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ABSTRACT

SIZE EFFECT IN HEAT TRANSFER AT NANOSCALE INTERFACE:

A MOLECULAR DYNAMICS STUDY

(August 2019)

Gyeonghun Jeong

Heat has important role in many systems, such as fabrication process and 

power source. Together with the importance of heat, miniaturizing has made 

people interested in heat transfer at nanoscale. As system size reduces more 

and more, dominant effects are changed, and due to this change, continuum 

descriptions cannot describe the behavior at nanoscale. This phenomenon can 

be called as size effect. Kapitza resistance has important role in heat transfer at 

nanoscale interface, and it can be defined as kapitza length. In heat transfer at 

nanoscale interface, layering at near interface and temperature jump at 

interface are observed. In this thesis, size effect in heat transfer at nanoscale 

interface was investigated by using molecular dynamics (MD) simulations. 

Liquid argon confined between solid walls was conducted by NEMD simulations. 

Firstly, investigation of periodic boundary condition (PBC) and the effect of 

interaction strength were conducted. Number density profile, temperature 
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profile, and heat flux were shown to clarify the effect of periodic boundary 

condition and the effect of solid-liquid LJ interaction strength. And then, we 

performed investigation of size effect in heat transfer at nanoscale interface.

We showed density profile and temperature profile as the length of fluid region.

And temperature gradient and heat flux result were shown, and from these 

result, we calculated thermal conductivity. Also, we calculated temperature 

jump at interface from temperature profile, and we calculated kapitza length and 

the ratio between kapitza length and the length of fluid region. As the length of 

fluid region increases, temperature gradient, heat flux, and average temperature 

jump gradually decrease. On the other hand, kapitza length is independent to 

length of fluid region. Thermal conductivity calculated by MD shows good 

agreement with experimental values. The ratio between kapitza length and the 

length of fluid region decreases as the length of fluid region increases.
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1. Introduction

Heat is thermal energy in transit in thermodynamics definition. Heat occurs 

whenever a temperature difference exists in a medium. The heat in continuum 

description can be described by Fourier’s law. The Fourier’s law explains this as 

follow

� = −� ∙ �� (1)

where J is heat flux in unit W/��, k is the thermal conductivity in unit W/m ∙ K, and 

∇T is temperature gradient in unit K/m. 

Figure 1.1. Fourier’s law heat which shows the relationship between coordinate 

system, heat flow direction, and temperature gradient in one direction



2

Figure 1.1 shows one directional heat flux in z direction. There is a temperature 

difference amount of �� − �� between hot region and cold region. When we only 

consider one dimension in z direction, then ∇T becomes

��

��
=

�� − ��
�� − ��

(2)

where T and z are temperature and location in z direction, respectively, and C and H 

represent cold and hot region, respectively. Temperature gradient has negative 

value. Thus, there is negative mark in Fourier’s law to make heat flux positive.

Fourier’s law explains that the heat is proportional to thermal conductivity and 

temperature gradients. Thermal conductivity is an important property of the material 

to connect heat and temperature gradients. Different substance has different thermal 

conductivity, and this value varies with thermodynamic conditions, temperature and 

pressure or temperature and density, generally. Generally, thermal conductivity of 

solid state is higher than that of liquid and gas states.

Controlling heat is important in many systems. Here, we want to show two 

examples to explain why controlling heat is important. One example is additive 

manufacturing, so called as 3D printing. This is promising manufacturing process due 

to its advantages, such as freedom of design, mass customization, waste

minimization and the ability to manufacturing complex structure as well as fast 

prototyping. These advantages are applicable in medicine, biological systems, 

automotive, aerospace, etc. [5]. In AM process, parts are fabricated by creating 

successive cross-sectional layers. Materials in AM processes experience melting 

and rapid solidification, also solid state phase transformations repeatedly [6,7]. In 

AM process, process need to occur at constant temperature near the melting point. 

Uneven heat heating and cooling cause the residual stress and this can affect
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significantly in high precision processes. Otherwise, we can get materials of 

consistent quality by controlling melt pool size and shape. The other example is fuel 

cell. Fuel cell is highly promising power source. Fuel cells do not use intermediate 

energy conversion, so the chemical reaction of fuels is directly converted into 

electrical energy, and water is created as byproduct. Thus, fuel cells have high 

efficiency and cleanliness [8]. Especially, proton exchange membrane fuel cell 

(PEMFC) is the most promising power source due to its high power density, rapid 

startup, and low operating temperature [9]. In PEMFC, there is a significant amount 

of generated heat, comparable to its power output. A higher operating temperature 

makes the membrane and the catalyst of fuel cells degrade, and thus reduce 

performance. A lower operating temperature is not good for the reaction kinetics and 

may cause flooding due to lower water saturation pressures at lower temperature.

Thus, effective cooling is critical for safe and efficient operation of fuel cells with 

high power. Like these two examples showed, controlling heat has highly important 

role in fabrication processes to make materials accurately and consistently, and in 

power systems to operate safely and efficiently.

Figure 1.2. Generic illustration of AM (a) powder bed system, and (b) powder feed 

system [6]

(a) (b)
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Figure 1.3. Operation diagram of fuel cell [8]

Miniaturizing is one of important challenge in many industries. By reducing size, we 

may get more react and heat transfer due to the increase of surface area to volume 

ratio. It means that we may obtain higher energy and more efficient cooling. 

