camera is moving in one direction and then suddenly changes the 

direction to the other. The zoomInZoomOut sequence has some scenes from a camera that captures 

images while zooming in and zooming out.  

This proposed method works well on this PTZ dataset. It can adapt to the zooming in and zooming 

out of the camera. It can adapt to the situation with flaring effect from multiple moving objects and the 

sun. It also can deal with the sudden change of the camera angle.  

The processing speeds on this PTZ dataset are shown in Table 2.1. According to these experimental 

results, the proposed method can work well in real time and works at 51 fps for the video with QVGA 

resolution. 
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Table 2.1  The processing speeds on the PTZ dataset. 

Sequence name Image size Fps 

continuosPan 480 × 704 14.8 

intermittentPan 368 × 580 22.7 

twoPositionPTZCam 340 × 570 24.6 

zoomInZoomOut 240 × 320 51.2 

  

The performance measures considered in this work include Precision (Pr), Recall (Re), Specificity 

(Sp), False positive rate (FPR), False negative rate (FNR), Percentage of wrong classification (PWC) and 

F-measure (F1), which are defined as follows: 

TP TP TN
Pr= , Re= , =

TP+FP TP+FN T
Sp

N+FP
                                                           (2.15) 

FP FN
= ,FPR FNR=

FP+TN TP+FN
                                                                          (2.16)  

 100 FN+FP 2 Pr
= , F1=

TP+FN+FP

Re
PW

+T ReN +
C

Pr

  
                                                          (2.17) 

TP (true-positive) is the number of pixels correctly detected as foreground, FP (false-positive) is the 

number of pixels incorrectly detected as foreground, and FN (false-negative) is the number of pixels 

incorrectly detected as background. TN (true-negative) is the number of pixels correctly detected as 

background. 

The quantitative performance comparison is shown in Table 2.2. The data of other comparison 

methods are from the ChangeDetection website. The results show that the proposed method has better 

results on F1 than other methods except EFIC. But PWC in EFIC is too high and not better than other 

methods. Other performance measures on the proposed method do not differ much from other results. 

So this method can detect better complete information of the object. The better Pr value indicates that it 

is insensitive to noise and it is not easy to locate the noise point as a moving pixel. The better F1 value 

indicates that fewer object information are discarded during detection. The lower PWC value indicates 

that it has less double shadow and hole. 
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Table 2.2  Performance comparison. 

Algorithm Pr Re Sp FPR FNR PWC F1 
PAWCS [72]  0.473 0.698 0.991 0.009 0.302 1.116 0.462
MBS [73] 0.540 0.597 0.996 0.004 0.403 0.585 0.552
IUTIS-5 [74] 0.383 0.675 0.990 0.010 0.325 1.217 0.428
CwisarDRP [75] 0.320 0.754 0.988 0.012 0.246 1.298 0.429
EFIC [76]  0.528 0.918 0.922 0.078 0.082 7.871 0.584
MBSV0[77]  0.499 0.577 0.995 0.006 0.423 0.782 0.512
SharedM [78]  0.312 0.797 0.979 0.021 0.203 2.217 0.386
SuBSENSE [79] 0.284 0.831 0.963 0.037 0.169 3.816 0.348
CwisarDH [80]  0.482 0.336 0.998 0.002 0.664 0.685 0.322
RMoG[81]  0.221 0.641 0.928 0.072 0.359 7.476 0.247
Proposed 0.512 0.798 0.991 0.009 0.202 1.208 0.569
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Chapter 3 Vehicle Distance Measurement 

The vehicles are required to mount a rear-facing license plate for law enforcement purposes. This 

is an easily identifiable feature on every vehicle, which can be used for vehicle distance measurement. 

Some drawbacks to this method are the fact that some recently bought vehicles do not have a license 

plate. Also, some vehicles do not mount the license plate in the center of the vehicle. Despite these 

exceptions, this method provides a reliable method to detect the front vehicle. 

The efficacy of the license plate recognition algorithm relies on the quality of the acquired images. 

The main methods of license plate detection are done using boundary or edge information, connected 

component analysis, texture features, color features, or character features. The fastest methods are the 

ones relying on boundary or edge features. The biggest drawback to these methods is the sensitivity to 

unwanted edges in the image.  

3.1 License Plate Detection 

Due to the regular distribution of characters, there are rich and regular vertical direction textures in 

the license plate area. These textures are different from other edge information of the vehicle and have 

important significance for the license plate location. When the front vehicle is closer to the camera, the 

resolution of the vehicle image is higher. The license plate text information is obvious. So the license 

plate can be positioned by extracting the texture in the vertical direction of the license plate area.  

First, the color image of the detected vehicle is converted to the grayscale image. Since only the 

texture information in the image is needed, it is time consuming to process directly on the color image. 

The color value of a point in an RGB image can be represented by three channel values , ,R G B . The 

pixel gray value of the corresponding gray image is Y . 

0.3 0.59 0.11Y R G B                                                               (3.1) 

Then, median filtering is performed on the grayscale image by using 3*3  window. The pixel value 

of a certain point in the grayscale image is replaced by the middle value of the nine-pixel values in the 

window. The median filtering can better eliminate the salt and pepper noise. 
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       , 1, , , 1,3mI i j med I i j k l k                                            (3.2) 

Where mI   is the image after median filter,  ,I i j  is the pixel value of the grayscale image, and med  

is the function that takes median value.  

The Sobel operator is used to calculate the vertical texture of the vehicle grayscale image. 3*3  

kernel is used for the convolution of the image. 

1 0 1

2 0 2 *

1 0 1
s mI I

 
   
  

                                                             (3.3) 

Where sI   is the obtained vertical direction texture image. Because the Sobel operator subtracts the 

adjacent pixels of the image, only the texture information is retained. But the pixel in obtained image has 

a small value range and the texture information is not obvious. The texture image pixel values are mapped 

to [0, 255].  The obvious vehicle vertical texture image oI  can be obtained 

         , min 255 / max mino s s s sI I i j I I I                                 (3.4) 

After projection processing for each pixel gray value of the texture information image, the range of 

the overall gray value increases and the edge texture is more obvious. So a grayscale image that only 

preserves the texture in the vertical direction of the vehicle is obtained. 

 

           

Figure 3.1  Original image and grayscale image of the vehicle image. 
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Figure 3.2  Texture image after Sobel operation and pixel mapping. 

After obtaining the grayscale image, the redundant information is further eliminated by the 

binarization operation. Due to the influence of illumination, the brightness between the license plates is 

very different. In order to apply to various illuminations, the adaptive local binarization method is used 

to process the image. It divides the image into *n m  blocks, and perform binarization operations in each 

image block separately. The size of this image block is set to    2 1 * 2 1w w  , then the threshold 

 ,T x y  of each point in the image is calculated. 

     , 0.5 max , min ,o o
w m ww m w
w n ww n w

T x y I x m y n I x m y n
    
    

 
       
 
 

                         (3.5) 

Then a binarized image can be obtained by using the calculated threshold. 

     0,  , ,
,

255,                          
o

b

if I x y T x y
I x y

else

 
 


                                                    (3.6) 

The binarization of the threshold instead of manually selecting a fixed threshold. This method can 

ignore the shadows on the license plate and finally retain the texture in the vertical direction of the vehicle.  

The binary image with vertical texture is shown in Figure 3.3. 

 

 

Figure 3.3  Binary image with vertical texture 



28 

The texture are some incoherent connected areas. Then morphological processing is used on these 

areas. In order to find the license plate contour, all the textures need to be connected to each other in the 

license plate area. The closing operation is iterated 8 times on the image by using 3*1 kernel. It can 

eliminate the small holes and fill the cracks. After the closing operation, the white textures of the license 

plate area are connected to each other to form a white area of the license plate. For the license plate 

location, the vehicle contour is redundant information. The opening operation is used to eliminate this 

redundant information by the 5*1 kernel. It can make the texture contour in the image smoother and 

eliminate the independent and fine texture. The license plate area has some features. Some filter 

conditions are set to find the contour of the white area and locate the license plate. The license plate has 

a fixed aspect ratio and area. In the vehicle image, the license plate should be in the center position area 

of the image. 

 

             

(a) Closing operation                  (b) Opening operation                 (c) License plate positioning 

Figure 3.4  Morphological algorithm in license plate detection 

This method locates the license plate according to the texture of the license plate area. When the 

current vehicle distance is close, the resolution of detected vehicle image is high. The license plate area 

has obvious texture. This method is used to locate the license plate with higher accuracy. For higher 

resolution images, the algorithm complexity of this method is still small. The input image is a vehicle 

image rather than a global image, it can still meet the real-time requirements.  

3.2 Vehicle Distance Estimator 

The longitudinal control inputs required by each vehicle are the inter-vehicle distance and inter-
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vehicle relative velocity. These parameters are generally obtained via GPS with inter-vehicle 

communication, a 360◦  LIDAR unit, or stereo vision camera. 

The monocular camera lacks the depth information, but it is very effective at detecting an object 

with low computational complexity. If an object has a known size, a monocular camera can be calibrated 

to determine the distance to the object.  

This method would not be effective under a variety of conditions, such as the size of the license 

plate on the vehicle is changed, the license plate is removed, or the license plate is placed in an atypical 

orientation. 

The height and width of the plate in pixels in addition to the pixel position of the license plate can 

be used to estimate the distance to the front vehicle. The license plate is expected to be observable and 

within the range of the camera. 

As the distance to an object increases, the observed size of the object decreases exponentially. So 

in this method, the observed license plate height H  in the image decreases exponentially with the inter-

vehicle distance L . The tunable parameters do not correspond directly to any physical measurement. 

The observed license plate height is used because the observed license plate width can vary depending 

on the heading of the front vehicle, but the observed height remains relatively constant with variations 

in the front vehicle heading. 

bLH ae c                                                                      (3.7) 

Therefore, the front vehicle distance is estimated from the observed license plate height by using 

the logarithmic equation with three fixed parameters. 

1
log

H c
L

b a


                                                                     (3.8) 

The license plate dimension of small car in China is 440 mm by 140 mm. The license plate was 

detected and the distances were recorded at various angles (0 rad, π/2 rad) and distances (0.3 m, 3 m) 

from the camera. The least squares fitting is used to calculate the parameters of the distance estimators. 

The following parameters can be obtained. 76.32a  , 1.513b  , 6.223c  . The resulting curve and 

sample data points are shown in Figures 4.5. The accuracy based on the mean squared error is 0.09. 
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Figure 3.5  A sample fitting of the license plate distance estimator to sample points. 

This method to determine the front vehicle distance can be implemented inexpensively as a 

redundant sensor for the LIDAR distance finder. This redundancy increases the vehicle reliability.  
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Chapter 4 Vehicle Platoon Modeling 

The vehicle platoon is actually a dynamic system composed of multiple vehicles which control the 

nodes through information exchange. A single vehicle uses only the information of the vehicles in the 

neighborhood to give control decisions, and finally achieves the coordination goal on the overall level of 

the vehicle platoon. Assume a vehicle platoon runs on a straight road. It has 1n   vehicles. The leader 

vehicle number is 0, and the following vehicle numbers are 1 ~ n . The goal of the vehicle platoon is that 

the following vehicle speed is consistent with the leader vehicle speed, and the distance between adjacent 

vehicles remains at the desired following distance. 

The vehicle platoon has the following characteristics: 

(1) Each vehicle node is an agent in the system. The dynamic characteristics of the individual 

vehicles are relatively independent, but the communication structure allows multiple vehicles to be 

coupled into a vehicle platoon. 

(2) Due to the limitation of sensors and communication range, the controllers of the vehicle platoon 

are distributed. Only the state information of the neighboring vehicles can be obtained, but the 

requirements of the system for the performance of the vehicle platoon are global. 

In this chapter, the longitudinal dynamics of the vehicle nodes are modeled. The communication 

information flow is described as the graph structure by the graph theory. Then, the mathematical 

expression of the vehicle platoon geometry is given. Finally, the distributed controller is modeled. 

 

 

Figure 4.1  Vehicle platoon network topology. 

4.1 Node dynamic 

Node dynamics is used to describe the longitudinal dynamic of a single vehicle. There are strong 

nonlinear processes such as engine, transmission, windage resistance and braking system in the vehicle 
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node, so the longitudinal dynamics of the vehicle is strong nonlinear. Considering the complexity and 

accuracy of the modeling, the longitudinal dynamics of the vehicle is simplified, and the following 

models can be obtained.  

The single integrator model uses the vehicle speed as the control input. The displacement is the only 

state in the vehicle dynamics. It greatly simplifies the theoretical analysis difficulty of the controller 

design. 

Considering the vehicle as a mass point, the dual integrator model is used to describe the node 

dynamics. It ignores the time delay factor in the dynamic system [82][83]. The control variable is the 

acceleration of the vehicle. 
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                                                            (4.1) 

If the vehicle platoon is considered as a mass-spring-damping system [84][85], a linear second-

order model description is obtained. 
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                                                  (4.2) 

Where   is the damping coefficient. 

For theoretical analysis, a single integrator model is used to approximate the dynamics of a vehicle 

node [86][87]. The control variable is the vehicle speed. 

   i ip t u t                                                              (4.3) 

A state variable is further added to form a third-order state space model to approximate the power 

system dynamic in the vehicle node. In this model, the control input has been equivalently converted to 

the engine torque or braking torque. 

A single-input single-output model is often used in the study of queue stability in the frequency 

domain. 

4.2 Information Flow Topology 

The information flow topology represents the transfer of information between the vehicles. It can 
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be intuitively abstracted into the graph structure. Then it can be described by the corresponding matrix. 

This technique is algebraic graph theory.  

The graph theory plays an important role in describing the information communication among the 

vehicle platoon multi-agent systems. The vehicle platoon includes a leader and 𝑁  followers. The 

communication among the 𝑁 followers is specified by a directed graph 𝒢. The graph consists of a node 

set and an edge set, which represent each agent and each directed information flow, respectively.  

The adjacency matrix 𝒜 𝑎 ∈ 𝑅  is defined as 𝑎 1 if there is a directed path from agent 

𝑖 to agent 𝑗; otherwise, 𝑎 0. 𝑎  indicates whether the vehicle 𝑖 can obtain the status information of 

the vehicle  𝑗.  

𝒩   denotes the neighbor set of the node 𝑖 . It indicates a vehicle set which information can be 

detected by node 𝑖 in the following vehicle. The degree matrix is defined as 𝒟 diag 𝑑 , ⋯ , 𝑑 , where 

𝑑 ∑ 𝑎∈𝒩 . The Laplacian matrix is defined as ℒ 𝒟 𝒜.  

In this paper, it is assumed that the graph contains a directed spanning tree, and the root agent can 

obtain the information of the leader. The adjacency matrix associated with the leader is defined by 𝒜

diag 𝑎 , ⋯ , 𝑎  , where 𝑎 1  if and only if follower 𝑖  can receive the leader’s information; 

otherwise, 𝑎 0. 

4.3 Vehicle Platoon Geometry Modeling 

The goal of vehicle platoon control is that the following vehicle speed is consistent with the leader 

vehicle speed, and the distance between adjacent vehicles remains at the expected distance. 
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                                              (4.4) 

Where 1, 0i id     is the expected distance between node 1i    and node i . It determines the vehicle 

platoon geometry. 

For a constant distance in the vehicle platoon, 1,i id   is a given constant which is greater than zero. 

1, 0i id d                                                                       (4.5) 



34 

The expected distance between two adjacent vehicles is independent of the vehicle speed, which 

can achieve higher traffic flow density. 

For a constant time headway in the vehicle platoon, 1,i id   is a linear function of the vehicle speed. 

1, 0i i h id t v d                                                               (4.6) 

Where ht  is the time headway. The expected distance between two adjacent vehicles is linear with 

the vehicle speed. It matches the characteristics of the driver, but limits the achievable traffic flow density. 

For nonlinear distance in the vehicle platoon, 1,i id   is a nonlinear function of the vehicle speed. 

2
1, 0i i i id d Tv Gv                                                           (4.7) 

Where T  and G  are the parameters to be optimized, which are determined by optimizing traffic 

flow density, ensuring queue stability and traffic flow stability. The expected distance between two 

adjacent vehicles is a non-linear function of the vehicle speed. It improves traffic flow stability and 

increases traffic flow density. 

Finally, the local controller at node i  uses its neighbor information to control the node to achieve 

the desired target of the vehicle platoon.  
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Chapter 5 Adaptive Consensus Control 

In this chapter, a novel adaptive leader-following consensus algorithm for second order nonlinear 

systems subject to output constraints is proposed. The nonlinear dynamics of the followers is assumed 

to be unknown, which is identified online by FLSs. A barrier Lyapunov function is adopted to handle the 

violations of output constraints. An adaptive fuzzy backstepping design based on barrier Lyapunov 

function is performed to construct the virtual control law. To minimize the actual control law, an optimal 

virtual control signal is obtained by a neurodynamic optimization approach, which is utilized to design 

the actual control law. It is proved that the uniformly ultimately bounded control is achieved for leader-

following consensus of output-constrained second-order nonlinear systems. 

5.1 Problem Statement  

The leader-following consensus control problem of output-constrained second-order nonlinear 

systems is considered. The systems consist of N  followers guided by a leader. The dynamics of the i th 

follower is described by a second-order system with unmatched nonlinearities: 
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                                                                (5.1) 

where ,i ip v R  are the position and velocity of the ith follower, respectively. ,i iu y R  are the 

control input and the output. 1( )i if p   and 2 ( , )i i if p v   are smooth functions denoting the unknown 

dynamics. Let 1[ , , ]T
i Ny y y   be the output vector of the followers, which is required to remain in a 

compact set; i.e., cy K , where cK  is a positive constant. 

The leader is given by the following dynamics: 

( , , )
l l

l l l l

l l

p v

v f p v t

y p


 
 


                                                                   (5.2) 

where ,l lp v R  are the state variables. ly R  is the output. ( , , )l l lf p v t  is a piecewise continuous in 
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time t  . The leader information cannot be available to all followers. 

Assumption 5.1. For any 0cK   , there exist positive constants 1 2, ,b b bY Y Y   satisfying 

 1 2max ,b b b cY Y Y K   , such that the leader’s output satisfies 1 2b l bY y Y    , where 

[ , , ]T N
l l ly y y R  . 