Although there are advantages by miniaturizing, there are some limitations to 

miniaturize devices. To control heat well, we need to well predict the behavior in 

heat transfer in systems. The problem is that the description equations in 

macroscale are not applicable to microscale and nanoscale to predict. In this regard 

one interesting issue in nanoscale is whether the continuum description equations 

can be applied to predict the behavior of fluid transport or heat transfer at nanoscale 

[10]. In general, the classical continuum theory cannot predict the transport at 

molecular solid-liquid interfaces. When the interface effects are considered 

appropriately by modifying boundary conditions, however, that can properly describe 

the nanoscale transport phenomenon. In this regard, finding the link between 

classical continuum theory and molecular level transport is highly important. One 
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good example is capillary imbibition in nanopore. Capillary rise in pore can be 

expressed by Lucas-Washburn equation [11,12] as

� = �
��������

��
√� (3)

where H is the rise of the fluid meniscus, � is the pore radius, ��� is the liquid-

vapor surface tension, ��� is the liquid viscosity, and � is the contact angle (CA) 

between the liquid meniscus and the capillary wall. This equation only valid in 

conditions; i) steady state, ii) Laminar viscous flow, iii) incompressible flow, iv) zero 

radial and angular velocity, v)no-slip boundary, vi) no externally imposed pressure, 

and vii) smooth surface(roughness, ϵ = 0 ). When Lucas-Washburn equation is 

modified with slip [13, 14], vapor adsorption [15], roughness [16], dynamic contact 

angle [17], and near-surface viscosity [18], capillary phenomenon in nanopore can 

be well described. These stated conditions can be characterized as size effect. For 

these reasons, the main key to connect the continuum description and the 

phenomenon at nanoscale is size effect. The size effect is defined as that the nature 

of the material depends on the size of the material.

In heat transfer at nanoscale, there are some distinctive characteristics comparing 

to macroscale heat transfer; layering at near interface and temperature jump at 

interface. Layering is phenomena that density fluctuates at near interface due to 

dissimilar properties. Jacob[19] and Cheng[20] showed experimental evidence of 

layering of water and mica interface. 

Temperature jump at solid-liquid interface was firstly observed by Kapitza in 1941 

[ 21 ]. Thermal resistance at solid-liquid interface produces discontinuity of 

temperature due to the mismatch between dissimilar materials. Temperature jump at 
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interface in z direction can be expressed by interfacial thermal resistance �� as 

follow [22]:

∆� = �� ∙ �� (4)

where �� is interfacial thermal resistance, so called as kapitza resistance, �� is heat 

flux in z direction. Also, temperature jump at interface can be expressed by another 

way by kapitza length. Figure 1.4 shows relationship between temperature jump and 

kapitza length. The relationship between temperature jump at interface and kapitza 

length can be explained by

∆� = ��
��

��
�
������

(5)

Figure 1.4. Experimental evidence of layering at water/mica interface [20]



7

where ∂T/ ∂n is the temperature gradient of liquid �� is kapitza length, and ∆T =

����� − ������ is temperature jump. Kapitza length is imaginary thickness of fluid to 

reach solid temperature at interface.

Figure 1.5. Description of Kapitza length and temperature jump at solid-liquid 

interface

Many researchers have investigated thermal resistance at interface. Bo kim et 

al.[23] performed NEMD simulations to identify the effects of surface wettability, 

oscillation frequency, wall temperature, thermal gradient, and channel heights on 

kapitza resistance. An Truong Pham et al.[24] conducted NEMD simulations of liquid 

argon or water confined between solid silicon walls and they showed the effect of 

interaction on temperature jump and dependency of kapitza length on temperature. 
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Truong Vo et al.[25] performed the NEMD simulations to investigate the interface 

thermal resistance between liquid water and various metallic surfaces. They chose 

two types of metals one with diamond crystal lattice structure and another with face 

centered cubic crystal lattice structure. They found that kapitza length is correlated 

with solid lattice structure and solid/liquid interaction strength. Murat Barisik and Ali 

Beskok [26] investigated temperature dependence of kapitza resistance and they 

showed that kapitza resistance decreases with increased temperature.

The objective of this thesis is to investigate the size effects in heat transfer at 

nanoscale interface. This thesis is organized as follow. In section 2, we provide 

theoretical backgrounds of molecular dynamics simulations. In section 3 and 4, we 

provide molecular dynamics simulation details and results. In section 5, we provide 

conclusion about this thesis.
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2. Theoretical backgrounds

2.1. Molecular dynamics

Following the increasing demands on nanoscale study, many nanostructure 

fabrication processes have been developed. Especially, chemical vapor deposition 

(CVD) is one of promising fabrication process. CVD process can be used to make 

carbon nanotubes (CNTs) [27, 28, 29] and also graphene [30, 31], which is

promising material due to its superior mechanical, thermal properties [32]. Despite 

the progress in nano-fabrication process, there are still limitations to do experiment 

in real, such as expensive costs, hardness of making complex structures, etc.

To overcome these limitations, molecular dynamics (MD) has been emerged as 

alternative method to experiment for nanoscale research following rapid 

development of computer. Molecular dynamics is computational method to simulate 

of a set of molecules with interact. MD is theoretically based on statistical 

thermodynamics. In MD simulation, velocities and positions were calculated by 

numerically solving the Newton’s equation of motion and by using intermolecular 

potentials, thus MD can provide all trajectories of atoms. Also, MD simulations with 

statistical concepts, such as ensembles, local thermodynamic equilibrium, etc., we 

can obtain properties of materials. In this regard, many researchers conducted MD 

simulations to study on fluidics or heat transfer, or to investigate thermal, 

mechanical properties. And MD has been gained trustworthiness from many research 

papers.