Graph theory plays an important role in describing the information communication among multi-

agent systems. The communication among the 𝑁 followers is specified by a directed graph 𝒢. The graph 

consists of a node set and an edge set, which represent each agent and each directed information flow, 

respectively. The adjacency matrix 𝒜 𝑎 ∈ 𝑅  is defined as 𝑎 1 if there is a directed path 

from agent 𝑖 to agent 𝑗; otherwise, 𝑎 0. 𝒩  denotes the neighbor set of the node 𝑖. The degree matrix 

is defined as 𝒟 diag 𝑑 , ⋯ , 𝑑 , where 𝑑 ∑ 𝑎∈𝒩 . The Laplacian matrix is defined as ℒ 𝒟

𝒜. In this paper, it is assumed that the graph contains a directed spanning tree, and the root agent can 

obtain the information of the leader. The adjacency matrix associatd with the leader is defined by 𝒜

diag 𝑎 , ⋯ , 𝑎  , where 𝑎 1  if and only if follower 𝑖  can receive the leader’s information; 

otherwise, 𝑎 0. 

The control objective of this brief is to construct an adaptive consensus control law 𝑢 , such that all 

followers can track that of the leader without violating the output constraints. 

5.2 Consensus Control Design 

The following lemmas are introduced, which are used in the consensus control design. 

Lemma 5.1 [88]: For any positive constant 𝜆, the following inequality holds for all 𝑧 in the interval 

|𝑧| 𝜆: 

log ,                                                               (5.3) 

where log ∗  denotes the natural logarithm of ∗. 

Proof: Let 𝐹 𝑧 log  , for |𝑧| 𝜆 . Then, the derivative of 𝐹 𝑧   along with the 

variable 𝑧 yields 
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𝐹 𝑧 .                                                               (5.4) 

Note that 𝐹 𝑧 0, if 0 𝑧 𝜆, and 𝐹 𝑧 0, if 𝜆 𝑧 0. Thus, in the interval 0 |𝑧| 𝜆, 

𝐹 𝑧  gets the maximum value as 𝑧 → 0, which is given as: 

lim
→

𝐹 𝑧 lim
→

log 0.                                         (5.5) 

Therefore, it is obtained that 𝐹 𝑧 0; i.e., log . 

The proof is completed. 

Lemma 5.2 [89]: Let 𝐹 𝑋  be a continuous function defined on a compact set 𝛺. Then, for a given 

desired level of accuracy 𝜀 0, there exists an FLS 𝜃 𝜙 𝑋  such that 

sup
∈

 |𝐹 𝑋 𝜃 𝜙 𝑋 | 𝜀,                                                      (5.6) 

where 𝜃 ∈ 𝑅  is an ideal constant weight vector, and 𝑚 is the number of the fuzzy rules. 𝜙 𝑥 ∈ 𝑅  is 

a fuzzy basis function vector. 

Let 𝜃∗ be the optimal parameter vector defined as 

𝜃∗ argmin
∈

  sup
∈

 |𝐹 𝑋 𝜃 𝜙 𝑋 | .                                            (5.7) 

Then 

𝐹 𝑋 𝜃∗ 𝜙 𝑋 𝜀,                                                       (5.8) 

where 𝜀 is the minimum fuzzy approximation error. 

The design procedure contains two steps, and each step is based on an error surface. The detailed 

adaptive consensus control design is presented as follows. 

Step 1: The synchronization error is defined as 

𝑒 ∑ 𝑎∈𝒩 𝑝 𝑝 𝑎 𝑝 𝑝 .                                                 (5.9) 

From (5.1), we get 

𝑒 𝑑 𝑎 𝑣 𝑓 𝑝 ∑ 𝑎∈𝒩 𝑣 𝑎 𝑣 ,                                    (5.10) 

where 𝑓 𝑝 , 𝑝 𝑓 𝑝 ∑ 𝑎∈𝒩 𝑓 𝑝 . 

By Lemma 5.2, the nonlinear function can be approximated by an FLS as 

𝑓 𝑝 , 𝑝 𝜃∗ 𝜙 𝑝 , 𝑝 𝜀 ,                                                   (5.11) 

where 𝜃∗  is the optimal fuzzy parameter vector, 𝜙 𝑝 , 𝑝  is the fuzzy basis function vector, and 𝜀  is 
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the minimum fuzzy approximate error. 

To stabilize the error surface, the virtual control 𝑣  is designed as 

𝑣 𝑘 𝑒 𝜃 𝜙 𝑝 , 𝑝 ∑ 𝑎∈𝒩 𝑣

𝜀̂ tanh ,
                              (5.12) 

where 𝑘 , 𝜖 0 are design parameters. 𝜃  is the estimate of 𝜃∗ . 𝜀̂  is the estimate of 𝜀 , where 

|𝜀 𝑣 | 𝜀 . 

In the designed virtual control law, the first term 𝑘 𝑒  is a linear feedback control utilized to drive 

the output of the 𝑖th follower to consensus. The second term 𝜃 𝜙 𝑝 , 𝑝  is an FLS, which is used to 

compensate the unknown dynamics of the 𝑖th follower and its neighbors. The term  is to eliminate 

the effect of output constraints, which is derived from a barrier Lyapunov function defined later. The 

term 𝜀̂ tanh  is a robust signal, which is used to counteract the approximation error 𝜀  and 

the leader’s velocity obtained by the root agent 𝑣 . 

A Lyapunov function is defined as: 

𝑉 log 𝜃 𝜃 𝜀̃ ,                                        (5.13) 

where 𝛾 , 𝜏 0  are design parameters. 𝜃 𝜃∗ 𝜃  . 𝜀̃ 𝜀 𝜀̂  . Note that the barrier 

Lyapunov candidate log   grows to infinity at |𝑒 | 𝜆 . Therefore, it is positive definite and 

continuously differentiable in the set |𝑒 | 𝜆; i.e., it is a valid Lyapunov candidate in the set |𝑒 | 𝜆. 

By ensuring the boundedness of the barrier Lyapunov candidate in the closed-loop multi-agent systems, 

we can guarantee that the output constraints are not transgressed. 

The time derivative of 𝑉  along with (5.10)-(5.12) yields 

𝑉 𝑣 𝜃∗ 𝜙 𝑝 , 𝑝 𝜀 𝑣 𝜃 𝜃 𝜀̃ 𝜀̃ ,

𝑒 𝑣 𝑘 𝑒 𝜃 𝜙 𝑝 , 𝑝

𝜀̂ tanh 𝜀 𝑣

𝜃 𝜃 𝜀̃ 𝜀̃ ,

               (5.14) 

where 𝑒 𝑣 𝑣 . 𝑣 𝑣 𝑣 . 𝑣  is a signal to be optimized. 

Using the inequality |𝑔| 𝑔tanh 𝑔/ℎ 0.2785ℎ ∀ℎ 0 , the inequality (5.14) can be further 



39 

expressed as 

𝑉 𝑒 𝑣 𝑘 𝑒 𝜃 𝜙 𝑝 , 𝑝

𝜀̃ tanh 0.2785𝜖 𝜀

𝜃 𝜃 𝜀̃ 𝜀̂ .

                              (5.15) 

Using the Young’s inequality, we have 

𝑒 𝑒 ,

𝑣 𝑣 .
                                                           (5.16) 

Then 

𝑉 𝑘 𝑒 𝜃 𝜙 𝑝 , 𝑝 𝜀̃ tanh

𝑒 𝑣 0.2785𝜖 𝜀 𝜃 𝜃 𝜀̃ 𝜀̂ .
                       (5.17) 

The adaptive laws for 𝜃  and 𝜀̂  are designed as 

𝜃 𝛾 Proj 𝜃 , 𝜙 𝑝 , 𝑝 ,

𝜀̂ 𝜏 Proj 𝜀̂ , tanh ,
                                    (5.18) 

where Proj ∗  is the projection operator. 

Substituting (5.18) into (5.17), we have 

𝑉 𝑘 𝑒 𝑣 𝜎 𝜃 𝜃

𝜍 𝜀̃ 0.2785𝜖 𝜀 𝜎 𝜃 𝜍 𝑏 ,
                                 (5.19) 

where 𝜎 , 𝜍 0 are design parameters. ||𝜃 || 𝜃 , |𝜀̃ | 𝑏 . 

A command governor is introduced to generate an optimal virtual control signal 𝑣 , which is able 

to balance the virtual control law 𝑣  and the actual velocity signal 𝑣 , such that control input can be 

reduced. Define a quadratic cost function as follows, which can generate the optimal virtual control signal 

𝑣  

min  𝑞 𝑣 𝑣 𝑞 𝑣 𝑣

s. t.      𝑣
̲

∗ 𝑣 𝑣∗,                                          (5.20) 

where 𝑣
̲

∗ 𝑣
̲

 and 𝑣∗ 𝑣  are the allowed minimal and maximal velocity signals with 𝑣
̲

|𝑣 | 𝑣 . 

The objective function is to minimize the two errors including 𝑣 𝑣  and 𝑣 𝑣 . Therefore, 

the command governor is able to prescribe a mediate signal between 𝑣  and 𝑣 . 
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The optimization problem (5.20) can be reexpressed as 

min   𝑞 𝑣 /2 𝑐 𝑣

s. t.   𝑣
̲

∗ 𝑣 𝑣∗,                                                    (5.21) 

where 𝑞 2 𝑞 𝑞 . 𝑐 2𝑞 𝑣 2𝑞 𝑣 . 

A recurrent neural network is utilized to solve the above optimization problem: 

𝜄𝑣 𝛶 𝑣 𝑞 𝑣 𝑐 𝑣 ,                                            (5.22) 

where 𝜄 is a time constant. 𝛶 𝜗  is a piecewise continuous activation function defined as 

𝛶 𝜗

⎩
⎨

⎧
𝑣
̲

∗,    𝜗 𝑣
̲

∗,

𝜗 ,   𝑣
̲

∗ 𝜗 𝑣∗,

𝑣∗,    𝜗 𝑣∗

                                           (5.23) 

In [90], it has been proven that the recurrent neural network exponentially converges to the optimal 

solution of (5.21). Since the virtual control law 𝑣  is bounded, 𝑣  is bounded by 𝑣  with 𝑣 0. 

Step 2: The error surface is chosen as 𝑒 𝑣 𝑣 . From (5.1), the dynamics of 𝑒  is given as 

𝑒 𝑢 𝑓 𝑝 , 𝑣 𝑣 .                                                   (5.24) 

An FLS is employed to approximate the nonlinear function 𝑓 𝑝 , 𝑣  as 

𝑓 𝑝 , 𝑣 𝜃∗ 𝜙 𝑝 , 𝑣 𝜀 ,                                               (5.25) 

where 𝜃∗   is the optimal parameter vector, 𝜙 𝑝 , 𝑣   is the basis function vector, and 𝜀   is the 

minimum approximate error bounded by 𝜀 . 

The actual control law 𝑢  is designed as 

𝑢 𝑘 𝑒 𝜃 𝜙 𝑝 , 𝑣 𝑒 𝜀̂ tanh ,                           (5.26) 

where 𝑘 , 𝜖 0 are design parameters. 𝜃  is the estimate of 𝜃∗ . 𝜀̂  is the estimate of 𝜀 . 

A Lyapunov function is defined as: 

𝑉 𝑒 𝜃 𝜃 𝜀̃ ,                                               (5.27) 

where 𝛾 , 𝜏 0 are design parameters. 𝜃 𝜃∗ 𝜃 . 𝜀̃ 𝜀 𝜀̂ . 

The time derivative of (5.27) along with (5.24) and (5.26) is given by 
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𝑉 𝑒 𝑘 𝑒 𝜃 𝜙 𝑝 , 𝑣 𝑒 𝜀̂ tanh 𝜀

𝜃 𝜃 𝜀̃ 𝜀̂

𝑒 𝑘 𝑒 𝜃 𝜙 𝑝 , 𝑣 𝑒 𝜀̃ tanh

0.2785𝜀 𝜖 𝜃 𝜃 𝜀̃ 𝜀̂ .

                 (5.28) 

The adaptive laws for 𝜃  and 𝜀̂  are designed as 

𝜃 𝛾 Proj 𝜃 , 𝜙 𝑝 , 𝑣 𝑒 ,

𝜀̂ 𝜏 Proj 𝜀̂ , 𝑒 tanh .                                              (5.29) 

Then 

𝑉 𝑘 𝑒 𝑒 𝜎 𝜃 𝜃 𝜍 𝜀̃

0.2785𝜀 𝜖 𝜎 𝜃 𝜍 𝑏 ,
                                    (5.30) 

where 𝜎 , 𝜍 0 are design parameters. ||𝜃 || 𝜃 , |𝜀̃ | 𝑏 . 

Remark 5.1. Optimization-based command governors are widely suggested for enforcing 

constraint satisfaction [91]. The command governor in (5.20) plays the role of a pre-filter, which 

generates an optimal signal 𝑣   by taking the velocity constraint into account. The first term is to 

minimize the error between the optimal signal 𝑣  and the virtual control law 𝑣 . The second term is to 

minimize the error between the optimal signal 𝑣  and the actual velocity signal 𝑣 . It means that the 

command governor is to prescribe a mediate signal between 𝑣   and 𝑣  . Besides, since a direct and 

aggressive tracking of the virtual control law is avoided in Step 2, it is able to minimize the control effort 

during transient phase. 

5.3 Stability Analysis 

The consensus control performance of second-order nonlinear systems consisting of (5.1) and (5.2) 

is summarized by the following theorem. 

Theorem 5.1: Consider the nonlinear multi-agent systems consisting of 𝑁 followers modeled by 

(5.1) guided by the leader (5.2), the virtual control law (5.12), the optimal virtual control law (5.22), the 

actual control law (5.26), and the adaptive laws (5.18), (5.29). Then, the proposed adaptive fuzzy 

consensus control scheme guarantees the following terms: 
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(1) Uniformly ultimately bounded control is achieved. 

(2) All followers are able to synchronize to the leader with a bounded tracking error. 

(3) The outputs of all followers remain in a compact set, and the output constraints are never violated. 

Proof: The Lyapunov function is constructed as 

𝑉 ∑ 𝑉 𝑉 .                                                            (5.31) 

The time derivative of 𝑉 along (5.19) and (5.30) yields 

𝑉 ∑ 𝑘 𝑘 𝑒 𝜎 𝜃 𝜃 𝜎 𝜃 𝜃 𝜍 𝜀̃ 𝜍 𝜀̃

∑ 0.2785𝜀 𝜖 0.2785𝜀 𝜖 𝑁𝜎 𝜃 𝑁𝜎 𝜃

𝑁𝜍 𝑏 𝑁𝜍 𝑏 𝑣 .

           (5.32) 

By Lemma 5.1, it is obtained that 

𝑉 𝛼𝑉 𝛽,                                                                   (5.33) 

where 

𝛼 min 2𝑘 𝑑 𝑎 ,2𝑘 , 2𝛾 𝜎 , 2𝛾 𝜎 , 2𝜍 𝜄 , 2𝜍 𝜄 ,
𝛽 ∑ 0.2785𝜀 𝜖 0.2785𝜀 𝜖 𝑁𝜎 𝜃

𝑁𝜎 𝜃 𝑁𝜍 𝑏 𝑁𝜍 𝑏 𝑁𝑣 /2.
                          (5.34) 

Note that 𝑉 0, if 𝛼𝑉 𝛽. Then, by (5.31), we have 

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ |𝑒 | 𝜆 1 𝑒 / ,

|𝑒 | ,

||𝜃 || ,

||𝜃 || ,

|𝜀̃ | ,

|𝜀̃ | .

                                          (5.35) 

Thus, all error signals in the closed-loop systems are bounded. Form (5.9), we have 

𝑒 ℒ 𝒜 𝑦 𝑦 ,                                                      (5.36) 

where 𝑒 𝑒 , ⋯ , 𝑒 . Then, the tracking error is bounded by 

||𝑦 𝑦 ||
|| ||

̲
ℒ 𝒜

,                                                         (5.37) 

where 𝜎
̲

∗  denotes the minimum singular value of the matrix ∗. Furthermore, we can get that 
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||𝑦||
|| ||

̲
ℒ 𝒜

||𝑦 || √

̲
ℒ 𝒜

𝑌 ≜ 𝐾 .                                  (5.38) 

From the above analysis, we can conclude that the output signals are remain in a compact set, whose 

bound is associated with the design parameter 𝜆  and the communication graph 𝒢 . Therefore, the 

proposed adaptive fuzzy consensus control method can achieve uniformly ultimately bounded control, 

the tracking error converges to a bounded compact set, and the output constraints are not violated. 

Remark 5.2. As for a barrier Lyapunov function, the synchronization error 𝑒  satisfies |𝑒 𝑡 |

𝜆, ∀𝑡 0 under the initial condition that |𝑒 0 | 𝜆. As for a quadratic Lyapunov function, consensus 

control can be realized without violating output constraints if the initial condition satisfies ||𝑒 0 ||

√𝑁𝜆 𝛱 , where 𝛱 ∑ ||𝜃 || 𝜃 /𝛾 ||𝜃 || 𝜃 /𝛾 𝜀 𝜀̂ /𝜏

𝜀 𝜀̂ /𝜏  . Note that an additional condition 𝑁𝜆 𝛱  needs to be satisfied. Therefore, 

compared with a quadratic Lyapunov function, the initial conditions arising from the use of a barrier 

Lyapunov function are less restrictive. 

5.4 Simulation Results 

A vehicle platoon with one leader is considered as a second-order model. A simulation example will 

be given to verify the obtained theoretical results. It is the following follower dynamics [92]. 

    
𝑝 𝑣 ,
𝑣 𝑢 𝑓 𝑣 ,
𝑦 𝑝 ,

                                                       (5.39) 

where 𝑓 𝑣 𝑘/𝑚 𝑣  𝑖 1, ⋯ ,4 . 𝑚 is the mass. 𝑘 is the coefficient parameter. The model 

parameters are chosen as 𝑘 0.1, 𝑚 1. 

The leader is modeled by 

𝑝 𝑣 ,
𝑣 0.1𝑣 ,
𝑦 𝑝 .