Many MD research papers have been published in various research areas.

Molecular dynamics researches on properties of materials, such as thermal 

conductivity [33,34,35,36,37], viscosity [38,39,40,41], have been actively studied.

Also many molecular dynamics researches have conducted to study promising 
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materials, such as graphene [42,43,44,45,46,47,48,49,50], carbon nanotube (CNT) 

[51,52,53,54].

2.2. Maxwell-Boltzmann distribution

Maxwell-Boltzmann distribution is greatly important to establish statistical 

thermodynamic concepts in molecular dynamics simulation. Maxwell-Boltzmann 

distribution is based on kinetic theory. And kinetic theory is based on some 

assumptions as follow: 1) Number of gas is so large and the average distance 

between molecules is much larger than the particle size. 2) Each molecule follows 

Newton’s Law, but move randomly. 3) These molecules have same mass. 4) The 

molecules collide among themselves and with walls of container. All the collisions is 

perfectly elastic. Thus, energy is conserved. 5) Excepting collisions, the interactions 

among molecules are negligible. 

Maxwell-Boltzmann distribution describes the speed in idealized gases where the 

particles move freely inside a stationary container in state of thermodynamic 

equilibrium. Maxwell-Boltzmann distribution is given by 

�(�) = ��
�

�����
�
�

�����
�
���

���� (6)

where � = the particle mass, �� = Boltzmann constant � = absolute temperature

Figure 2.1 shows Boltzmann distribution for (a) Ne at 273.15K, (b) different 

molecular mass at same temperature at 293.15K, and (c) Ne with different 

temperature.
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Figure 2.1. Maxwell-Boltzmann distribution for (a) Ne at 273.15K, (b) different 

molecular mass at 293.15K, and (c) Ne different temperature

As can be seen in figure 2.1.(a), there are three meaningful speed: peak speed(��), 

mean speed(〈�〉), and root mean squared speed(����).  Each speed can be found as 

follow:

〈�〉 = � ��(�)��
�

�

= �
����

��
(7) 

���� = ��� ���(�)��
�

�

� = �
����

�
(8) 
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��

��
= � → �� = �

����

�
(9) 

From the Boltzmann distribution, we can obtain relationship between kinetic energy 

and thermal energy as follows:

〈E�〉 =
1

2
�〈��〉 =

3

2
���

(10)

This relationship means that the average kinetic energy of molecules is 

proportional to absolute temperature and we can derive temperature in MD as 

follows:

� =
�〈��〉

����
(11)

The shape of Boltzmann distribution depends on temperature and molecular mass. 

When temperature increases with same molecular mass, Boltzmann distribution 

become flat and the average speed increases. In contrast, when molecular mass 

increases with same temperature, Boltzmann distribution become sharper and the 

average speed decreases.
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2.3. Equilibrium Molecular Dynamics (EMD) and Non-Equilibrium Molecular 

Dynamics (NEMD)

MD simulations can be classified to two types; EMD(Equilibrium Molecular 

Dynamics) and NEMD(Non-equilibrium Molecular Dynamics).

2.3.1. EMD(Equilibrium Molecular Dynamics) simulations

EMD simulations means that the simulation is run with equilibrium state condition. 

For example, when we run simulation with constant number of atom, constant 

pressure, and constant temperature (NPT) or constant number of atom, constant 

volume, and constant temperature (NVT), then this simulation is EMD simulation. 

Generally, equilibrium dynamics simulations require large computational time to 

achieve convergence comparing to non-equilibrium molecular dynamics simulations.  

2.3.2. NEMD(Non-equilibrium Molecular Dynamics) simulations

NEMD simulation means that the simulation is run with non-equilibrium condition. 

For example, when we run simulation with imposing heat flux or different 

temperature at both sides, then this simulation is NEMD simulation. This method 

resembles real experiment. In most cases of NEMD, stationary current is imposed to 

set stationary gradient. So, NEMD is applicable to shear flow, heat flow, and 

diffusion cases.

NEMD simulations are more suitable to gain detail insights such as velocity 

distribution, temperature distribution, etc. than EMD simulations.
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2.4. Local Thermodynamic Equilibrium (LTE)

We obtained the relationship between kinetic energy and thermal energy as 

equation (10). However this relationship is only satisfied in equilibrium system. In 

many cases, we need local temperature to obtain detailed temperature profile in 

materials to calculate thermal properties, such as thermal conductivity. 

To establish local temperature, we need concept of local thermodynamic 

equilibrium. Local thermodynamic equilibrium is valid only when the velocities of 

molecules are distributed following the Maxwell-Boltzmann distribution. Most of heat 

transfer cases in MD simulations are conducted in extreme conditions: extremely 

high heat flux and temperature gradient. Thus, it seems that local thermodynamic 

equilibrium may be violated. However, Hafskjold [55] already showed the validity of

local thermal equilibrium in NEMD by computing heat and mass transport in a binary 

isotope mixture simulation. They concluded that even though there are deviations to 

Boltzmann distribution, its deviation is relatively small. Moreover Jing Xu [56] 

conducted simple chemical reaction in a temperature gradient, and showed that 

velocity distribution in NEMD closely follows Maxwell-Boltzmann distribution. In this 

regard, NEMD simulation can be though as a sequence of local equilibrium systems

and we are able to apply relationship of temperature and kinetic energy in equation 

(11) to NEMD simulations.

2.5. Ensemble

In statistical mechanics, an ensemble is an idealization consisting of a large number 

of virtual copies of system, one of which represents a possible state the system 

could be in. There are three ensembles widely used in MD simulations: Micro-



15

canonical ensemble (NVE), Canonical Ensemble (NVT), and Isothermal-isobaric 

ensemble (NPT)

The NVE ensemble is a statistical ensemble where number of particles, volume of 

system, and total energy are each fixed. This ensemble reproduces isolated system.

This ensemble is called as micro-canonical ensemble.

The NVT ensemble is a statistical ensemble where number of particles, volume of 

system, and temperature are fixed, instead of energy fixing. This ensemble is 

related to isothermal system. To maintain temperature of system constant, 

thermostat is employed, which rescales the velocities at each time step. This NVT 

ensemble is generally used to make system temperature to reach for goal 

temperature. This ensemble is called as canonical ensemble.

The NPT ensemble fixes number of particle and maintains temperature and 

pressure constant. This is achieved by utilizing thermostat for temperature and 

barostat for pressure. This ensemble is useful to systems that the correct system 

temperature and pressure is required. This ensemble is called as isothermal-isobaric 

ensemble.

In thermodynamics, equation of state shows the relationship among number of 

atoms, volume, pressure, and temperature. One example is ideal gas law as

�� = ���� = ���� (12)

where n is the number of moles, R� is gas constant, T is absolute temperature, N is 

number of atoms, and k� is Boltzmann constant. When three parameters are known, 

one remain parameter can also be known. In this regard, ensemble represents the 

thermodynamic condition in MD simulation.
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2.6. Ergodic hypothesis

Time average is summing the appropriate properties of the molecules in the volume 

element over an extended time interval. On the other hand, ensemble average is 

instantaneous average taken over the molecules in corresponding volume element in 

an infinitely large number of similar systems.

MD simulations solve Newton’s equation of motion numerically. It means that MD 

results are obtained from the collecting of particles trajectories of systems with time. 

To handle this result, we use time average of particles in volume element. However, 

what we want to get from MD simulation is ensemble average, and ensemble average 

requires infinitely large number of similar systems. Thus, it is hard to obtain 

ensemble average by MD simulation because computational cost is limited. Thus, we 

need a bridge to link these two averages to obtain ensemble average. 

In this regard, ergodic hypothesis is highly important concept in MD simulation to 

handle MD result. Ergodic hypothesis is a key to connect time average and ensemble 

average. Ergodic hypothesis means that the time average and ensemble average can 

be identical. Due to ergodic hypothesis, we can get the guarantee for MD simulation

and we can calculate bulk property, such as thermal conductivity, viscosity, and etc.

from MD simulation results. We can obtain time average from MD simulations easily, 

and we can obtain ensemble average from time average with small computational 

cost. However to achieve ergodic hypothesis, we need to obtain time averaging over 

long time enough.
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2.7. Interatomic potentials

In this thesis, we deal with the interface between solid and liquid. So, we need 

potentials for solid, liquid, and solid-liquid interface. In section 2.7, the Van der 

Waals interaction is explained first. And then, we introduce the LJ potential used in 

liquid, the LB mixing rule used at the solid liquid interface, and the EAM potential 

used in solid.

2.7.1. Van der Waals interaction

Van der Waals interaction is a dipolar attraction between uncharged atoms. Figure 

2.2 shows Van der Waals interaction between neutral atoms, helium. Helium atom is 

neutral, because the number of electron and proton are same. However, electrons 

are distributed asymmetrically. And this asymmetrical distribution cause attraction 

between neutral atoms. This attraction is called Van der Waals interaction. Van der 

interaction is generally expressed as follows:

� = −
�

��
+

�

���
(13)

where A/�� represents attractive part, and B/��� represents repulsive part.

Figure 2.2. Description of Van der Waals interaction in neutral atom, helium
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2.7.2. Lennard-Jones potential

The LJ potential is commonly used to simply mimic the interatomic interaction (Van 

der Waals potential) due to its simple approximation. Especially, the Lennard-Jones 

12-6 Potential is widely used in MD simulation given as 

��� = �� ��
�

���
�

��

− �
�

���
�

�

� (14)

where ε is the depth of potential well, ��� is the intermolecular distance, σ is the 

finite molecular distance at which the interatomic potential is zero. LJ potential uses 

��� for attractive interaction, and from this we can easily calculate ���� for 

repulsive interaction, because ���� is root of ���. Due to this reason, LJ potential 

has low calculation cost.

By differentiating LJ potential, we can also obtain interatomic force. 

��� =
����

�� (15)

When the intermolecular force is zero, LJ potential reaches minimum value.  This 

distance is approximately, �� ≈ 2
�

�� = 1.122�.

In MD simulation, the truncated LJ potential is also used. The truncated LJ potential 

is defined as follow

��� = �� ���
�

���
�

��

− �
�

���
�

�

� − ��
�

��
�
��

− �
�

��
�
�

�� (16)
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where �� is the cut-off radius. This potential only consider within cut-off radius 

because the LJ potential vanishes at larger intermolecular distance. Therefore the 

intermolecular force at larger distance than cut-off radius becomes zero. However, 

if the cut-off radius is small, the result can be completely different from the original 

one. Thus, the cut-off radius should be large enough. The cut-off radius is generally 

used approximately 3σ.

Figure 2.3. LJ potential – distance curve (top), and intermolecular force – distance 

curve (bottom
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2.7.3. Mixing rule

When we deal with dissimilar molecules together (e.g., binary gas system or solid-

liquid interface), we need LJ potential parameters between them to calculate the LJ 

potential. Mixing rules provide unlike parameters ��� and ���. MD simulations [10,41,

57,58] showed that different interaction strength, ���, affect the results.