                                                                  (5.40) 

Fuzzy membership functions are given by 
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𝜇 𝑝
1

1 exp 4 𝑝 /2 𝜋/2
,

𝜇 𝑝 exp 𝑝 ,

𝜇 𝑝
1

1 exp 4 𝑝 /2 𝜋/2
,

𝜇 𝑣
1

1 exp 4 𝑣 /2 𝜋/2
,

𝜇 𝑣 exp 𝑣 ,

𝜇 𝑣
1

1 exp 4 𝑣 /2 𝜋/2
.

 

The communication graph is shown in Figure 5.1, where the leader is denoted by node 0, and the 

followers are denoted by nodes 1-4 with node 2 as the root node. From Figure 5.1, we can get the 

adjacency matrix 𝒜

0 1 0 0
0 0 0 0
0 1 0 0
0 0 1 0

 and the leader adjacency matrix 𝒜 diag 0,1,0,0 . 

 

Figure 5.1  Communication graph. 

In simulation, the initial value of the states is set as 𝑝 0 0.25, 𝑝 0 0.35, 𝑝 0

0.2, 𝑝 0 0.1, 𝑣 0 0, 𝑣 0 0.01, 𝑣 0 0.02, 𝑣 0 0.03, 𝑝 0 0.5, 𝑣 0 0.05 . 

The fuzzy parameter vector is initialized to zero. The design parameters of the proposed consensus 

control algorithm are set as 𝑘 0.5, 𝑘 5, 𝜆 0.5, 𝛾 300, 𝜏 𝜏 10, 𝜖 𝜖 1 . 𝑞

𝑞 1, 𝜄 0.08, 𝑣∗ 0.7, 𝑣
̲

∗ 0.7. 

Simulation results of the proposed adaptive fuzzy consensus control method via neurodynamic 

optimization (Scheme I) are shown in Figures 5.2-5.4. Figures 5.2-5.4 show the simulation results using 

Scheme I. The consensus control performance is presented in Figure 5.2. We can see that the positions 

of all followers can synchronize to that of the leader. The synchronization errors are shown in Figure 5.3, 

and they are bounded by 0.5. The control inputs are shown in Figure 5.4.  

 

0

1 2 3 4



45 

 

Figure 5.2 Consensus control performance using Scheme I. 

 

Figure 5.3 The trajectories of synchronization errors using Scheme I. 
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Figure 5.4 The trajectories of control inputs using Scheme I. 

From the above simulation, we can conclude that the proposed adaptive fuzzy consensus control 

approach can realize the consensus control of output-constrained second-order nonlinear systems with 

unknown dynamics.  
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Chapter 6 Adaptive Containment Control 

In this chapter, the containment control problem for multi-agent systems with more general 

nonlinear dynamics is studied. The nonlinear dynamics of each follower can be totally unknown. Using 

FLSs to identify the unknown nonlinear dynamics, distributed state feedback and output feedback 

containment control schemes are proposed to drive the states of all followers into the convex hull spanned 

by the leaders. It is proved that the containment control errors converge to a residual set.  

Notations. Throughout this paper, 𝑅  is a set of positive real numbers. 𝑅  is a set of 𝑛 𝑚 real 

matrices. 𝐼  is an identity matrix with the dimension of 𝑁. ∥⋅∥ is the Euclidean norm of a vector. ∥⋅∥  is 

the Frobenius norm of a matrix. 𝑡𝑟 ⋅   is the trace of a matrix. 𝜎 ⋅   and 𝜎
̲

⋅   are the maximum and 

minimum singular values of a matrix, respectively. diag 𝜆  is a diagonal matrix with 𝜆  being the 𝑖th 

diagonal element. ⊗ is the Kronecker product. 

6.1 Problem Statement 

Consider a class of nonlinear multi-agent systems consisting of 𝑁 followers and 𝑀 leaders. The 

dynamics of follower 𝑖 are described by 

𝑥 𝐴𝑥 𝐵 𝑢 𝑓 𝑥 ,  𝑖 1, ⋯ , 𝑁,
𝑦 𝐶𝑥 ,                                      (6.1) 

where 𝑥 𝑥 , ⋯ , 𝑥 ∈ 𝑅 , 𝑢 𝑢 , ⋯ , 𝑢 ∈ 𝑅 , 𝑦 ∈ 𝑅   are the state vectors, inputs and 

outputs of the systems. 𝑓 𝑥 𝑓 𝑥 , ⋯ , 𝑓 𝑥   ∈ 𝑅   are unknown nonlinear functions. 𝐴 ∈

𝑅 ,  𝐵 ∈ 𝑅 ,  𝐶 ∈ 𝑅  are known matrices. 

The dynamics of leader 𝑘 are given by 

𝑥 𝐴𝑥 𝐵𝑟 𝑡 ,  𝑘 𝑁 1, ⋯ , 𝑁 𝑀,                                   (6.2) 

where 𝑥 𝑥 , ⋯ , 𝑥 ∈ 𝑅  are the state vectors. 𝑟 𝑡 ∈ 𝑅  are unknown bounded inputs. 

The information flow among the agents can be described by a directed graph 𝐺 𝜈, 𝜀, 𝛬  consists 

of a vertex set 𝜈 𝑛 , ⋯ , 𝑛  , an edge set 𝜀 𝑛 , 𝑛 ∈ 𝜈 𝜈  , and an adjacency matrix 𝛬

𝑎 ∈ 𝑅  . 𝑛   represents agent node 𝑖 . 𝑛 , 𝑛 ∈ 𝜀  means that there is a directed 
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information flow from agent 𝑖 to agent 𝑗. The neighbor set of node 𝑖 is denoted by 𝑁 𝑗| 𝑛 , 𝑛 ∈ 𝜀 . 

Each element 𝑎  of 𝛬 is defined as 𝑎 0, if 𝑛 , 𝑛 ∈ 𝜀 and 𝑎 0, if 𝑛 , 𝑛 ∉ 𝜀. Throughout this 

paper, it is assumed that 𝑎 0. If 𝑎 𝑎 , ∀𝑖, 𝑗, the graph 𝐺 is undirected; otherwise the graph 𝐺 is 

directed. A directed graph has a spanning tree if there is a root node, such that there is a directed path 

from the root node to every other node in the graph. The Laplacian matrix 𝐿 𝐿 ∈ 𝑅  is 

defined as 

𝐿

𝑎 ,   𝑖 𝑗

𝑎 ,  𝑖 𝑗
∈

. 

Then, the Laplacian matrix 𝐿 𝐷 𝛬 , where 𝐷 diag 𝑑   is the degree matrix with 𝑑

∑ 𝑎 𝑖 1, ⋯ , 𝑁 . 

An agent is called a follower if the agent has at least one neighbor. An agent is called a leader if the 

agent has no neighbor. Without loss of generality, we assume that the agents indexed by 1, ⋯ , 𝑁 are 

followers, whereas the agents indexed by 𝑁 1, ⋯ , 𝑁 𝑀 are leaders. Then, the Laplacian matrix 𝐿 

can be partitioned as 

𝐿
𝐿 𝐿

0 0 , 

where 𝐿 ∈ 𝑅  and 𝐿 ∈ 𝑅 . 

Assumption 6.1. For each follower, there exists at least one leader that has a directed path to that 

follower. 

Lemma 6.1 [24].  Under Assumption 1, all the eigenvalues of 𝐿  have positive real parts, each entry 

of 𝐿 𝐿  is nonnegative, and each row of 𝐿 𝐿  has a sum equal to 1. 

Definition 6.1. The set 𝛯 ⊆ 𝑅  is said to be convex if for any 𝑥 , 𝑥 ∈ 𝛯 and any 𝛼 ∈ 0,1 , the 

point 𝛼𝑥 1 𝛼 𝑥  is in 𝛯. The convex hull Co 𝑋  for a set of points 𝑋 𝑥 , ⋯ , 𝑥  is the minimal 

convex set containing all points in 𝑋 and is defined as Co 𝑋 ∑ 𝛼 𝑥 |𝑥 ∈ 𝑋, 𝛼 0, ∑ 𝛼

1 . 

The control objective is to design containment controllers 𝑢 , such that the states of all followers 

converge to the convex hull formed by the leaders 𝑟 𝑡 , i.e., inf ∈ ∥∥𝑥 ℎ 𝑡 ∥∥ 𝜖, ∀𝜖 0, where 

𝑖 1, ⋯ , 𝑁, 𝑅 𝑡 Co 𝑥 𝑡 , ⋯ , 𝑥 𝑡 . 
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Let 𝑥 𝑥 𝑡 , ⋯ , 𝑥 𝑡  , and 𝑥 𝑥 𝑡 , ⋯ , 𝑥 𝑡 𝐿 𝐿 𝑥  . From Lemma 

5.1, we can obtain inf ∈ ∥∥𝑥 ℎ 𝑡 ∥∥ 𝜖 with 𝑖 1, ⋯ , 𝑁. Therefore, the control objective can 

be transformed as 

inf ∈ ∥∥𝑥 𝑥 ∥∥ 𝜖, ∀𝜖 0, 

where 𝑖 1, ⋯ , 𝑁. The containment control errors are defined as 𝜉 𝑥 𝑥 ,  𝑖 1, ⋯ , 𝑁. 