The Lorentz-Berthelot (LB) rule is most widely used. Lorentz [59] proposed an

arithmetic average for the collision diameter, � considering a hard-sphere atom 

model. Berthelot [60] proposed a geometric average is used for the well depth, �.

��� = (��� + ���)/�

��� = �������

(17)

2.7.4. The Embedded-atoms method (EAM) potential

The EAM potential is developed by Murray S.Daw and M.I.Baskes [61] based on 

density functional theory. The EAM potential is given as

�� = �� ����������

���

�+
�

�
���������

���

(18)

where �� is the embedding energy which is a function of the atomic electron density, 

��� , ��� is a pair potential interaction which represents the energy due to 

electrostatic interactions between atom I and J, and α, β are the element types of 

atoms I and J.
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The EAM potential works very well for most metals and transition metals, 

especially for FCC metals [62, 63].

Figure 2.4. Cu–Ni EAM potential functions: (a) pair interaction function, (b) 

electron charge density function, and (c) embedding energy function [64]
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2.8. The methods to calculate the thermal conductivity

The method to calculate the thermal conductivity is different, depending on the 

simulations type: EMD and NEMD. For EMD simulations, the Green-Kubo method is 

utilized. For NEMD simulations, the direct method is employed, which make 

temperature gradient to system by imposing heat or temperature at both sides. The 

thermal conductivity calculated from MD simulations showed almost identical, 

regardless of the calculation methods. [33].

2.8.1. The Green-Kubo method

The Green-Kubo method uses current fluctuations to compute the thermal 

conductivity via the fluctuation-dissipation theorem [65].

� =
�

����
� 〈��(�) ∙ ��(�)〉��
�

�

=
�

�����
� 〈�(�) ∙ �(�)〉��
�

�

(19)

where � is volume, �� is Boltzmann constant, � is temperature, � is heat flux, and 

∫ 〈�(0) ∙ �(�)〉��
�

�
is HCACF(Heat Current Autocorrelation Function).

In MD, heat can be calculated by using kinetic energy, potential energy, and stress 

as follow

� =
�

�
������ −

�

�����
�

� =
�

�
������ +

�

�����∙������
���

�

=
�

�
������ +

�

�
�

�����∙(�� + ��)����
���

�

(20)
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where �� is per-atom energy (KE and PE), �� is the per-atom stress tensor, and ��

is 3x3 matrix vectors multiply to yield vector. Using the Green-Kubo method to 

calculate thermal conductivity is sensitive to averaging time [33].

Figure 2.5. HCACF result profile of Patrick K. Schelling et al. [33]
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2.8.2. Direct method

Direct method uses the Fourier’s law directly to calculate the thermal conductivity. 

Thus, to calculate the thermal conductivity by this method, we need to obtain heat 

flux and temperature gradient from MD simulation. Typically, this method shows 

extremely high temperature gradient and heat flux comparing to general value in real 

experiments. Despite an extremely high temperature gradient or heat flux, MD 

results show the linear manner [66]. 

One of direct method is imposing temperature method. By imposing temperature at 

both sides with cold and hot temperature, we can induce heat current from hot 

region to cold region. 

The other method is imposing heat method. This method is opposite method to the 

previous method. By imposing heat difference at both sides with positive and 

negative values, heat current is induced. Even those two methods employee different 

manner, the procedure to obtain thermal conductivity is identical. By using MD 

simulation, resultant temperature profile and heat flux can be obtained. And from 

Fourier’s law, thermal conductivity can be calculated as

� =
∆�

� ∙ ∆� ∙ ��/��
(21)
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Figure 2.6. (a) Imposing temperature method and (b) Imposing heat method in direct 

method
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2.9. Periodic boundary condition

How many particles should be included is important factor in MD simulations. The 

more particles are included, the more reliable result can be obtained. To include 

much more particles, however, large size of system is required in MD simulation. 

Accordingly, the computational cost would become more expensive. This problem is 

practical in gas-solid interface system. Gas system requires large volume size 

comparing to other phase states. To meet this condition, large number of solid atoms 

should be included.

In this cases, periodic boundary condition (PBC) can be on solution to deal with 

such problem. Periodic boundary condition allows us to run large (infinite) system 

simulation with a small simulation box containing particles in which we are interest.

Figure 2.6 shows this periodic boundary condition. Central box is simulation box of 

interest and this box is surrounded by imaginary boxes in all directions. Each 

imaginary box contains same number of particles with same velocities as the central 

box. When one particle moves out of simulation box, it will re-enter at opposite face 

with same velocity. As well as the central box interacts with image boxes.
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Figure 2.7. Periodic boundary condition
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3. Investigation of periodic boundary condition (PBC) and the 

effect of interaction strength

3.1. Details of MD simulation

Figure 3.1. Snapshot and dimension of MD simulation domain

To identify the effect of periodic boundary condition in x and y direction and the 

effect of intermolecular interaction strength (ε) , simulation of liquid argon of 

�� X �� X ��� confined between solid copper walls of �� X �� X6a at 100K were 

conducted. Temperature of 110K and 90K were imposed at hot region and cold 

region, respectively. Periodic boundary condition was applied to x and y directions.

FCC (0 0 1) copper was used for solid wall. In this simulation, lattice constant of 

copper (���) is 3.615Å. Solid atoms at the outermost layer were fixed to hold 

domain volume in system. EAM potential was utilized for copper walls.

The truncated Lennard-Jones 12-6 potential was applied to Ar-Ar and Cu-Ar 

interactions. The molecular parameters between solid and liquid were calculated by 
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using Lorhenz-Berthelot (L-B) mixing rule. Cutoff distance was set to 1nm, 

approximately 3���. LJ potential parameters are tabulated in table 1.

Simulations were conducted with number density (�∗ = ���/�) approximately 0.8, 

which corresponds to 1344kg/�� . Three different interaction strength (0.1ε����� , 

0.3ε�����, and ε�����) were used.

σ(Å) ε(Ｊ)

Cu − Cu 2.3377 65.625 × 10���

Ar − Ar 3.405 1.67 × 10���

Cu − Ar 2.8712 10.469 × 10���

Table 1. LJ potential parameter of Copper and Argon

Cases ��� Number of argon atoms Number density

10a x 10a

0.1ε�����

10a 1915 0.8

0.3ε�����

ε�����

20a x 20a

0.1ε�����

0.3ε�����

ε�����

Table 2. Number of argon atoms in MD simulations with same number density

NEMD(Non-equilibrium Molecular Dynamics) simulations were conducted. The 

simulation begun with Maxwell-Boltzmann distribution at 100K and the Nose-Hoover 

thermostat was applied to maintain the system temperature at 100K. The Langevin 

thermostat was applied to assign different temperature on hot and cold reservoirs. 

The simulation time step was 1.0 femtosecond (fs). The simulation is run for 26 

nanoseconds (ns): 2ns for NVT simulation to reach equilibrium, and 4ns to make 

steady state (4ns) and for 4ns time average of 5 times (20ns). The Large-scale 

Atomic/Molecular Massively Parallel Simulator (LAMMPS) was utilized for all MD 
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simulations [67] and Open Visualization Tool (OVITO) [68] was used for the 

visualization.

3.2. Results and discussion

3.2.1. Number density with different solid-liquid LJ interaction

Figure 3.2. Number density profiles with different solid-liquid LJ interaction

Figure 3.2 shows the number density in liquid region as a function of length of fluid 

region. Number density shows fluctuation at near solid walls regardless of solid-

liquid LJ interaction, and this is called as layering. Highest density peaks were 

shown at near solid walls, and the peak density values significantly vary 
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corresponding to the solid-liquid LJ interaction. The higher solid-liquid LJ 

interaction makes higher number density near solid wall. In middle region, number 

density fluctuates at near 0.8 which is identical with initial set in MD simulation. To 

see more detail effect of LJ interaction strength, only one layer nearest to solid 

surface were shown in figure 3.3. Result shows that more solid-like arrangement of 

Argon at near solid surface, as can be seen in figure 3.3 (b)

Figure 3.3. Argon atom distribution at near solid wall at (a) front view and (b) side 

view
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3.2.2. Temperature with different solid-liquid LJ interaction and different length in x 

and y direction

Figure 3.4. Temperature profiles in fluid region with different solid-liquid LJ 

interaction and different length in x and y direction

Figure 3.4 shows the temperature profile in fluid region with different solid-liquid 

LJ interaction and different length in x and y direction. Regardless of different length 

in x and y direction, heat flux shows identical values due to periodic boundary in x 

and y direction. On the contrary, temperature jump at interface greatly depends on 

solid-liquid LJ interaction strength. The smaller temperature jump at interface and 

higher temperature gradient were observed when the solid-liquid LJ interaction is 

higher.
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3.2.3. Heat flux with different length in x and y direction

Figure 3.5. Heat flux with different length in x and y directions

Figure 3.5 shows heat flux with different solid-liquid LJ interaction and different 

length in x and y direction. For same liquid domain size, higher solid/liquid 

interaction strength showed higher heat flux. As the fluid domain length decreases, 

heat flux gradually increases regardless of solid/liquid interaction strength. When we 

compare heat flux for same solid-liquid LJ interaction, heat fluxes are identical 

regardless of length in x and y directions. So, from the results of temperature profile 

and heat flux, we concluded that 10a is enough to get reasonable result of large 

system by using periodic boundary condition.
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4. Size effect in heat transfer at nanoscale interface

4.1. Details of MD simulation

Figure 4.1. Snapshot and dimension of MD simulation domain

To calculate the thermal conductivity of liquid argon at 100K, simulation of liquid 

argon of �� X �� X ��� confined between solid copper walls of �� X �� X10a were 

conducted. Temperature of 110K and 90K were imposed at hot region and cold 

region, respectively. Periodic boundary condition was applied to x and y directions.

FCC (0 0 1) silver was used for solid wall. In this simulation, lattice constant of 

copper (���) is 4.09Å. Solid atoms at the outermost layer were fixed to hold domain 

volume in system. EAM potential was utilized for copper walls.

The truncated Lennard-Jones 12-6 potential was applied to Ar-Ar and Cu-Ar 

interactions. The molecular parameters between solid and liquid were calculated by 

using Lorhenz-Berthelot (L-B) mixing rule. Cutoff distance was set to 1nm, 

approximately 3���. 
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�(Å) �(Ｊ)

�� − �� 2.551 65.36 × 10���

�� − �� 3.405 1.67 × 10���

�� − �� 2.8712 9.612 × 10���

Table 3. LJ potential parameter of Silver and Argon

Case Number of Argon Number density Number of bin Length of bin

8a 1109

0.8

10 3.272

10a 1387 12 3.408

15a 2080 18 3.408

20a 2773 24 3.408

30a 4159 36 3.408

Table 4. Number of argon atoms in MD simulations with same number density

All simulations were conducted with number density (�∗ = ���/�) approximately 

0.8, which corresponds to 1344kg/��.