The singleton fuzzifier, product inference, and the center-defuzzifier are used to deduce the 

following fuzzy rules [93][94]: 

𝑅  : IF x   is 𝐹  , and ⋯  and x   is 𝐹  , THEN y  is 𝐵 i 1, ⋯ , r  , where x x , ⋯ , x ∈ 𝑅   and 

y ∈ 𝑅 are the input and output of the fuzzy system, respectively. 𝐹 j 1, ⋯ , n  and 𝐵  are fuzzy sets in 

𝑅. The fuzzy inference engine performs a mapping from fuzzy sets in 𝑅  to a fuzzy set in R based on the 

IF-THEN rules in the fuzzy rule base and the compositional rule of inference. The fuzzifier maps a crisp 

point 𝐱 into a fuzzy set 𝐴  in 𝑅. The defuzzifier maps a fuzzy set in R to a crisp point in R. Since the 

strategy of singleton fuzzification, center-average defuzzification and product inference is used, the 

output of the fuzzy system can be formulated as 

y x
∑ ∏

∑ ∏
,                                                 (6.3) 

where 𝜃  is the point at which fuzzy membership function 𝜇 𝜃  achieves its maximum value. It is 

assumed that ∑ 𝜇 𝜃 1 . Let 𝜑
∏

∑ ∏
 , 𝜑 x 𝜑 x , ⋯ , 𝜑 x  , and 𝜃

𝜃 , ⋯ , 𝜃 . Then the fuzzy logic system (6.3) can be rewritten as 

y x 𝜃 𝜑 x .                                                     (6.4) 

It has been proved in [95] that if Gaussian functions are used as membership functions, the following 

lemma holds. 

Lemma 6.2. Let 𝑓 𝑥  be a continuous function defined on a compact set 𝛺. Then, for any constant 

𝜀 0, there exists an FLS such as 

sup
∈

 |𝑓 𝑥 𝜃 𝜑 𝑥 | 𝜀, 

where 𝛺  is a compact region for 𝑥 . 𝜃 𝜃 , ⋯ , 𝜃   is an adjustable vector. 𝜑 𝑥
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𝜑 𝑥 , ⋯ , 𝜑 𝑥  is a fuzzy basis function vector. Optimal parameter vector 𝜃∗ is defined as 

𝜃∗ arg min
∈

sup|𝑓 𝑥|𝜃 𝑓 𝑥 | , 

where 𝑈  is the compact set of 𝜃. Then 

𝑓 𝑥 𝜃∗ 𝜑 𝑥 𝜀, 

where 𝜀 is the minimum fuzzy approximation error with an unknown bound. 

6.2 Distributed State Feedback Containment Control 

6.2.1 State Feedback Containment Controller Design 

Distributed containment controllers are proposed as 

𝑢 𝑢 𝑢 ,  𝑖 1, ⋯ , 𝑁,                                                      (6.5) 

where 𝑢  and 𝑢  are designed as follows. 

𝑢 𝑐𝐾 ∑ 𝑎 𝑥 𝑥 ∑ 𝑎 𝑥 𝑥 ,                                (6.6) 

where 𝑐 ∈ 𝑅   is a coupling gain. 𝐾 ∈ 𝑅   is a controller gain with 𝐾 𝐵 𝑃  , and 𝑃   is positive 

definite satisfying the following Riccati inequality. 

𝐴 𝑃 𝑃 𝐴 𝑃 𝐵𝐵 𝑃 𝑄 0,                                           (6.7) 

where 𝑄   is positive definite. By Lemma 6.2, the multiple-input multiple-output unknown dynamics 

𝑓 𝑥  can be approximated by FLSs as [59][60]. 

𝑓 𝑥 𝜃∗ 𝜑 𝑥 𝜀 .                                                  (6.8) 

Then, 𝑢  are designed as 

𝑢 𝜃 𝜑 𝑥 ,                                                         (6.9) 

where 𝜃  are the estimations of 𝜃∗. Let 𝑥 𝑥 , ⋯ , 𝑥 , 𝑥 𝑥 , ⋯ , 𝑥 . Then, one has 

𝑥 𝐼 ⊗ 𝐴 𝑐𝐿 ⊗ 𝐵𝐾 𝑥 𝑐 𝐿 ⊗ 𝐵𝐾 𝑥
𝐼 ⊗ 𝐵 𝜃 𝜑 𝑥 𝐼 ⊗ 𝐵 𝜀,                       (6.10) 

               𝑥 𝐼 ⊗ 𝐴 𝑥 𝐼 ⊗ 𝐵 𝑟,                                                         (6.11) 

where 𝜃 diag 𝜃∗ 𝜃  , 𝜑 𝑥 𝜑 𝑥 , ⋯ , 𝜑 𝑥   , 𝜀 𝜀 , ⋯ , 𝜀  , 𝑟

𝑟 𝑡 , ⋯ , 𝑟 𝑡  . Let 𝑒 ∑ 𝑎 𝑥 𝑥 ∑ 𝑎 𝑥 𝑥   and 𝑒 𝑒 , ⋯ , 𝑒  . 
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Then 

𝑒 𝐿 ⊗ 𝐼 𝑥 𝐿 ⊗ 𝐼 𝑥 .                                                (6.12) 

Substituting (6.10) and (6.11) into the derivative of (6.12), we have 

𝑒 𝐼 ⊗ 𝐴 𝑐𝐿 ⊗ 𝐵𝐾 𝑒 𝐼 ⊗ 𝐵 𝜃 𝜑 𝑥
𝐿 ⊗ 𝐵 𝜀 𝐿 ⊗ 𝐵 𝑟.

                         (6.13) 

6.2.2 Stability Analysis 

Theorem 6.1 Consider the multi-agent systems given by (6.1), (6.2). Under Assumption 6.1, the 

communication graph is directed and has a spanning tree. Select the containment controllers (6.5), (6.6), 

(6.9) with the coupling gain 𝑐 satisfying 

𝑐
,⋯,

 
,                                                         (6.14) 

where 𝜆  are the eigenvalues of 𝐿 . 𝜃  are updated by 

𝜃 𝑇 𝜑 𝑥 𝑒 𝑃 𝐵 𝜎𝜃 ,                                            (6.15) 

where 𝑇 0,  𝜎 0 . Then, all the signals in the closed-loop ti-agent systems are UUB, and the 

containment control errors satisfy 

lim
→

 ∥∥𝜉∥∥ 𝜚 ,                                                            (6.16) 

where 𝜉 𝜉 , ⋯ , 𝜉 , 𝜚 ∈ 𝑅 . 

Proof: Consider the Lyapunov function candidate 

𝑉 𝑒 𝐿 ⊗ 𝑃 𝑒 𝑡𝑟 𝜃 𝑇 𝜃 ,                                        (6.17) 

where 𝑇 diag 𝑇 . Substituting 𝐾 𝐵 𝑃  and (6.13) into the derivative of (6.17), we have 

𝑉 𝑒 𝐿 ⊗ 𝑃 𝐴 𝐴 𝑃 2𝑐𝐼 ⊗ 𝑃 𝐵𝐵 𝑃 𝑒

𝑒 𝐼 ⊗ 𝑃 𝐵 𝜀 𝐿 𝐿 ⊗ 𝑃 𝐵 𝑟
𝑒 𝐼 ⊗ 𝑃 𝐵 𝜃 𝜑 𝑥 𝑡𝑟 𝜃 𝛤 𝜃 .

                          (6.18) 

It follows from (6.15) that 

𝑉 𝑒 𝐿 ⊗ 𝑃 𝐴 𝐴 𝑃 2𝑐𝐼 ⊗ 𝑃 𝐵𝐵 𝑃 𝑒

𝑒 𝐼 ⊗ 𝑃 𝐵 𝜀 𝐿 𝐿 ⊗ 𝑃 𝐵 𝑟 𝜎𝑡𝑟 𝜃 𝜃 .
                          (6.19) 

By Assumption 6.1 and Lemma 6.1, all the eigenvalues of 𝐿  have positive real parts. Thus, there 
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exists a unitary matrix 𝑈 ∈ 𝑅   such that 𝑈 𝐿 𝑈 diag 𝜆 ,  𝑖 1, ⋯ , 𝑁 . Let 𝑒 𝑈 ⊗ 𝐼 𝜍 , 

where 𝜍 𝜍 , ⋯ , 𝜍 . Then, it follows from (6.19) that 

𝑉 ∑ 𝜆 𝜍 𝑃 𝐴 𝐴 𝑃 2𝑐𝜆 𝑃 𝐵𝐵 𝑃 𝜍

𝑒 𝐼 ⊗ 𝑃 𝐵 𝜀 𝐿 𝐿 ⊗ 𝑃 𝐵 𝑟 𝜎𝑡𝑟 𝜃 𝜃 .
                        (6.20) 

Substituting (6.7) and (6.14) into (6.20), one has 

𝑉 min
,⋯,

  𝜆 𝜎
̲

𝑄 ∥𝑒∥

𝑒 𝐼 ⊗ 𝑃 𝐵 𝜀 𝐿 𝐿 ⊗ 𝑃 𝐵 𝑟 𝜎𝑡𝑟 𝜃 𝜃 .
                        (6.21) 

By Lemma 6.2, 𝜃∗,  𝜖   are bounded and use the fact that 𝑟 𝑡   are bounded. Then, there exist 

positive constants 𝜃 , 𝜀 ,  𝑟 , such that ∥𝜃∗∥ 𝜃 , ∥∥𝜀∥∥ 𝜀 , ∥∥𝑟∥∥ 𝑟 . It follows from (6.21) that 

𝑉 min
,⋯,

  𝜆 𝜎
̲

𝑄 ∥𝑒∥ 𝜎||𝜃||

∥𝑒∥𝜎 𝑃 𝐵 𝜀 𝜎 𝐿 𝐿 𝑟 𝜎||𝜃|| 𝜃 .
                                (6.22) 

Rewrite (6.22) in the following matrix form 

𝑉 𝑧 𝛴 𝑧 ℎ 𝑧 ,                                                          (6.23) 

where 

𝑧 ∥𝑒∥ ||𝜃|| ,
ℎ 𝜎 𝑃 𝐵 𝜀 𝜎 𝐿 𝐿 𝑟  𝜎𝜃 ,

𝛴
1
2

min
,⋯,

  𝜆 𝜎
̲

𝑄 0

0 𝜎
.

 

Noting the fact that 𝜎
̲

𝑄 0 and 𝜎 0, it follows that 𝛴  is positive definite. Then 

𝑉 𝜎 𝛴 ∥∥𝑧 ∥∥ ∥∥ℎ ∥∥∥∥𝑧 ∥∥.                                              (6.24) 

Let 

𝑅
̲

min 𝜎
̲

𝐿 𝜎
̲

𝑃 ,  𝑇 ,

𝑅 max 𝜎 𝐿 𝜎 𝑃 , 𝑇 .
 

Then 

𝑅
̲

∥∥𝑧 ∥∥ 𝑉 𝑅 ∥∥𝑧 ∥∥ .                                               (6.25) 

From (6.24) and (6.25), we have 

𝑉 𝛼𝑉 𝛽 𝑉 ,                                                         (6.26) 
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where 𝛼 ̲ , 𝛽 √ ∥∥ ∥∥

̲

. Then 

𝑉 𝑡 𝑉 0 𝑒 1 𝑒 .                                  (6.27) 

Since lim
→

  𝑉 𝑡 , we obtain all signals in the closed-loop multi-agent systems are UUB. Then 

∥𝑒∥ ∥∥ ∥∥

̲ ̲
 

̲

.                                                     (6.28) 

Then, it follows from (6.12) that 

∥∥ 𝐿 ⊗ 𝐼 𝑥 𝐿 ⊗ 𝐼 𝑥 ∥∥
∥ ∥

̲ ̲
 

̲

.                                (6.29) 

Then, we get (6.16) with 𝜚 ∥∥ ∥∥

̲ ̲ ̲
 

̲

. It means that the states of the followers converge 

to the convex hull formed by those of the leaders with the containment errors being UUB. The 

containment control problem is solved. 

Remark 6.1. In [59]-[62], the distributed containment control approaches were proposed for 

nonlinear Lagrangian systems. However, the previous approaches cannot be applied to the nonlinear 

multi-agent systems (6.1), (6.2). Therefore, it is significant to investigate the distributed containment 

control problem for more general nonlinear multi-agent systems in the presence of unknown dynamics. 

6.3 Distributed Output Feedback Containment Control 

The containment control designed in Section 6.2 is based on the assumption that the states of the 

systems are directly measured. However, in practice, state variables are often unmeasured for many 

nonlinear systems. Therefore, the output feedback containment control will be designed for the multi-

agent systems with unmeasured states consisting by (6.1) and (6.2) in this, which is very important in 

both theory and real-world applications. We assume here that the states of the leaders are measurable and 

𝑟 𝑡 0. 
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6.3.1 Output Feedback Containment Controller Design 

Design distributed observers to estimate the unmeasurable states. Let 𝑥  be the estimations of 𝑥 . 

Similar to [96], the observers are designed in the following form 

𝑥 𝐴𝑥 𝐵 𝑢 𝜃 𝜑 𝑥 𝑐 𝐹𝑦 ,
𝑦 𝐶𝑥 ,

                                        (6.30) 

where 𝑐 ∈ 𝑅  is a coupling gain. 𝑦 𝑦 𝑦 . 𝐹 ∈ 𝑅  is an observer gain with 𝐹 𝑃 𝐶 , and 

𝑃  is positive definite satisfying the following linear matrix inequality (LMI) 

𝑃 𝐴 𝐴 𝑃 𝐶 𝐶 𝑄 𝑀

𝑀
0,                                        (6.31) 

where 𝛾 is an adjustable parameter to guarantee the existence of 𝑃 . 𝑀 𝐶 𝑃 𝐵 and 𝑄  is positive 

definite. 

Based on the developed observers, the output feedback containment controllers are designed in (6.5) 

with 

𝑢 𝑐𝐾 ∑ 𝑎 𝑥 𝑥 ∑ 𝑎 𝑥 𝑥 ,                                (6.32) 

𝑢 𝜃 𝜑 𝑥 ,                                                                                             (6.33) 

Let 𝑥 𝑥 , ⋯ , 𝑥 . Then, one has 

𝑥 𝐼 ⊗ 𝐴 𝑐𝐿 ⊗ 𝐵𝐾 𝑥 𝑐 𝐿 ⊗ 𝐵𝐾 𝑥 𝑐 𝐼 ⊗ 𝐹𝐶 𝑥,
𝑥 𝐼 ⊗ 𝐴 𝑥 ,

           (6.34) 

where 𝑥 𝑥 , ⋯ , 𝑥  with 𝑥 𝑥 𝑥  being the state estimation errors. The state estimation error 

equation is described by 

𝑥 𝐼 ⊗ 𝐴 𝑐 𝐼 ⊗ 𝐹𝐶 𝑥 𝐼 ⊗ 𝐵 𝜃 𝜑 𝑥 𝜃∗ 𝜑 𝑥 𝜑 𝑥 𝜀 .           (6.35) 

Let �̂� ∑ 𝑎 𝑥 𝑥 ∑ 𝑎 𝑥 𝑥  and �̂� �̂� , ⋯ , �̂� . Then 

�̂� 𝐿 ⊗ 𝐼 𝑥 𝐿 ⊗ 𝐼 𝑥 .                                              (6.36) 

Then 

�̂� 𝐼 ⊗ 𝐴 𝑐𝐿 ⊗ 𝐵𝐾 �̂� 𝑐 𝐿 ⊗ 𝐹𝐶 𝑥.                                (6.37) 

6.3.2 Stability Analysis 

Theorem 6.2 Consider the multi-agent systems given by (6.1), (6.2). Under Assumption 6.1, the 
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communication graph is directed and has a spanning tree. Select the output feedback containment 

controllers (6.5), (6.32) and (6.33) with the coupling gains 𝑐 and 𝑐  satisfying (6.14) and (6.38) 

𝑐 .                                                                        (6.38) 

𝜃  are updated by 

𝜃 𝑇 𝜑 𝑥 𝑦 𝜎𝐼 𝜑 𝑥 𝜑 𝑥 𝜃 .                         (6.39) 

where 𝑇 0, 𝜎 0,  𝛾 0 . Then, all the signals in the closed-loop systems are UUB, and the 

containment control errors satisfy 

lim
→

 ∥∥𝜉∥∥ 𝜚 ,                                                               (6.40) 

where 𝜚 ∈ 𝑅 . 

Proof : Consider the Lyapunov function candidate 

𝑉 𝑥 𝐼 ⊗ 𝑃 𝑥 𝑡𝑟 𝜃 𝑇 𝜃 ,                                         (6.41) 

Substituting 𝐹 𝑃 𝐶  and (6.35) into the derivative of (6.41), we have 

𝑉 𝑥 𝐼 ⊗ 𝑃 𝐴 𝐴 𝑃 2𝑐 𝐶 𝐶 𝑥

𝑥 𝐼 ⊗ 𝑃 𝐵 𝜃 𝜑 𝑥 𝜃∗ 𝜑 𝑥 𝜑 𝑥 𝜀 𝑡𝑟 𝜃 𝛤 𝜃 .
            (6.42) 

By (6.39) and 𝑀 𝐶 𝑃 𝐵, we have 

𝑉 𝑥 𝐼 ⊗ 𝑃 𝐴 𝐴 𝑃 2𝑐 𝐶 𝐶 𝑥

𝑥 𝐼 ⊗ 𝑃 𝐵 𝜃∗ 𝜑 𝑥 𝜑 𝑥 𝜀

𝜎𝑡𝑟 𝜃 𝜃 ∑ 𝑥 𝑀𝜃 𝜑 𝑥 ∑ 𝜑 𝑥 𝜃 𝜃 𝜑 𝑥 .

                   (6.43) 

Using the Young’s inequality 

𝑥 𝑀𝜃 𝜑 𝑥 𝑥 𝑀𝑀 𝑥 𝜑 𝑥 𝜃 𝜃 𝜑 𝑥 .                              (6.44) 

Then 

𝑉 𝑥 𝐼 ⊗ 𝑃 𝐴 𝐴 𝑃 𝛾𝑀𝑀 2𝑐 𝐶 𝐶 𝑥

𝑥 𝐼 ⊗ 𝑃 𝐵 𝜃∗ 𝜑 𝑥 𝜑 𝑥 𝜀 𝜎𝑡𝑟 𝜃 𝜃

∑ 𝜑 𝑥 𝜃∗ 𝜃 𝜑 𝑥 .