NEMD(Non-equilibrium Molecular Dynamics) simulations were conducted. The 

simulation begun with Maxwell-Boltzmann distribution at 100K and the Nose-Hoover 

thermostat was applied to maintain the system temperature at 100K. The Langevin 

thermostat was applied to assign different temperature on hot and cold reservoirs. 

The simulation time step was 1.0 femtosecond (fs). The simulation is run for 26 

nanoseconds (ns): 2ns for NVT simulation to reach equilibrium, and 4ns to make 

steady state (4ns) and for 4ns time average of 5 times (20ns). After 4ns time 

average of 5 times, the thermal conductivity of liquid argon was calculated by using 

the Irving-Kirkwood expression of heat flux. The Large-scale Atomic/Molecular 

Massively Parallel Simulator (LAMMPS) was utilized for all MD simulations [67] and 

Open Visualization Tool (OVITO) [68] was used for the visualization.
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4.2. Results and discussion

4.2.1. Number density with different fluid region

Figure 4.2. Number density profiles with different length of fluid region from 

3.272nm to 12.27 nm

Figure 4.2 shows the number density profiles with different length of fluid region 

from 3.272nm to 12.27nm. Blue dot represents number density results in MD 

simulation, and dashed line represents number density 0.8. Density profiles showed 

��� = 3.272�� ��� = 4.09��

��� = 6.135�� ��� = 12.27��
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that there are vacant density region at near both solid walls. The highest density 

peaks were shown at near solid walls. Otherwise in middle region, number density is 

nearly 0.8 which is identical with initial set in simulation. For small fluid domain 

lengths, ���=3.272, 4.09nm, density fluctuates near the bulk density in middle region. 

Otherwise for long fluid domain lengths, ���=6.135, 12.27nm, density profile shows 

the bulk density in middle region. As length of fluid region increases, the ratio of

fluctuation number density region decreases. This phenomenon can be called as size 

effect.

4.2.2. Temperature profile with different length of fluid region

Figure 4.3. Temperature profiles with different length of fluid region from 3.272nm 

to 12.27 nm

��� = 3.272�� ��� = 4.09��

��� = 6.135�� ��� = 12.27��



38

Figure 4.3 shows the temperature profiles with different length of fluid region from 

3.272nm to 12.27nm. Diamond and square represents for liquid and solid 

temperature, respectively. A solid line in liquid region represents linear regression 

line. This line is obtained by using least-squares method. Temperature gradient in 

liquid region is higher than that in solid region due to high thermal conductivity of 

silver atoms. Temperature gradient in liquid region depends on the length of fluid 

region. There are temperature jumps at solid-liquid interfaces. As length of fluid 

region increases, temperature gradient decreases. From Fourier’s law, we can 

expect that when the length of fluid region increases with same temperature 

difference, temperature gradient decreases. In this MD result, temperature 

difference is different for all MD simulations, but its values are not significantly 

different. However, the length of fluid region varies significantly. Thus, temperature 

gradient in liquid region decreases as the length of liquid region increases.

How to fit the linear regression with Least-squares method was explained in Figure 

4.4. MD temperature in Figure 4.4 is a result of ��� = 8� case. How to obtain linear 

regression line is important to get temperature gradient and thermal conductivity of 

liquid argon. As can be seen, there are non-linear temperature region at near solid 

walls both sides due to dissimilar material property at interface. The solid line and 

dashed line in figure 4.4 represent fitted with no temperature jump and with 

temperature jump, respectively. Least-squares method is utilized to fit the linear 

regression. Fitted line with no temperature jump is obtained from solid wall 

temperatures at interface and this is identical to continuum description. These two 

lines showed different temperature gradient and temperature jump at interface. It is 

observed that continuum description is not matched well with MD data. While, fitted 

line with temperature jump is in agreement with MD data. It is important to note that 

we only focus on linear temperature region for temperature gradient and thermal 

conductivity, in this paper. Thus, only MD data without the effect of dissimilar 

material property at interface is used for regression line. We set this range from 
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3������ from left innermost solid wall to 3������ from right innermost solid wall 

where 3σ is cut-off radius of truncated LJ potential.

Figure 4.4. Explanation of that how to fit the linear regression with Least-squares 

method

4.3.3. Temperature gradient and heat flux

Figure 4.5 shows the temperature gradient profile in liquid region along the fluid 

length. Temperature gradient was obtained only for the linear region as previously 

explained in figure 4.4. Figure 4.4 shows that temperature gradient gradually 

decreases when length of fluid region increases. It is to note that assigned 

temperatures for all cases were same, 110K at hot reservoir and 90K at cold 
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reservoir. Even though there is temperature jump at interface, temperature

difference is not significantly changed. Thus, temperature gradient highly depends 

on length of fluid region. For this reason, temperature gradient gradually decreases 

as the length of fluid region increases.

Figure 4.5. Temperature gradient at liquid region 

Figure 4.6 shows heat flux in z direction. Heat flux gradually decreases as the 

length of fluid region increases. This is due to reduction of temperature gradient in 

liquid region. Heat flux is related to thermal conductivity and temperature gradient. 

Thermal conductivity is a nature property of material, which depends on parameters 

such as pressure and temperature. MD simulations in this chapter were simulated 

same temperature and same number density, 100K and 0.8 respectively. Thus 
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naturally thermal conductivity should be identical regardless of length of fluid region. 

In this regard, reduction of heat flux is due to decrease of temperature gradient.