                         (6.45) 

It follows from (31) and (38) that 

𝑉 𝑥 𝐼 ⊗ 𝑄 𝑥 𝑥 𝐼 ⊗ 𝑃 𝐵 𝜃∗ 𝜑 𝑥 𝜑 𝑥 𝜀

𝜎𝑡𝑟 𝜃 𝜃 ∑ 𝜑 𝑥 𝜃∗ 𝜃 𝜑 𝑥 .
             (6.46) 
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By Lemma 6.2, it follows that 𝜑 𝑥  and 𝜑 𝑥  are bounded. Then, there exist positive constants 

𝜌  and 𝜑 , such that ∥∥𝜃∗ 𝜑 𝑥 𝜑 𝑥 𝜀∥∥ 𝜌 , ∥∥𝜑 𝑥 ∥∥ 𝜑 . Then, (6.46) can be rewritten 

as 

𝑉 𝜎
̲

𝑄 ∥𝑥∥ 𝜎||𝜃|| ∥𝑥∥𝜎 𝑃 𝐵 𝜌 ||𝜃|| 𝜎𝜃 𝜑 𝜃 .            (6.47) 

Let 

𝑧 ∥𝑥∥ ||𝜃|| ,

ℎ 𝜎 𝑃𝐵 𝜌  𝜎𝜃
1

2𝛾
𝜑 𝜃 ,

𝛴
1
2

𝜎
̲

𝑄 0

0 𝜎
.

 

Rewrite (6.47) in the following form 

𝑉 𝑧 𝛴 𝑧 ℎ 𝑧 ,                                                            (6.48) 

Using the similar analysis process above, it follows that 𝑥 and 𝜃 are UUB and the bound of 𝑥 is 

given by 

∥𝑥∥ 𝜚 ,                                                                       (6.49) 

where 𝜚 ∥∥ ∥∥

̲ ̲
 

̲

 with 𝑅
̲

min 𝜎
̲

𝑃 ,  𝑇 , 𝑅 max 𝜎 𝑃 , 𝑇 . 

Consider another Lyapunov function candidate 

𝑉 �̂� 𝐿 ⊗ 𝑃 �̂�.                                                         (6.50) 

Substituting 𝐾 𝐵 𝑃  and (6.37) into the derivative of (6.50), we have 

𝑉 �̂� 𝐿 ⊗ 𝑃 𝐴 𝐴 𝑃 2𝑐𝐼 ⊗ 𝑃 𝐵𝐵 𝑃 �̂� �̂� 𝑐 𝐼 ⊗ 𝐹𝐶 𝑥.          (6.51) 

Then 

𝑉 min
,⋯,

  𝜆 𝜎
̲

𝑄 ∥�̂�∥ ∥�̂�∥𝜎 𝐹𝐶 ||𝑥||.                                (6.52) 

Noting the fact that 

∥�̂�∥
2𝜎 𝐹𝐶

min
,⋯,

  𝜆 𝜎
̲

𝑄
||𝑥|| 

indicates 𝑉 0. Considering (6.36) and (6.49), it follows that 
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∥∥𝑥 𝑥 ∥∥
,⋯,

 
̲ ̲

𝜚 .                                        (6.53) 

Note the fact that ∥∥𝜉∥∥ ∥∥𝑥 𝑥 ∥∥ ∥𝑥∥. Then, (6.40) is obtained with 

𝜚
,⋯,

 
̲ ̲

𝜚 𝜚 .                                       (6.54) 

Then, the containment control problem is solved. 

Remark 6.2. In [97], consensus scheme was developed for nonlinear multi-agent systems (6.1), i.e., 

the proposed method can guarantee all states of the followers synchronize to that of a single leader. In 

this paper, containment control approach is designed to guarantee all states of the followers stay in a 

dynamic convex hull formed by multiple leaders. 

6.4 Simulation Results 

A simulation example is provided to show the effectiveness of the proposed distributed output 

feedback containment controllers. A vehicle platoon with multiple leaders is considered as a second-

order model. It is the following follower dynamics [98].  

𝐴 0 1
0 0

, 𝐵 0
1

, 𝐶 1 0 , 𝑓 𝑣 𝑘/𝑚 𝑣  𝑖 1, ⋯ ,4 . , 

Choose fuzzy membership functions as 

𝜇 𝑣
1

1 exp 4 𝑣 /2 𝜋/2
,

𝜇 𝑣 exp 𝑣 ,

𝜇 𝑣
1

1 exp 4 𝑣 /2 𝜋/2
.

 

The communication graph is described as Figure 6.7. 

 

Figure 6.1 Communication graph. 

In simulation, the initial value of the states is set as  



58 

       
   

1 2 3 4

5 6

x (0) 0.13;0 ;  x (0)  0.35;0.01 ;  x (0)  0.4;0.02 ;  x (0)  0.22;0.03 ;

x (0)  0.2;0.01 ;  x (0)  0.5;0.01 ;

   

 
 

       1 2 3 4ˆ ˆ ˆ ˆx (0) 0.12;0 ;  x (0)  0.35;0.01 ;  x (0)  0.4;0.02 ;  x (0)  0.22;0.03; ;     

1 2

1.6170 1.6170 0.8586 0.8706
, ,

1.6170 3.2340 0.8706 1.7041

2.4165
[ 1.6170 3.2340],

1.2345

P P

K F

   
       

 
     

 

 

In simulation, 𝑐 10,  𝑐 2,  𝑇 10,  𝜎 0.01 . The containment results and containment 

errors using the output feedback containment controllers are shown in Figures 6.2, 6.3. It can be observed 

that the proposed containment scheme can realize that the states of followers converge to the convex hull 

formed by those of the leaders, i.e. the states of all followers stay in the area formed by the leaders. Figure 

6.4 shows the states of developed observer, from which we can see that the designed observer can 

estimate unmeasurable states with the estimation errors in a small neighborhood of the origin. The 

profiles of the designed distributed output feedback containment controllers are shown in Figure 6.5. It 

can be observed that the designed containment controllers guarantee both the stability and good 

containment performance of the closed-loop multi-agent systems with unknown dynamics.  

 

 

Figure 6.2 Follower states 𝑥  (solid line), leader states 𝑥  (dotted line). 
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Figure 6.3 Follower states 𝑥  (solid line), leader states 𝑥  (dotted line). 

 

Figure 6.4 The estimation effect of observers. 

 

Figure 6.5 Profiles of control inputs.  
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Chapter 7 Conclusion and Future Works 

7.1 Conclusion 

This dissertation mainly studies several problems of the vison-based front vehicle distance 

measurement system and the coordinated control of uncertain nonlinear vehicle platoon systems. The 

specific research work and related research results obtained are as follows: 

A fast and effective moving object detection method for a moving camera is proposed. The global 

motion is estimated through tracking the grid-based key points using optical flow. It maintains less 

processing time. The adaptive background model can remove more noise and extract more complete 

objects. The improved background subtraction can effectively reduce the influences of the hole, shadow 

and lighting change. The experimental results show that the proposed method has fast speed and high 

accuracy for detecting moving objects for a moving camera, and it can overcome the influences of the 

noise and lighting change. 

A front vehicle distance measurement method is proposed. It locates the license plate of the front 

vehicle in the moving object area after removing the background. The license plate is positioned by 

extracting the texture in the vertical direction of the license plate area. The front vehicle distance is 

estimated from the observed license plate height by using the logarithmic equation with three fixed 

parameters. The experimental results show that the proposed method has better performance and 

application value. 

A novel adaptive fuzzy consensus control method via neurodynamic optimization for networked 

output-constrained second-order nonlinear systems with unknown dynamics is proposed. The unknown 

dynamics was dealt with FLSs, and the approximation error was counteracted by a robust term. 

Backstepping design combining with a barrier Lyapunov function was utilized to construct the virtual 

control law and the actual control law. In addition, a neurodynamics-based governor was introduced to 

generate an optimal virtual control signal, which can further limit the velocity signal in a valid range and 

minimize the control input. It was proved that all closed-loop signals remain bounded without violating 

the output constraints.  
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A containment control method is proposed for uncertain nonlinear multi-agent systems with 

measurable and unmeasurable states. Based on FLSs identifying the unknown dynamics of the followers, 

distributed state feedback containment controllers were designed first. Then, adaptive fuzzy observers 

were designed to estimate the unmeasurable states. Based on the developed observers, distributed output 

feedback containment controllers were designed. Both of the developed containment controllers ensure 

that the states of the followers converge to the convex hull formed by those of the leaders with the 

containment control errors in a small residual set.  

 

7.2 Future Works 

The research on the vison-based front vehicle distance measurement and the coordination control 

problem of vehicle platoon systems has achieved fruitful results, but there are still many problems to be 

further studied and discussed. The next work will be studied in the following aspects: 

More complex features (shape, texture, etc) are used to improve the moving object detection 

performance.   

Different algorithms are used for vehicle image positioning for different resolution vehicle images. 

The accuracy of vehicle detection and distance estimation still needs to be improved for various road 

environments.   

The consensus control via neurodynamic optimization for more complex nonlinear systems in the 

presence output constraints. 

The containment control problem of uncertain nonlinear multi-agent systems with time-delay. 
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