Figure 4.6. Heat flux in z direction

4.3.4. Thermal conductivity of liquid argon

It has been tried to calculate thermal conductivity using MD simulation. 

Schelling[33] obtained the thermal conductivity of silicon by using EMD and NEMD, 

and they compared the results. They showed that the results of thermal conductivity 

with EMD and NEMD were identical. Shakar[35] conducted MD simulations to define 

the reason of the increase of thermal conductivity in nanofluids. Barisik[ 69 ] 
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performed MD simulation to calculate thermal conductivity of liquid argon confined 

between silver walls with various thermal conditions.

Figure 4.7 shows the thermal conductivity of liquid argon. As mentioned previously, 

thermal conductivity of liquid argon of MD simulations should be identical regardless 

of the length of fluid region. Thermal conductivity showed almost the same value 

regardless of the length of the fluid region. However, there is somewhat difference 

of thermal conductivity at small length of fluid region, ���=3.272, 4.09, and 6.135nm. 

This is maybe due to the fact that the boundaries at interface are ambiguous. In this 

paper, we set these boundaries as a center of innermost solid walls. However, It is 

not definite yet where is exact boundary of interface. For long length of fluid region 

cases, such as 20a and 30a, thermal conductivity was identical to experimental 

results by B.J.Bailey [70] and A.Uhlir [71].

Figure 4.7. Thermal conductivity of liquid argon along the fluid domain length
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4.3.5. Average temperature and Kaptiza length

Figure 4.8. Average temperature jump at interface

Kapitza resistance has important role in heat transfer at nanoscale interface. Due to 

kapitza resistance, temperature jump occurs at interface. Figure 4.8 shows the 

average temperature jump at interface along the fluid length. Temperature jump 

depends on length of fluid domain. As the length of fluid region increases, average 

temperature jump gradually decreases.

Figure 4.9 shows Kapitza length along the fluid length. Kapitza length depends on 

temperature jump at interface and temperature gradient at liquid region. Kapitza 

length is not significantly changed as the length of fluid region varies. Kapitza length 

in this thesis is approximately 0.5nm for all cases of this paper. And this result can 

explain the reason why temperature jump at interface gradually decreases as the 
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length of fluid region increases. Temperature gradient gradually decreases as the 

length of fluid region increases, as can be seen in figure 4.5. But kapitza length is 

not significantly changed as the length of fluid region increases. From equation (5) 

we can know that temperature jump and temperature gradient have proportional 

relationship. So, temperature jump at interface decreases due to the decrease of 

temperature gradient as the length of fluid region increases.

Figure 4.9. kapitza length at interface along the fluid length

4.3.6. The ratio of kapitza length versus length of fluid region

In figure 4.9, it is observed that kapitza length is not significantly affected by length 

of fluid region. From this result, we can expect that kapitza length would not be 



45

changed significantly even though the length of fluid region increases more and more. 

To address the size effect of kapitza resistance, it is more important to compare 

kapitza length and length of fluid region rather than only considering the kapitza 

length. To explain the size effect of kapitza resistance, we calculate the ratio 

between kapitza length and the length of fluid region, and figure 9 shows non-

dimensional number of the ratio of kapitza length versus length of fluid region. 

Overall, this non-dimensional number decreases as length of fluid region increases, 

as we expect. It would be closer to zero when length of fluid region becomes much 

larger. It means that in large size system, the effects of kapitza resistance can be 

ignored. 

Figure 4.10. The ratio of kapitza length versus length of fluid region
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5. Conclusion

In this thesis, size effect in heat transfer at nanoscale interface was investigated by 

using MD simulations. Liquid argon confined between solid walls was conducted by 

NEMD simulations. Firstly, investigation of periodic boundary condition (PBC) and 

the effect of interaction strength were performed. Number density profile showed 

that density peaks depends on solid-liquid LJ interaction strength. Layering was 

observed regardless of solid-liquid LJ interaction strength. And one layer nearest to 

solid surface was shown to see more detail effect of LJ interaction strength, and the 

result showed more solid-like arrangement at higher solid-liquid LJ interaction.

Temperature profile and heat flux are independent of the length of the direction in 

which the boundary conditions are applied. While, high dependence of temperature 

profile and heat flux on solid-liquid interaction strength was observed. Temperature 

jump at interface greatly depends on solid-liquid LJ interaction strength. The smaller 

temperature jump at interface and higher temperature gradient were observed when 

the solid-liquid LJ interaction is higher. From these results, we concluded that 10a is 

enough to get reasonable result of large system by using periodic boundary 

condition.

And then, we performed investigation of size effect in heat transfer at nanoscale 

interface. All MD simulations showed layering at near interface, and temperature 

jump at interface. As the length of fluid region increases, the ratio of fluctuation 

number density region decreases. Temperature gradient, heat flux, and average 

temperature jump depend on length of fluid region. As the length of fluid region 

increases, temperature gradient, heat flux, and average temperature jump gradually 

decrease. On the other hand, kapitza length is independent to length of fluid region. 

From calculated temperature gradient and heat flux in MD, we calculated thermal 

conductivity of liquid argon, and we compared thermal conductivity calculated by MD 

and experimental result. The result showed that thermal conductivity calculated by 
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MD is in good agreement with experimental values. To identify the size effect of 

kapitza length, we calculated the ratio between kapitza length and the length of fluid 

region, and result showed that this ratio decreases as the length of fluid region 

increases. Size effects in heat transfer can be explained by the ratio of layering, and 

the ratio kapitza length versus length of fluid region. 
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